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Preface

The idea that guided the brst French edition of the present book was to give to
newcomers in Fluid Dynamics a presentation of the beld that was anchored in
Physics rather than in Applied Mathematics as it had been the case so often in
the past. Presently, however, connectiaiith Physics are getting stronger and this

is fortunate. Indeed, Physics is, etymologically, the science of Nature and Ruids
occupy a major place in Nature. They are everywhere around us and their motion
(their mechanics) inBuences our everyday life, at least through the weather. Any
physicist can hardly escape being fascinated by the sight of some remarkable RBuid
Bows like breaking waves or the gently travelling smoke ring.

The connection between Fluid MechanicglaApplied Mathematics is certainly
understandable by the very small number of equations that control a Ruid Row.
This is fascinating for an applied mathematician, especially if keen on the theory of
partial differential equations. Actually, a few decades ago, expertise in asymptotic
expansions, singul@erturbations, and ber mathematical technics was a necessary
condition to make progress in the theory of Buid Bows. But the pressure of maths
has certainly lessened in the recent tirhesause of the strong (exponential) growth
of numerical simulations. It is now easier to experiment numerically a Buid Row and
get a detailed description of the solutions of NavierDStokes equation. Interpretation
of the results may challenge the intuition of the physicist rather than the skill of the
mathematician. But even in the pioneering times, when theoretical investigations
of Buid Bows were at the strength of the pencil, famous physicists like Newton,
Maxwell, Kelvin, Rayleigh, Heisenbergdndau, Chandrasekhar, and others made
essential contributions to the Peld of Fluid Dynamics. As noted by Heisenberg
himself, the theory of turbulence awaits to be written, and this is still the case.

The present book is based on the lectures | delivered at Paul Sabatier University
in Toulouse during the last two decades. It is intended to beginners in the peld
and aims at providing them with the necessary basis that will allow them to attack
most of Fluid Dynamics questions. | have tried, as much as possible, to illustrate
the concepts with examples taken in natural sciences, often in Astrophysics, which
is my playground. Some exercises are offered at the end of each chapter. The

\



vi Preface

reader may thus check his/her understanding of the text. Some of the exercises
are also meant to extend the subject in a different way. In that respect, | also

give some references for further reading. As far as maths are concerned, the last
chapter proposes some brief reminders or introduction to the mathematical tools
that are used in the text. With the solutions of the exercises, the book should be

self-contained.

As far as teaching is concerned, the brst four chapters constitute the bulk of
a Fluid Mechanics introduction to third year students. The four following chapters
were typically taught to fourth year students, while part of the last ones are currently
taught to students about to start a Ph.D. As the reader will note, some sections are
tagged with . They can be skipped at brst reading and present other illustrations
of the subject of the chapter.

Ending this short preface, | would like to thank the many colleagues who have,
by various means, contributed to the achievement that a book writing represents. |
would like to specially thank Alain Vincent and HervZ Willaime who provided me
with original data of turbulent Bows. | have much benebtted from the remarks of
Arnaud Antkowiak, Pierre-Louis Blelly, Boris Dintrans, Katia Ferriere and Thierry
Roudier. They helped me very much at improving various parts of the work. |
cannot forget that this adventure ofitimg started, thanks to the support and help
of JosZ-Philippe PZrez. | know that my wife Genevisve and my children ClZment
and Sylvain will forgive me for the many hours spent outside the real world. The
realization of the present book owes much to the kind support of Dr. Ramon Khanna
of Springer; | thank him very much for his faith in the project. Finally, | should thank
the many students who attended the performance written below, their questions were
always benebpcial, their enthusiasm always stimulating and their fear challenging for
the teacher.

Toulouse, France Michel Rieutord
May 2014
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Chapter 1
The Foundations of Fluid Mechanics

1.1 A Short Historical Perspective

The brst step in Fluid Mechanics wasrtainly carried out by Archimedes 287,

212) who was a mathematician and a physicist in Antiquity. He formulated a
now well-known theorem which says that a body immersed in a Buid supports an
upward push equal to the weight of the displaced Ruid. This is the Prst result in
the theory of Ruid equilibria. Knowledge did not evolve much until the warsk
Evangelista Torricelli (1608D1647) and Blaise Pascal (1623D1662). Torricelli did a
famous experiment when he put upside down a tube full of mercury. The liquid went
down a little and left a column of mercury 76 cm high. Hence, it was demonstrated
the existence of atmospheric pressure, the weight of air and the existence of vacuum,
much discussed at the time. Pascal gave a full account of all these phenomena in his
treatiseL’équilibre des liqueurgpublished in 1663. The static of Buids was almost
set up. Fluid dynamics started with the work of Leonhard Euler (1707D91783) who
formulated for the Prst time the equation of motion of an inviscid Ruid. Daniel
Bernoulli (1700D1782) contributed to the study of such Buids with theorems on
energy conservation that revealed fundamental properties of Buid Bows.

The next important step has been the formulation of the effects of viscosity. This
was done during the nineteenth century with the work of Henri Navier (1785D1836),
Georges Stokes (1819D1904) and Jeand-Marie Poisaille (1799D1869). Let
us note that Isaac Newton (1642D1727) already showed the existence of viscosity
with experiments and left his name associated with a kind of RBuids (the most
common ones like air and water) now knowrtlas Newtonian Buids. NavierbStokes
equation, which controls the dynamics of viscous RBuids, was brst formulated by
Navier in the case of a Buid with constant viscosity.

Then, Buid mechanics took various ways. We shall mention only the main ones.
Studies of Bows stability started withahworks of Helmholtz (1868) and Lord
Kelvin (1880). Heat transport was studied by W. Prout (1834), Rumford (1870),
A. Oberbeck (1879), H. BZnard (1900), J. Boussinesq (1903) and Lord Rayleigh
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2 1 The Foundations of Fluid Mechanics

(1916). Turbulence focused the interest of O. Reynolds (1883), L. Prandtl (1920),
A. Kolmogorov (1940), etc.

Presently, Buid dynamics is even more diversibed, but some old problems resist:
turbulence remains one of the main unsolved problem of classical physics.

1.2 The Concept of a Fluid

1.2.1 Introduction

Fluids gather a very large number of forms of matter which, as far as the most
common are concerned (liquids and gdsean be characterized by the ease with
which one can deform them. This point of view expresses the difference between
the Osolid stateO and the ORuid stategh ad both Omechanical statesO. Common
experience assumes that such a difference is obvious, however we shall see that a
more detailed inspection somehow blurs the difference between solids and Ruids.
In fact, this difference is contained in a law, known as the rheological law, which
states how the matter reacts to (is deformed by) a stress (a force per surface unit).
Generally speaking, matter is considered as Ruid if the internal (shear) stresses only
depend on velocity gradients.

We shall come back on these concepts, but let us give a simple example to
appreciate what is behind this debnition. We consider a cork 3oating on water in
a container. The cork is in A and we wishinove it to B. Because water is a 3uid,
the force we need to apply on the cork just depends on velocity gradients. It can be
made as small as we wish; we just need to move the cork more slowly.

From the point of view of thermodynamics, we may say that the stataad
B and cannot be distinguished: the energy and entropy variations needed to make
the system passing from one state to the other can be made vanishingly small. On
the contrary, if we did a similar experiment of a solid, some work would have been
needed and the energy of the stadeandB would differ.

1.2.2 Continuous Media

To describe the motion of a Buid, obviously we cannot (and do not wish to!) describe
the motion of all its molecules or atoms individually. We are only interested in their
mean motion. This means replacing the set of atoms or molecules which constitutes
the Buid by a medium that behaves as this mean motion. Such an assumption is
valid when the scalké , which we are interested in, is large compared to the mean
free path® of atoms or molecules. The ensuing approximation is measured by the
Knudsen number

KnD — (1.1)
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which needs to be small compakto unity. The cases where Kn 1 is the subject
of the dynamics of rarebed gases basedherkinetic theory of gases. In general,
it is not included in Buid mechanics. An introduction to the relation between [uid
dynamics and gas kinetics is given in Chap.

Thermodynamics and the dynamics of innous media share many similarities
in their description of matter. Indeedj these two approaches, the microscopic
components of matter are ignored and only mean values are retained. The drawback
of such a way of doing is that some quantities can only be obtained by experiments,
like heat capacity in thermodynamics or viscosity in Buid mechanics, the equation of
state in thermodynamics or the rheological law in Buid mechanics. Their theoretical
determination needs a more detailed approach based on the statistical properties of
the microscopic components of matter (see Chap.

1.3 Fluid Kinematics

The brst step needed to understand the motion of 3uids is to Pnd the right tools that
will allow us to describe a Ruid Bow. This is the role of Buid kinematics that study
Buid motion without worrying about its causes.

1.3.1 The Concept of Fluid Particle

Very often, we shall use the concept afd particle or uid element This is an
idealized view of a piece of Ruid: it is so small that Buid properties are uniform
inside. However, it is big enough so as to contain a large number of atoms
or molecules, allowing us to assume that the Ruid is locally in thermodynamic
equilibrium (hence the temperature is debned). Such a patrticle is not a point mass:
it owns a surface which authorizes contact forces with other particles.

1.3.2 The Lagrangian View

A brst way for describing the RBuid motion is to give the trajectories of all the
Buid particles. Such a description is thagrangianone. It may be summarized
by the set of trajectories of all Buid particles that were in the dorDgjratt D to.
Mathematically, it is the set

D Dfx.t;Xal j Xa 2 Dyt tog

Such a description is used iarse specibc studies where it provides simplibcations.
However, generally speaking, its use is not very popular because of some intrinsic
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difbculties in the expression of stresses. We refer the reader to the end of this chapter
for a more detailed presentation.

1.3.3 The Eulerian View

The most natural way to represent the motion of a Buid is certainly the intuitive one
used to describe the Bow of water in a river. In such a case, we would say that the
stream is fast in one place at a given time and hardly noticeable in some other place
and some other time. Thus doing, one describes the velocity beld as a function of
space and time. Actually, if the vector function

v.X;Y; zt/

is known, then everything is known about the Buid Row. The use of the velocity beld
as a function of position and time givé®e Eulerian descriptionf the Bow. This is
the most popular way of doing and we shall use it almost all the time from now on.

1.3.4 Material Derivatives

Quite often, we shall consider the time evolution of some quantity, likehich is
attached to a RBuid particle that one follows.
To express the variations of we introduce the derivative

D
Dt

also calledmaterial derivativeor Lagrangian derivative(see Sectl.10. may

be any quantity (scalar, vector, tensor) depending on space coordinates and time
X;Y; zt/. When we attach to the motion of a Buid particle, the coordinates

X;y; zare functions of time

Xthytl, o ztlit/

wherex.t/;y.t/; zt/ represent the trajectory of the Ruid particle. Now, the total
variation of is

D D.tCdV/ .t/ D @dtc dec Qdyc @dz

@t @x @y @

@ @ @ @
D @tC Vy @XC Vy @yC VZ@ dt
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where we observedix=dt; dy=dt; dz=dt/ are just thexyzcomponents of the velocity
of the Ruid particle that we are following. Thus,

D @ @ @ @

ot D @tc Vy @XC Vy @yc VZ@ (1.2)
or
D @

The operatoD=Dt therefore symbolizes a differentiation along a curve, namely
along the trajectory of a Buid element. We shall see that this quantity appears very
often in the equations governing Buid Bows. The tevmn / is called theadvection
term and represents the transport of the quantitpy the velocity beldv. In a
steady RBow, it represents the variations oflong a streamline (a curve which is
everywhere tangential to the velocity beld, see Se8tJ).

Another illustration of the role played by the advection term is given by the case
where is conserved by each particle. Thus,

D
—DO
Dt

In such a case, an observer measurirgf a given point as a function of time will
see the variations of corresponding to the passing particles displaying their value
of . Formally, this means

@5,
@t
where the second equation shows that the temporal variationataf given point of

space is only due to the advection term characterizing the transpeiit ifniform
then any function. r vt/ is suchthaD = Dt D 0.

wvor/

1.3.5 Distortion of a Fluid Element

An important aspect of the motion of Ruid particles is their proper motion. Indeed,
we mentioned above that, although of vanishingly small size, Ruid particles own
a surface and a volume. Thus, they can be distorted by a non-uniform Row. To
visualize this effect, it is convenient to consider a Buid particle of parallelepipedic
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Fig. 1.1 Evolution of a Buid £+ 0€
element

shape which we may characterize by a vectdqisee Figl.1). If we express the
variation of with time we pnd

CS D Cv.xC /st wv.x/5t
Assuming that is very small compared to, we have
v.xC /Dv.x/C. r/vCO. ?
at prst order and thus
§ D. r/vst (1.4)
Using indicial notations
$iD ;@v st
In this expression we discover the tensor Ovelocity gradientO whose components

are@y; . As any second order tensor, it candecomposed into its symmetric and
antisymmetric parts:

1 1
@v; D 5.@\/,— C@v/C E.@Vj @vi/ D s; C aj

These two parts play very differentroles. Let us brst focus on the antisymmmagric o
We note that it is represented by only three componemts &,3; as1). Actually,

1We shall often use these notations which are very handy. In @BapMathematical comple-
mentsO, we give a summary of what is needed to go ahead with these nq_!,ations. Let us recall here
that we always use the implicit summation on repeated indices. ahtassD i3D 1 aiby is just

noteda; b; .
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these components are related to the curl of the velocity bPeld. Indeed,
1 1. . . 1
aj D é-@Vj @vi/ D 5-SikSj SiSk/@Qv D > im mki @V

where we introduced the Kronecker symiSpland the completely antisymmetric
tensor j (its components are just1 or 0, but see Chag2 for basic properties).
Therefore,

1
ajj D 5 ijm- T V/m (1.5)

This expression shows that the three componemts 4,3; az1) are just the com-
ponents of the curl o up to a factor 1/2, sincejx is either zero or unity.
Expression 1.5) is useful to understand the physical meaning—af and con-
sequently that of the curl. We may uncover it by calculating the variation of
associated with-a only, namely

r v/ St
i

NI

1
S$;D jajiétDEjimj.r v/imSt D

This expression shows that the vaioa of a Buid element associated with is just
a solid body rotation at the angular velocity

1
D 2r v

This result gives us the physical interpretation of the vertor v, also called the
vorticity and enlights the wordingurl for the operator

Since a solid body rotation does not distout parallelepipedic Buid element, its
deformation must be contained in the remaining part of the velocity gradient tensor,
namely—s. This symmetric part of the velocity gradient tensor is calledrdie-
of-strain tensor The distortion effect ofs on a Ruid element can be explicited by
considering the variations of the length of the vectoindeed,

S. 2/D2i§iD2ij@\/j§tD2ijqi§t

where we used the fact that j a; D O sinceg; is antisymmetric and; ; is
symmetric. Thus, only-s contributes to the variation of the length ofand thus

to the distortion of the Buid particle. In order to appreciate more completely the
effects of the deformation it is useful to express the variationsiofa basis where
—sis diagonal. Such a basis always exists becagse symmetric. In this new basis
the variation of associated withs is

§;D j%iétD iSiSt
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where no summation is assumed on the indices in the last expression. This equation
shows that the Ruid eleent is stretched in theé-direction whens; > 0 or
destretched wheg; < 0. It is then easy to compute its volume variation at brst
order due to the velocity peld:

<
<

VD . C84/. 5C55. 3C83/ 153D 123 —11cv—:c:—33 COs5 7%
D 123511CCs3/5tCO8 %
But s;; C sp7 C s33is just the trace ofs and we have
Trs/DsDr v;

so that the relative volume viation of the Ruid element is

Voo st (1.6)

This result shows that the dilation or contraction of Buid elements is associated
with the trace of the rate-of-strain tgor, which is also the divergence of the
velocity beld. Hence, expanding elemeapgpear in Rows with positive divergence
while contracting elements are where divergence is negative. Note that this result is
independent of the chosen basis as the trace of a tensor is invariant in basis changes.

1.3.6 Incompressible Fluids

An important model for the description of Buid Bows is the so-called incompressible
Ruid. For such a Ruid the density is assumed constant. This assumption is very
popular as it much simplibes the equations of motion (and the physics of the 3uid).
In addition it is quite a good approxirtian for liquids which are only slightly
compressible. Moreover, we shall see later that even gas Bows can be modeled
by such a Ruid provided the velocity is small compared to sound velocity (see
Sect3.2.5.

From (1.6) we see that if the volume of a Buid element does not (or cannot) vary,
then

r vDO a.7)
Fluid particles neither expand nor contract. This is the main constraint that must be

met by a Ruid whose density variations can be ignored. We shall bnd this relation
again when studying the implications of mass conservation.
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1.3.7 The Stream Function

In the foregoing section, we found out that the Row of an incompressible Buid must
meet the constraint v D 0. Let us now consider a further simpliped case when
the RBuid Bow is two-dimensional. ¥ andy are cartesian coordinates in this plane,

r vD Oreads

@« . @y
~Xc=2po:
@x @y

It is easy to show (see exerci8g that (L.7) implies the existence of a function
X;y;t/ such that

g' v, D g
@y Y @x

called thestream functionThe expression of a two-dimensional Row is therefore
contained in that of a unique scalar beld, namely the stream function. This wording
explicits the fact that isolines of the stream function are always tangential to the
velocity beld and therefore trace out the velocity beld lines orstheamlines
Indeed, along a streamline

vy D (1.8)

. @ @

d DO Z =dxC =—dyD 0 z v, dxC v dyD 0
@x " @y’ Y &
vy dX

v dy DO Zz v parallel tod|

When the Row is three-dimensional this idea can be generalized but two stream
functions are needed. This is easily understood if one remembers that in three
dimensions the velocity beld has three components that are constrained by one
equation 1.7). Hence, one is left with two independent quantities. Without loss
of generality, one can write

vDr . aCr r . a

In this expression the choice afis notimposed. In spherical geometry one usually
choose the radial vector The brst term is then called theroidal velocity peld
because the beld lines are otoaus. The second term is tipeloidal eld; its beld

lines are generally not conbPned on a surface except in the axisymmetric case where
they can be drawn in a meridian plane Cst.
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1.3.8 Evolution of an Integral Quantity Carried by the Fluid

In the following, we shall meet the time evolution of a quantity (mass, momentum,
energy) associated with a Buid dom&n(volume, surface, line). In the case where
the points of the RBuid domain have a velocity equal to that of the RBuid at every
instant, the domain is callematerial domainlt is always made of the same 3uid
particles. In other words this domain is a kind of macroscopic particle.

We shall later need the expression of the material derivative of a qudntity
integrated over a material domaiht/. So, we brst express

z

E f.r;t/dVv
vt/

as a function of the local derivatives bf. For this, we write
Z Z

Z f.rCdr;t C dvdv® f. r;t/dv

9§ nydvp e vy

t vy dt

(1.9)
We develop the brst integral to brst order and sohc® vdt, we obtain

f.rCdr;tCdv/Df.r;t/C B—:dt

However, volumeV.t C dt/ is slightly different from volumeV .t/ become the
velocity peld distorts it. To take into accouhis distortion, we shall still integrate
overV .t/ but with a distorted elementary volurd®®. From (L.6) we know that

dV’DdvCdvr vdtDdV.1Cr vdt:

Using this expression irL(9), we Pnally get

Z Z Z
g f.r;t/dvD Df—Cfr v dvD gCr f vl dv
Dt @t

V.t/ V.t/ V.t/
(1.10)

The same exercise can be repeated with a contour entrained by the Buid. Let us
evaluate

I
E A.r;t/ dl

dt cy
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As above, we need considering the variations of the Ruid elemhEenwhich is
modibed at time C dtjustas in (1.4). Hence,

di°D dIC .dl r/vdt

and thus

I I
d DA
— A.r;t/ dID ot diCA dl r/v (1.12)

dt cy ct

which is more handy if we use indices

| |
d DA
— A.r;t/ dID —— C A - dl; 1.12
dt cy ' cu Dt | @ ' (112)

This expression can be simplibed by noting that
Aj @\/] D @.Aj Vj/ Vi @Aj and @Ai @Aj D jik-T A/k

Hence, it turns out that

| |
E A.r;t/ dID @A

— .v .r A/ly dj 1.13
dt cy cu Ot L (1.13)

1.4 The Laws of Fluid Motion

In the foregoing section we presented the quantities that are used to describe a
Ruid Bow. In this new section we shall express the laws of Physics that govern
the evolution of these quantities. They are derived from the general principles

expressing the conservation of mass, momentum and energy.

1.4.1 Mass Conservation
1.4.1.1 The Equation of Continuity

We consider a bxed volume of BtNdwhose mass is
4

M D dv:
A



12 1 The Foundations of Fluid Mechanics

Its variation with time is given by the mass Rux densitycrossing the surfac&/
bounding the volumeV /. Let d S be the surface element oriented by the external
normaln so thatd SD ndS Hence

Z Z Z
dMm . @
b v dS 7 Z avD rovdv (1.14)
dt s/ v @t v/
Z
Vi @cr v avpo (1.15)
v, Ot

Note that the minus sign inL(14 comes from the orientation of the surfa&y:
whenv is parallel tod Sthe massvl decreases. Equatiof.(5) being true for any
volume the integrand must be vanishing and we have

@cr vpo (1.16)

@t
which expresses locally the conservation of mass. This equation is often referred to
as thecontinuity equationOne may also write it using the material derivative of
namely

D
Dt rv (1.17)
which shows that the density of a Buid elemearies because of its volume variation
expressed by v, since its mass is constant.

Equations .16 and (L.17) can also be derived directly fromi.(LO) using a
volume gfached to Buid particles and settingD . One may remark that the
RBuxterm o, v dSdisappears then.

As expected, when DCst, all these equations lead back 107, namely the
case of incompressible Ruids.

1.4.1.2 Material Derivative with Mass Conservation

In most cases physical quantities like energy, momentum, are not attached to the
volume of elements but to their magsn D  dV. This implies that when writing

the balance between losses and gains for a Pxed volumeh4& ), (ve always face
integrals taking into account the Bux ofthuantity carried by the mass Bux across
(S). In general, if is such a physical quantity ai8l its volumic sources, we have

Variations of inV D carried byv through SC Sources of
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or, mathematically,

Z Z Z

d
— dv D v dS C S dv
dt v, s/ Vi

which can be rewritten as

z @ z z
——dvD r . vidvcC S dv
, v, @t Z.V/ VI .
. @ _ @
z —C — dvD . r vC vr /dvC S dv
vi @t @t VI VI
While using the equation of continuity, we bnd that
z @ z z
— dvC vr dvD S dv (1.18)
v @t VI VI
or
z D z
— dvD S dv (1.19)
v/ Dt VI

As (1.19 this relation is valid for any volum¥ and is therefore valid locally as

D
~— DS (1.20)
Dt

We shall see that the equations of momentum, energy or entropy all share this
structure. is then a velocity beld (the momentum per unit mass), the internal
energy or the entropy per unit mass.

Let us now rederivel(.20 using a volumeV .t/ attached to the Ruid. From its
debnition, this volume contains the same Ruid particles at any time. So,

Variations of in V.t/ D Sources of

or, mathematically, it reads

q 4 z

dt vy vt/

20ne may often bnd in literature the terminology Ospecibc entropyO whicheslss entropy per
unit mass.
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From (1.10
z z
d D. /
— dv D Y
dt vy vy Dt
z D D
dv D —C r v C — dv
V.t/ Dt Dt
Using the equation of mass conservatidri{),
z z
d D
H — dvD — dVv (1.21)
dt vy vy Dt

We immediately Pnd1(.20). This derivation is much faster than the preceding one
and we shall prefer it in the following.

1.4.2 Momentum Conservation
1.4.2.1 The Stress Tensor

Before expressing momentum conservation, we need precising the way Ruid
elements interact. Contact forces are specibc to the mechanics of continuous media.
Their existence shows again the fact that Buid particles are not point masses but
small volumes with a surface on which contact forces can be exerted. Let us consider
an elementary surfaa®S on which an elementary fora#f is applied. These two
vectors are related in a very general way by

dfD- dS
or with indices
df; D ;dS
We thus debne the stress tensorand at the same tintbe stres§ D — n applied
on a given point of the surface whose normai.ig hus debned, the stress is a force

per unit surface. One then makes the hypothesis-thatepends only on the local
properties of the Row.

3This implies in particular that the stress tensor is independent of tfecswon which the stress is
computed. It is independent of its orientationd its curvature radii. That would not be the case

if the given surface is the seat of surface tension at the interface between a gas and a liquid. Some
additional terms must be taken into account (se&d).
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Let us show now that is a symmetric tensor. |§ is a surface covering some
volume (V), we note that the resultant of stress forceSaran also be written as
the resultant of volumic forces since (see S&2t2):

Z Z

ijds D @ ij dv
.S/ A%

Hence, one can always associate a volumic force with a surface stress. If we consider
a Buid element, the above identity just says that the resultant of contact forces on a
Buid particle is equal to the divergence of the stress tensor. Let us now consider the
torque exerted by the stress forces on the volume. We have

z z

m; D .r df/; D 1 —d¥,
St s/

y4 Y4
m; D ijk X kIdS D @ ijk X k|/dV (1.22)
.S/ A2

But this torque can also be expressed with the volumic force associated with the
stress:
z z

m; D .r Div- /i dv D ijk X @ k|dV (1.23)
Vi A2

where we introduced the vectorial divergemiev of a symmetric tensor which is
such that

.DiV—/iD@ijD@ji
The equality of expression&.2 and (L.23 implies that
@ ikXj W/ D ¥kX @« Z ikSi KC kX @ wD KX @ K
z ik kDO

which is equivalent to saying that the stress tensor is symmetric as shown inl@hap.
(see (2.9), so

ij D ji - (1.24)

The symmetry of—~ has been obtained after equating2? and (.23. This
implicitly assumes that the Ruid does not contain any torque density.
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1.4.2.2 The Equation of Momentum

We are now in a position of using the conservation of momentum for some arbitrary
Buid volume. The variation of momentum of a Buid volume thus reads

q 4 y4 y4

vdVv D fdvC - ds
dt v, Vi s/

or, with words,

Variation of total momentum = Resultant of volumic forces
+ Resultant of stresses applied on (S)

Using the theorem of divergence arid41), we bnd

Z Dv Z Z
— dvD fdvC Div— dV
v Dt VI v/
or, locally,
D
2V bpiv- Cf (1.25)
Dt

This equation is just NewtonOs second law applied to a Ruid element of unit volume.
We note in passing that the expression of acceleration

DED@C Vorlv

Dt @t
is nothing but the material derivative of the velocity. This expression of the
acceleration can be obtained in a more intuitive manner by considering a Ruid
particle whose trajectory ix.t/;y.t/; zt// . Its velocity at time& where the particle
is at.x;y; Z is just the Buid velocity.x;y; zt/. The velocity along the trajectory
is thusv.x.t/;y.t/; zt/;t/ while its acceleration, also along the trajectory, is

@dx . Qdy . Qdz. @
@xdt @ydt @dt @©@t
Since at the given poin; & 92/ p v, we may write

Ny @chchz@c@D@c v rivp Y

@ - e @ ot @t Dt

which shows that the material derivativietbe velocity is indeed the acceleration of
the Buid particle.
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The term.v r /v can also be writterw r /vD .r v/ vCr %vz (see (2.42)
which gives another expression for the acceleration, namely

Dv _ @ 1,
Dt D @tC .r vl vCr 2v (1.26)

Now if we look back to 1.25), we see that the acceleration of a Buid element is
controlled by two volumic forces, namefyandDi v— .

The volumic forcef is specibc to the problems at hands. Such a force may be
the gravitational force (usually arising through buoyancy), the Laplace force if the
Ruid is electrically conducting (see Chag) or an inertial force like the Coriolis
one (see Chapg).

Di v— is the volumic force due to stresses. Unlikeis always there (exceptin
very special cases like the one describe in Sett.) and represents contact forces
between RBuid elements. It depends on thture of the Ruid. Its expression needs a
full discussion that will be presented in Sect.

1.4.3 Energy Conservation

The equation translating the conservation of energy expresses the brst principle of
thermodynamics with a Buid element. The energy balance reads:
q z z Y4 Y4 z

1
—  .I2V*CeldvD f vdvC v ;dS F dSC  Qdv
dt v/ 2 .S/

A .S/ A

wheree denotes the specibc internal enetdyjs the (surface density of) heat Rux
and Q the power of local heat sources. These sources may come from chemical
reactions (burning), from nuclear reactions (in the central part of stars) or from a
phase transition (latent heat release atev vapour condensation for instance).

Using words, the latter equation would read:

The variation of energy (kinetic and internal) per unit of time =
the power of volumic forces + the power of stresses
+ the heat Bux through S + the power of local heat sources

Transforming surface integrals into volume ones and usiri?fl), we get

Z Z Y4 Z

D.ivCel
2" T 4vD r FAVC fvdvC @y j/dVC  QdV
VI Dt VI v/ VI Vi

z

“The existence of internal energy for a Ruid element assumes that the Ruid is locally at
thermodynamic edlibrium. We shall come back on thigoint thoroughly when we discuss the
constitutive relations.
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the volume being any volume, the equation is valid locally, hence:

D.3v2Cel
TD r FCf VC@.Vi ij/CQ (1.27)

1.4.3.1 The Equation for Internal Energy

The foregoing equation of energy combines the internal and kinetic energies.
However, the evolution of kinetic energy is governed by the sole equation of
momentum. Indeed, taking the scalar productlo? with v, we bnd

1
D. 12/
Dt

Df vC Vi@ ij (1.28)

which is just the expression of the kinetic energy theorem applied to a Buid element:
the change of kinetic energy of a RBuid element comes from the work of applied
forces. Subtracting the evolution of kinetic energy frdn®2(/), we bnd the evolution

of internal energy:

De

ot D r FC j@vCQ (1.29)
which expresses locally the brst principle of thermodynamics: the variation of
internal energy of a Buid particle is equal to the heat received F C Q) plus the
work of the stresses;@v;. We should note that this work depends solely on the
local rate-of-strain tensefs since— is symmetrical, @v; D jiS;.

1.4.3.2 The Equation for Entropy

Instead of using the internal energy to express the conservation of energy, it is often
useful to choose the entropy. This is easily derived from the equalities relating the
various thermodynaic quantities

deD Tds PdVD TdsC Pd= 2

These equations link total derivatives and thus apply to all partial derivatives with
respect to time and space. Hence they can be combined to yield a relation between
material derivatives:

De Ds P D
—DT—C —— 1.30
Dt Dt 2 Dt ( )
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Combined with mass conservatiah16), it gives

Ds
TED r FC j@v CPr vCQ (1.31)
This equation expresses that the variation of entropy of Buid elements is the result
of heat sources inside the elements plus the heat Bux coming from the neighbouring
elements, plus some heat generation u@iscous) stresses (but see S&d.2.

1.4.4 The Constitutive Relations

The foregoing 1.16), (1.29, (1.29 or (1.31) need now to be completed by the
expression of the stress tensor and the heat Ruk as functions of the quantities
used to describe the Buid (velocity, temperature, density, Such relations are
calledthe constitutive relationand are specibc to the microscopic nature of the
Buid. They will describe the thermodynamic, the mechanical and the thermal
behaviour of the Ruid. The constitutive relation(s) describing the mechanical
behaviour is called the rheological law. It may also include solids. As we shall see
below, the frontier between Ruids andids is not as neat as common sense would
say.

1.5 The Rheological Laws

1.5.1 The Pressure Stress

In order to give an expression fer , we shall brst consider the case of a
homogeneous and isotropic Buid in thermodyi@equilibrium. The isotropy of the
Buid and the fact that the stress tensepends only on the local properties of the
Ruid demands that the eigenvalues-of (which is always diagonalizable because
of its symmetry) are identical in the three directions of space (F&). Hence, we
can write:

i D Péij (1.32)

whereP is a scalar function that we shall identify to pressure. One may wonder
whether such a depPnition gives the same function to which we are used to in
Thermodynamics, namely the intensive variable associated with the volume. To
check this point, we just need to consider the equation of internal en&rg9) (
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Fig. 1.2 The pressure force

(S)

neglectingF and Q. The variation of internal energ¥e for a small volumeV
duringst is

Vse D ;@ V3t D Pr vVst D P&.V/

where we used1(6). Since V is just the massm of the small volume,
S.V/=m s the variation of the specibc volume (the volume occupied by a unit
mass). Hence, the foregoing relation, taken in the livit ! 0, leads to the
differential relation P D @°wherev is the specibc volume. This expression is
the well-known one of Thermodynamics.

From (1.32 we also bnd out the volumic force associated with the pressure.
Taking the divergence of vyields:

fiD@ijD éij@PD @PD .I’P/i

This expression shows that the volumic pressure force is the opposite of the pressure
gradient: pressure forces push the RBuid elements towards the low pressure regions
as expected. The International System unit of pressure Rabealbut many others

are still in use (see box).
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The units for pressure (or stress)

Pressure and more generally the stress is expressed in pascals, however other units fjre often
used; we give here a short memo of this little zoo.

¥ Thepascal(Pa) is the ofpcial unit of the International System; this is the stresteeXay al
force of 1 Newton on 1 square metre. This is a rather small quantity sincrtiespheri
pressure is of the order &P Pa.

¥ Thebar = 10° Pa is the appropriate multiple close to the atmospheric pressure.

¥ Themillibar =100 Pa was the unit used in meteorology; it is now replaced bylithe
hectopascal

¥ ThebaryeD 0:1Pais the pressure unit in the CGS system and represent the stressgpf one
dyne per square centimeter.

¥ TheatmosphereD 101;325Pa is an old fashion unit which is the mean atmosph@ric
pressure at sea level.

used in engineering. This is the pressure exerted by the weight of a one kilogram nfss on
one square centimeter; thus 1 kgffcm 98100Pa which is approximately 1 bar.

¥ Thepound per square inch = ps$ the British equivalent of the kgf/cinl psiD 6894:7Pa

¥ Lastly, thetorr ou millimetre of mercury. This is the pressure exerted by a 1 mm thgek
layer of mercury in the Earth gravity Peld. 1 t@r pggl mmD 13595 9:8 0:001
133;3Pa. 760 torr 1 atm.

1.5.2 The Perfect Fluid

The foregoing discussion brings us to the case of an ideal Buid whose stress tensor
would be composed solely of the pressure term. Such a Ruid is cabedect uid
or aninviscid uid. We shall see below that it is actually a convenient idealization
of real Buids.
If we write the momentum equation for such a Ruid, it reads

bv rpP (1.33)
Dt
which is known asEuler equation Here, all the extra volumic forces, which are
problem dependent, have been removed.

Perfect Buids are also endowed with the property that they do not allow any heat
Bux. HenceF is vanishing. If no heat source is prese@t D 0), the equation of
internal energy1.29 now reads

De

—D Pr 1.34
Dt v (1.34)
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and that of entropy

D
~°bo (1.35)
Dt

This latter relation shows us that the entropy of RBuid particles in a perfect Ruid
remains constant. We bnd here the brst conservation law specibc to perfect Ruids.
This point will be developed in Chap.

1.5.3 Newtonian Fluids
1.5.3.1 The Viscosities

Everybody has experienced the slow 3ow of honey compared to water. The two
Buids being of similar density, the pull of gravity on Buid particles is similar and
therefore the very different Bowing behaviours they show must be associated with
some intrinsic property. Such a property is manifestly related to the ability of Buid
particles to slide on each other. Water particles slide much more easily than honey
ones! This feature of the RBuid is commonly calledcosity Physically, we see
that this property characterizes the istetions between RBuid elements or, in other
words, contact forces. As such, they are surface forces and thus should be included
in the stress tensor, added to the pressure. Hence, the stress tensor components
should read:

jD P§C [
In order to Pnd out the expression of this new term, we shall consider a uid in
equilibrium (both mechanical and thermodynamic). We perturb this equilibrium
so that the Buid moves. We assume that the perturbation is small enough so that
the Buid particles remain close toethhermodynamic equilibrium. We need now
to Pnd out which quantity is appropriate to measure the disequilibrium. At brst
glance, one may say that the velocity is the appropriate quantity. This is not the case
(unfortunately!) because we note thattietvelocity Peld is uniform, then a simple
change of the reference frame will makevinishing and thus RBuid elements are
still in equilibrium. Hence, non-uniformity ahe velocity beld is essential. We may
thus think to the derivative of the velocity beld, nam@y; . This is still not the
good quantity. Indeed, we have seen in Se@.5that the velocity gradient tensor
is composed of two parts, the symmetric and antisymmetric ones, which describe a
very different evolution of the uid particles. The antisymmetric part descrilees th
local rotation of Buid particles: it can be zeroed by the use of a rotating frame. We are
thus left with the symmetric part of the velocity gradient tensor, the so-called rate-
of-strain tensor, which cannot be nullibed by any change of frame. The rate of strain
thus appears as the most simple measure of the Buid mechanical disequilibrium at
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the level of a Buid particle. We therefore write
i f i .Sk|/

The six functiond ; are unknown and depends, a priori, on the local properties of
the Buid. One way to simplify the problem is to use our assumption of the Ruid being
close to equilibrium. In such a case, the rate of strain is small and the functions can
be expanded around zero:

ij D fij.O/ C Lijk|S,<| C (1.36)
with
@
LiwD — (1.37)
' @|5 —sD0/

f;;.0/ is the value of the stress when the rate of strain is zero. It is obviously equal
to P3§;, namely to the stress at equilibrium, which comes only from the pressure.
The rank-4 tensok characterizes also the equilibrium properties of the Buid. As
before we assume that the RBuid is isotropic. Sihcis symmetric with respect to
permutation of andj andk andl, the only rank-4 tensor sharing these properties
is of the form:

Liw D a.8iS C 3iSi/ C b§;S (1.38)
wherea andb are two scalar coefbcients specibc to the RBuid. We thus Pnd

ij D Péij C 2as,— C bSkkgij

or

i D P§ij C a.@vj C @Vi/ C b.@Vk/§ij

In general, one gives the following equivalent form-of:
« 2 . «
i D PSij C @\/J C @Vi é.@vk/sij C .@<Vk/Sij (1.39)

where we sea D andb D 2=3 . is called thedynamic shear viscosity
while is thedynamic volume viscosityr bulk viscosity(sometimes also called
second viscosity). These two coefbcients are expresgabital secon@Pas) also
called thepoiseuille We may note that Pas kgm * s 1. Now, we note that

2
Tr @V] C @Vi §-@Vk/§ij DO
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so that it is natural to introduce
2 N
Gjj D @\/J C @Vi é-@vklsij : (1.40)

These are the components of gteear tensorc which corresponds to a deforma-
tion without change of volume.

All the RBuids which verify the rheological lawl (39 are called theNewtonian
uids. Despite the severe simplibcatiotisat have been done, this constitutive
relation is veribed by a large number of gas or liquids. This comes from the fact
that it depends solely on very general properties of the Ruid at equilibrium, namely
isotropy and closeness to locaktimodynamical equilibrium. In Sedt.9.1weOll
discuss the limits of these hypothesis and will introduce the non-Newtonian Buids.

We shall also very often use another viscosity coefpcient, namekirleenatic
viscositydebPned as

which is expressed in frs 1.

1.5.3.2 The Microscopic Side

We introduced viscosity by considering thietion of Ruid elements on each others.
However, one may wonder what is going on at the microscopic level. Let us prst
remark that friction implies an exchange of momentum: we can slide indebnitely
on the ground if we do not lose our momentum. Viscosity thus characterizes this
exchange of momentum between Buid particles. Such an exchange is of course due
to atoms or molecules which carry thgtantity in their thermal random motion.

A simple dimensional argument gives us the order of magnitude of kinematic
viscosity. Indeed, such a coefbcient is dimensionally the product of a velocity
by a length. At the microscopic level, typical velocity and length scales are the
mean thermal velocity and the mean free path (see (Hafor a more detailed
introduction). These scaling imply that the kinematic viscosity of a gas increases
with temperature and decreases with density. Conversely, the viscosity of liquids
tends to decrease with temperature or increase with density, since in this case the
exchange of momentum is rather due to attractive interactions than to collisions.
Thus, for a given RBuid, viscosity is mmium near the liquidbgas phase transition.
The foregoing arguments show that the less viscous Ruids will be found with low
temperature gaseés.

5The Ruids with very low viscosities are extremely interesting experiafignas they allow us
to reach very high Reynolds numbers in a small size experiment. This is the reason why many
experiments have been realized with helium near its critical point (2.2 bars and 5.2 K). In these
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Table 1.1 Transport coefpcients and Prandtl numbers of some common RBuids at a temperature of
20°C (data are from various sources)

Fluid (Pas) (m?s 1) Wm K Y P

Air 1:810 ° 1:510 ° 0.026 0.71
Hy 8:910 6 1:010 * 0.19 0.69
Water 1:010 3 1:010 6 0.6 7.0
Ethanol 1:210 3 1:510 © 0.18 16
Glycerin 1.3 1:010 3 0.28 10°
Olive oil 0.1 1:010 4 0.17 1,400
Mercury 1:5510 3 1:1410 7 8.7 0.025

In Tablel.1we give values of the viscosities of some common Ruids. We did not
include values of the bulk viscosity. The reason is that this quantity has been scarcely
measured; such a measurement is indeed difpcult. One needs a [Row without shear
and with large values of v. This is realized using sound waves. For nitrogen,
Lighthill (1978 Pnds 0:8 . On the theoretical side, using an approach based
on Boltzmann equation, one can show that bulk viscosity is zero for monatomic
gases (at least in the Boltzmann description).

In many cases, however, is just neglected andpsaking of viscosity
refers to the shear viscosity. This approximation is usually known &tokes
hypothesis We see that it is certainly well veribed by monatomic gases and
liquids.

1.5.3.3 The Momentum Equation and Navier—Stokes Equation

The expression of the rheological law for Newtonian Ruids allows us to give an
explicit form of the momentum equation for these Ruids. It reads

ED rPCr.vr/ Cr .w r/C v v Cr.=3Cl/r viCf

Dt
(1.41)

conditions indeed, helium reaches its minimum viscosity. It is not a liquid, thus atoms interactions
are weak and while still a gas, the velocity of atoms is minimized. The kitiewiacosity obtained
in such conditions is ' 2 10 8m?s.

We shall not discuss the case of superBuids which needs to be approached from the
side of quantum mechanics and refer the reader to the book of Guyon &0al) for an
introduction.
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This equation may also be written

Dv 1
ot rPC vC§rr v C2ur ri/v

Cr r vC r gr r vCf (1.42)

This is Navier—Stokes equatiomhis equation much simplibes for a Ruid with
constant density and constant viscosity. One then obtains the so-called ®Navier
equation:

Dv

— PC 1.43
5D T v (1.43)

where we discarded external body for€e€Ehis equation is used either when density
variations are negligible or, if they are not, as a brst step before attacking the
complications due to compressibility.

1.6 The Thermal Behaviour

1.6.1 The Heat Flux Surface Density

The next constitutive relation to be addressed is that prescribing the heat Bux density
as a function of the other variables. The heat Bux essentially appears when the
temperature beld is non-uniforhThis means that the temperature gradient is the
appropriate quantity to measure the distance to thermal equilibrium. We shall write:

F FrT/
As for the mechanical constitutive relation, we also assume that the Ruid elements
are not far from equilibrium and therefore that the temperature gradientil sve

can thus expand to brst order the heat Rux density, namely

Fi.r T/DFi.O/ ij@T

SHenri Navier (1785D1836) published this equation in 182@émoire sur les lois du mouvement
des uides in MZm. de IOAcad. des Sciences.

"Other processes like gradients of chemical species may also generate a heat Rux but these
processes usually give a weak effect that will be neglected in this book.
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where

_@F_
@@/ @TDO

is the tensor of thermal conductivities.te Ruid is isotropic, conductivity is the
same in all directions and we can writ¢ D 3 j;. Noting that at equilibrium the
Bux is vanishing, we havg;.0/ D 0. We bnd the well-knowfourier law, namely

i D

FD rT: (1.44)

The minus sign has been introduced so that the thermal conductivity is positive. As
shown in the next section, the sign of this quantity is controlled by the second law
of Thermodynamics. As we introduced the kinematic viscosity for the momentum
diffusion, it is also convenient, as far as heat transport is concerned, to introduce the
heat diffusion coefpcient dhermal diffusivity

D — 1.45
= (1.45)

which is also expressed in%¥s. The ratio between the kinematic viscositand
this quantity is
PD - (1.46)

and called thérandtl numbemvhich is specibc to each Ruiote however that this
number may vary with temperature and density since diffusion coefbcients usually
depend on the thermodynamic state of the uid.

1.6.2 The Equations of Internal Energy and Entropy

With the foregoing Fourier and Newtonian rheological laws, we are in a position to
write a complete equation for internal energy or entropy. If we considl@ey and
replaceF and— by their respective expression, we bnd that

D
-§Dr.rT/PerDCQ (1.47)

where

. 2 . .
DD i}"sq@vi D @Vi @,V] C @Vi é.@vk/sij/ C .@Vk/Sij
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represents theiscous dissipationThis term may also be written as
DD Sj C ajj Cij C -@(Vklgij D Sj Cjj C -@(Vklgij

becausajcj D 0anda;S; D Tr—a D 0. Using the depPnitionl(40 of ¢, it turns
out that

2 «
23] D Gij C é.@vk/sij )
which implies

1 2
DD 5 Gij C §-@Vk/§ij Cj C -@<Vk/§ij

Developing this expression and using the fact that the traece @ zero (Trg] =
§ij Cijj =0), we bPnd

DD 5¢jg C @w/? (1.48)
or, explicitly
DD E—élc c2,C c5,C2c¢2,C2¢3,C2¢%, C .1 v/?
Later, we shall use the more condensed expression

DD 57 W/2C .r v/? (1.49)

Now, the entropy equation is deduced from31), namely

D
THfDr . rT/ICDCQ (1.50)

This expression may be used to show that the Second Principle of Thermodynamics
implies the positivity of transport coefbcients like the viscosities and the thermal
conductivity. For this purpose, we need considering a volume attached to the Ruid
particles. The Second Principle says that the entropy of this mass increases more
than the entropy produced either by the internal heat sources or by the external heat
RBux. In mathematical terms this is expressed by

z z z
Q

E sdV E dSscC = dVv
dt vy sy T vy T
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Using (1.21) and (.50, this inequality may be rewritten as

z
dv
.rT/’TCD — 0

Vit T

As it must be veribed for any velocity or temperature beld, it implies that
0; 0; 0

These inequalities show that the irreversibility tbermodynamic transforma-
tions is intimately associated with the diffusion phenomena that are represented by
these coefbcients.

To summarize, the equations of motion of a Newtonian Ruid are

@
—C DO 1.1
ot r v (1.19
Dv
ED rPCr.wr/Cr wr/C vv Cr.=3C/r viCf
(1.41
De
aDr . rT/ Pr vCDCQ (1.47
or
D
THfDr . rT/ICDCQ (1.50

These equations are however still incomplete. We need to specify the thermo-
dynamics relations, which relate the pressure, density and temperature, internal
energy, etc. since the Buid is assumed to be locally at (or asymptotically close
to) thermodynamic equilibrium. These ah@se characterizing the thermodynamics
including the equations of state. We present them now.

1.7 Thermodynamics

In the foregoing sections we discussed the constitutive relations related to the
mechanical and thermal behaviourseyttold us the way the Ruid behaves when

it is slightly perturbed from equilibrium. We now complete them with the relations
which specify the actual kal thermodynamic equilibrium.
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Let us recall that a medium in thermodyniz equilibrium is characterized by a
relation like

e es;V;N;:::/ (1.51)
which expresses internal energy as a function of the various extensikgtsaof

the system (entropy, volume, number of particles, etc.). From this general relation,
one derives the equations of state:

@e
To o
<
PD %e (1.52)
@e
ch D @\l

which debPnes the intensive quantities of the system, the tempefTattire pressure
P or the chemical potentialg.

1.7.1 The ldeal Gas

The expression of internal energy of an ideal gas as a function of extensive
variables is

1
eDe — exgf.s s/=c,g (1.53)
0

Two classical relations come out of this expression:
PV D nRT (1.54)

and

1 P C
eDe,TD——; with D= (1.55)
1 Cy

whereR D kgN is the ideal gas constant, or the macroscopic expression of

Boltzmann constarkg using Avogadro numbeX . n is the mole number and,

(resp.cp) is the specibc heat capacity at constant volume (resp. pressure).
Equation (.54 may be written as

PDR T (1.56)
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which is more convenient in Ruid mechaniBs. D R=M whereM is the mass of
a mole of gas. Specibc enthalpy reads

P
hD T D ———

while various expressions of entropy can be derived from

TdsD de Ezd D dhC d—P
For instance:
sDc,InT=To/ R In.= o/ Cgx (1.57)
sD ¢, InT=To/ R In.P=Po/ C (1.58)
sD ¢c/In.P=Po/ c¢yIn.= o/ C s (1.59)

1.7.2 Liquids

If we focus on liquids, thermodynamids simpliped because liquids are little
compressible. In most cases, the densityateons mainly come from temperature
variations. A simplibped model consists in retaining only such a relationship like

D o1l T Tol (1.60)

which is completed bg D cT. is the thermal dilation coefpbcient adD c,
Cp.

1.7.3 Barotropic Fluids
A symmetrical case to that of liquids appears when the density is solely a function
of pressure

Pl or P P./ (1.61)

In most cases this is not an equation of state of the Ruid, but an approximation well
veribed in certain circumstances.

Two examples are frequently met: the cases of an isothermal or of an isentropic
ideal gas. For these very cases, pressure is just a function of density:

P Dk or P D K
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Such a dependence arises when temperature or entropy variations can be neglected.
In the general case, such relations do not exist. The Bows are baliedlinic

because isobars and isotherms are inclingl respect to each other. Barotropicity

and baroclinicity may have important consequences on the nature of the Bows as it

will be shown in Chap<, 3or7.

1.8 Boundary Conditions

The laws of Ruid motion that we have established are partial differential eqaatio
Their solutions are copietely debned wen boundary conditions and initial
conditions are given. These conditions describe the various interactions (mechanical
or thermal) of the RBuid with the outside, which can be a solid, another uid, the
vacuum or the Ruid itself.

1.8.1 Boundary Conditions on the Velocity Field

Two types of boundary conditions are ulyanet by Ruid Rows. They describe
respectively the interaction Ruidbsolid and RBuidbRuid. They are calleththip
andfree-surfaceboundary conditions.

1.8.1.1 On a Solid Wall

The boundary conditions generally assuhad the frontier between a solid and a
Ruid is that the velocity of the Ruid equals that of the séllfithe solid is at rest,
the Buid velocity must vanish on the boundary

vDO on the bounding surface (1.62)

This boundary condition is usually referred to as th@slip boundary condi-
tion. This condition may be interpreted as if the Ruid stick to the solid. This
hypothesis is far not obvious. Actually, it has been much debated by the end
of the nineteenth century. The question was largely solved by G.I. Taylor in
1923 when he studied the stability of a Buid Row between two rotating cylinders
(the so-called TaylorbCouette Row). Thgreement between theory (using these

8This assumption means, among other things, that the solid is impermeable which is not always the
case. If the solid is a porous medium, some mass Rux may occur through the boundary. Actually,
Bows through porous media are very much studied because of their numerous applications like oil
or gas extraction.
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boundary conditions) and expment showed that the no-slip hypothesis was
certainly quite relevart.

We may note that if the Buid is perfect (no viscosity), no adherence is possible on
the wall. Of the three condition4 (62, only a single one remains, nameiyn D O
wheren is the normal to the solid wall. The component of the velocity perpendicular
to the wall vanishes, while the other components are unspecibed.

1.8.1.2 On a Free Surface

The other type of boundary conditions on the velocity is the one céiedree
surfaceor free interface. This is the conditido be used when the Buid dePnes
itself the surface, just like the sea surface is debned by that of the water. Let

S.r;t/ D Cst

be the equation of this surface. At any point of this surface

@S @S. K @S. @S
dsSD 0D @tdtc dx@xc dy@yc dz@

Similarly as (L.3), . dx=dt; dy=dt; dz=dt/ represents the velocity of the surface, which,
by dePnition, is also the Ruid velocity. Hence, a brst boundary condition is

@S @S @s. @s

—Cw—Cw—CvV DO on S.r;t/ D Cst
@t “@x ey ‘@
or
DS
Dt DO on S.r;t/ D Cst (1.63)

This last relation shows that the material derivative of the surface is zero at the
surface. In other words, the surface is bxed for a Buid particle at the surface, or, a
Buid particle initially at the surface remains attached to it.

We note that this boundary condition is ply geometrical. We did not use any
physical law to write it down. In many sittians, it is simpliped because the surface
is time-independent. In such a case it reads

vrrSDO

9A rather complete account of the history of tingest of the correct boundaconditions at a solid

wall may be found in Goldsteirl@38, 196%. The irony of the story is that scientists are presently
looking for materials that let the Ruid slipping on the walls. This is especially important when
dealing with small pipes in microRuidic (see Tabeli2g04).
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Butr S is a vector perpendicular to the surface. Settings the unit normal, the
preceding relation is just

vnDO (1.64)

expressing that the Bow is tangential to the surface at the Buid boundary.

At this stage it is worth pointing out that this condition, much simpler tia3,
is often used even if the surface is not strictly steady. This approximation is
physically acceptable when the time scateghe length scales of the problem at
hands are far larger than the ones arising from surface waves (capillarity or gravity
waves).

As may be guessed, conditioh 63 is not sufbcient to fully specify the solution
of a problem. We need now expressing the continuity of the stress when crossing
the surface. In other words, on each side of the surface the stress must be the same
(up to the sign). For instance, if the surface separates the Ruid from the vacuum, we
write

- nDO on S.r;t/ D Cst

Together with 1.63), this relation constitutes the free-surface boundary conditions.
If we compare to1.62), we may note that these boundary conditions are four. The
additional equation is in fact the one that determines the suBSacd/ which is

also an unknown of the problem. We shall dwell on this problem more thoroughly
when discussing the propagation of surface waves in Ghap.

1.8.1.3 The Stress-Free Boundary Conditions

In many situations the bounding surface is known and it is useful to assume that the
Ruid slips freely along the boundary, either because this boundary separates Ruids
of very different densities, or because in a brst approach of a complex problem,
one wishes to avoid boundary layers generated by a solidbRuid interface or waves
allowed by a moving surface.

A Ruid freely slipping on a surface does not exert any tangential stress.
Mathematically, this is expressed by

n —nDO on S (1.65)

This vectorial condition in fact amounts two scalar conditions and needs to be
completed by the kinematic on&.64). Conditions {.65) together with 1.64) now
give three scalar conditions, just likg.62). These conditions are known agess-
free or free-slip conditions
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1.8.2 Boundary Conditions on Temperature

The foregoing boundary conditns described the dynamiokthe interaction of the

RBuid with its environment. They are related to the momentum equation and mass
conservation. We should now ask for thenditions which are associated with the
equation of energy. Such conditions express the way energy is exchanged through a
bounding surface. Since we restrict our discussion to the case where the boundary
does not allow for mass exchanges, Buxes of energy are only of microscopic origin,
namely from thermal conduction. Generadigeaking, these conditions require the
continuity of temperature and energy Bux, namely

T D Text and n FD N Fex (1.66)

For a Buid with constant conductivitiehie second condition is also a condition on
the temperature gradient.

When we study the equilibrium or the motion of Buids in presence of temperature
gradient, we shall use the notion pkrfect conductarSuch a medium is an
idealization of a material that can actemy heat Bux. Thus, when a Ruid is in
contact with a perfect conductor its temperature is bxed to that of the conductor.

The other extreme case is also useful: it isplefect insulator For this medium
the heat Bux is set to zero (or Pxed to a givatue), while the temperature can take
any value. An example is given in Chap.

1.8.3 Surface Tension

Free surface boundary conditions are often taken at the interface of two immiscible
Ruids. A complete desctilpn of free-surface boundary conditions thus calls for
the introduction of surface tension. This phenomenon is the consequence of the
fact that some energy must be spent to increase the surface of contact between two
immiscible RBuids. Only liquids own a siace tension at their boundaries because
the liquid phase is characterized by anattive interaction between the molecules
(a van der Waals type force). The energyttee liquid is therefore minimized when
each of its molecule is surrounded by other similar molecules. Those molecules on
the boundary have a higher energy. Hence, a larger bounding surface demands more
energy.

If we introduce , the ratio of the energy variation to the surface variation, namely

dED dS (1.67)
we note that is both an energy per unit surface and a force per unit length. Let

us therefore consider a surface, delimited by a con@utaken on the surface
separating two immiscible Ruids. If we decompakkinto dldn, dl being locally
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parallel toC anddn perpendicular to it, didn can be interpreted as the work done
by a force dle, to extend the surface blydn (L is the length ofC). Thus, the
surface supports a resulting force

RD dle,
.Cl

whereg, is the outer normal unit vector & . The use of the divergence theorem in
two dimensions (see SedR.2.3 allows us to transform this integral into

z

RD r dS (1.68)
.S/

which shows now that variations of surface tension are sources of a surface force, or,
in other words, of a stress. This stress has the peculiarity of being purely tangential,
which implies that if the surface separating two Newtonian Ruids experiences
variations of the surface tension, some Row will appear for no static constraint can
compensate this stress. Such a phenomenon is at the origin of MarangonibBZnard
convection which is an instability coming from the dependancewfth respect to
temperature (see Se6t3.5for a detailed presentation).

The foregoing discussion focused on a brst effect of surface tension. Indeed,
we restricted the surface variatiol$ to the local tangent plane &. This is just
like the case where one pulls on a piece of rubber to increase its size. However,
another simple way of extending the surface exists: this is by pushing itin a direction
perpendicular to its actual surface. An easy way to make this idea quantitative is to
consider a drop of liquid. If its radius varies@diRits surface varies alSD 8 RdR
and the energgdE D 8 RdRmust be spent. As above, this energy may also be
interpreted as the work of the surface tenstonD 8 R, which has a surface
density

0 8R 2
2Rz ¥ R®

It works like a normal stress. Hence, inside a liquid drop at equilibrium, the pressure
is slightly higher than outside the drop since

2
I:’ext D F>int c E

2
Z l:)int D PextC E

as demanded by the continuity of normal stress.
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The foregoing formula is however specibc to the sphere. With more general
surfaces, two radii of curvatur®{ andR;) are necessary to describe the surface
variations associated with a normal motion. This leads to the famous Laplace
formula

1 1
Pint D PextC R_l C R_z (1.69)

which is demonstrated in Landau and Lifchitz (1971) for instance.

Finally, the two effects of surface tension that we just described can be gathered
in a single formula which states tlyynamic boundary coritibn at a liquidbgas
interface

1 1

Here,n is the normal of the surface that aiented from the liquid to the gas
Curvature radii are positive if the centre of curvature is inside the liquid.

We shall come back to surface tension in a few occasions: brst, for some aspects
of Buids equilibria, and then when considering the propagation of surfaseswa

1.8.4 Initial Conditions

Finally, we should say a few words about the boundary conditions on time, in
other words the initial conditions. Thajeations of motions are all of brst order

in time. This means that the initial state of the Buid completely determines its future
evolution. This is true only in principle. The example of meteorology just shows that
the behaviour of the Ruid is unpredictable beyond a few days, essentially because
the initial state is always imperfectly known and imperfections are amplibed by the
nonlinearities of the equations of motion.

1.9 More About Rheological Laws: Non-Newtonian Fluids

1.9.1 The Limits of Newtonian Rheology

We have seen that the (mechanical) perturbations with respect to the thermodynamic
equilibrium could be characterized by the rate-of-strain tersowe then admitted

that such perturbations were small enough so as to justify a Taylor expansion of the
stress tensor with respect to the rate of strain. We need now to precise what we mean
by OsmallO.
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While we introduced-s, and more generally@, we in fact introduced a
macroscopic time scal&y,. Indeed, ifL andV are respectively a typical length
scale and a typical velocity scale of thevdahe rate-of-strain tensor introduces

Tm D L
Y

as a new time scale singg;j  V=L. This time scale expresses the rate at which
a deformation is imposed to the Ruid. But a material which is moved away its
equilibrium state tends to come back to it on a relaxation time SGalg, through
processes of microscopic origin. This time scale is of course specibc to the Ruid.
The Newtonian behaviour is therefore the asymptotic limit when the relaxation time
scale is vanishing. We now see that a new non-dimensional number has arose with
the ratio of the macroscopic and microscopic time scales. This is known as the
Deborah number

DeD Trelax

m

The Newtonian limit is thus D& 0 while the opposite limit DeD C1 would
rather describe a solid. Between these two extremes a huge variety of rheological
laws exist, which we shall briel3y present now.

1.9.2 The Non-Newtonian Rheological Laws

In the foregoing presentation of the Newtonian rheological law, we show from rather
general arguments tha§ D fjj.s/. Thus doing, we did not take the most general
expression (so as to keep the argument as simple as possible). However, now that
we realized that the small parameter was the relaxation time of the Ruid, we may
anticipate that the stress sustained by a RBuid element is not only a function of the
actual rate of strain but may also be a function of the strain itself (or the past rate of
strain!); hence one would rather write:

Z, dse
i Dy oo sk|dt°,sk|;d—t';::: (1.71)
1
where the dots designate either integral or derivatives of higher orders. Equa-
tion (1.72) is however not fully satisfactory yet. Indeed, the important strain is the
one which the RBuid element experiences during its trajectory. We thus see that in
this perspective, the Lagrangian formulation is interesting for the description of
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non-Newtonian Ruids. Finally: is usually not an explicit function ofs and
therefore one should solve something like

|, |
D ! Dsy
G i dt® i —=:::: DF :::; dt® g — ;10
. Kl [ Dt . S« S« Dt
(1.72)

In this horrendous expressioﬂf1 sqdt® means an integral along the path followed
by the particle. In fact, this equation untiees the theoretical difbculties to be faced
when modelling the motion of non-Newta@mi Ruids. This is one of the reasons why
experiment is an important tool for the investigation of rheological laws.

In order to get a broad idea of these laws, we shall now review the main ones
which have emerge throughout the exploration of non-Newtonian RBuids.

1.9.3 Linear Viscoelasticity

Let us assume thatl(72 is linear with respect to each function and that the
coefbcients are constants. We thus write
D i Dn i DmSj
cC C Dhss C Chb
Dt & pn - XS ™ Dtm

a j Cag

which is the general law of linear viscoelasticity. Let us further simplify this relation
by retaining onlyayp; bo; b; so that
Ds;

iD o §C

(1.73)
When the Ruid element faces a constant stress, its deformation is
sj D g e ter

This expression shows that the rate of strain follows the stress with a delay of order
r. This is Kelvin®s modéY.

10n fact such a model rather applies to solids. The rate of strain is then replaced by the strain
itself. KelvinOs solid does not react instantaneously to a stress and reachetibittuegafter a
relaxation time .
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Another model is MaxwellOs one. In some sense it is the symmetric of KelvinOs.
The roles of stress and strain are exchanged. Onds&<) anda; @ 0or

D .
i C th" D sj (1.74)
For a given rate of strain, the stress is delayed ofAs an example, let us imagine
a situation where the Buid is smoothly Rowing. Suddenly, the shear is suppressed.
The stress disappears onlgogressively according to

iD sje t=r (1.75)

Typically, a Buid element OremembersO its past deformation and imposes a stress
to its neighbourhood. Such Ruids have some OmemoryO. They are very common.
Honey and jam are typical examples of our everyday life. Everybody has seen the
droplet of honey rising up after the Bow being cut. The stress does not vanish
immediately after the Bow being stopped and is able to move the Ruid up. Such
a behaviour is understood as the results of the intrication of macromolecules
constituting the Ruid.

The foregoing model, devised by Maxwell is certainly much simpliPed and needs
to be complemented by nonlinear effects that we now discuss.

1.9.4 The Nonlinear Effects

Nonlinear effects play a major part in the dynamics of non-Newtonian Buids. To
appreciate their inBuence, it is useful wnsider very simple Rows. Let us consider
the basic shear Row

vy D y=T

whereT is the time scale imposed by the shear. For a Newtonian Buid the stress-
tensor components would read

xxD ny zzD p
xyD =T, yzD x2D 0
The normal stress on a surface is the same in every direction (and equal to the
pressure). Non-Newtonian Buids can generate an anisotropy controlled by the

direction of the shear. This anisotropy is dePned by two new quantities:

XX yy D Ny; XX 2zD N2 (1.76)
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As this anisotropy is not depending on the sign of the velocity and therefore on the
sign ofs,y, N1 andN; are even functions a; hence

N]_ D 1.Sxy/2 C O..Sxy/4/
N2 D  2.5¢/2C O..5¢/%

for low values of the shear. This is a nonlinear effect from the beginning. Experi-
mentally, it turns out thal; j Nyj andN, 0. The raise of such anisotropies
due to shear is also called theissenberg effeeind may have some spectacular
effects (see the box).

Now, nonlinearities may come simply from the relation

xy D 1.8 5/

In general this relation is written, D .S 4,/Syxy SO as to emphasize the dependence

of shear viscosity on shear. Fluids for whichincreases witls,y are calledshear-
thickeningBuids while Buids with the opposite behaviour ahear-thinning3uids.

The nonlinearity of the relation may be interpreted as the demonstration of a change
in the Buid structure.

In this category, one bnds essentially diphasic Ruids as for instance Ruids
containing solid particles or polymeric solutions. The actual behaviour of the
Buid depends on the volume occupieddnch phase. Clearly, such Ruids have a
relaxation time which is not macroscopically smiill.

1.9.5 Extensional Viscosities

The foregoing discussion may seem a little restrictive. Many RBows are not mere
shear Rows. Moreover, Newtonian Buid Rows may also generate normal stresses.
Let us consider the following two-dimensional 3ow:

VWD x=T; wD y=T; vDO (1.77)

also shown in Figl.4. It is associated with the following stress tensor components:

«D2=T; D 2=T, DO (1.78)

INote that in the case of a Ruid containing solid particles, the relaxation tithe sharacteristic
time needed by a solid particle to reach the local Buid velocity when thaalivelocities differ.
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Fig. 1.3 The open-syphon
effect due to extension
viscosities in a 0.75 %
aqueous solution of
polyethylene oxide (credit
Barnes et al1989

Within rheology, new viscosities are associated with these types of Rows. These are
the extensional viscosities which may have unusual effects (se&.BjgThey are
debned using three types of motions:

¥ The planar extension is shown in Higd. One sets
w ywD p.TIET

where p is theplanar extensional viscositfFor small values of the rate of strain
(T 11 ), we should recover the Newtonian Ruid; therefore, fran7®
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Fig. 1.4 Flow corresponding

=

Fig. 1.5 Uniaxial extension X

W

TI!ilm p.T/ D4
¥ The uniaxial extension (see Fig5) Row has the following form
VW Dx=T, w D y=2T;, v,D z=2T
One then sets
w ywD x 2D e.T/IFT (2.79)

In the Newtonian limit, it turns outthate D 3 .
¥ The biaxial extension 3ow (see Fig6) is canonically

v D x=T, wDy=T, v,D 2z&=T
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Fig. 1.6 Biaxial extension 7

and one introducesgg such that

XX 22D vy 2zD e T/=T
One may notice that this latter motion can be obtained from the uniaxial
extension Bow by changing the sign of the rate of strain. This means that the

two viscosities are related by

EB-T/ D2 E. T=2/ (180)

Non-Newtonian uids in your kitchen!

We already mention honey and jam as typical common examples for the viscoelastic be!
But there are other examples which are worth mentioning: for instance consider the eg
This is certainly a strange Ruid. Visco-elasticity may easily be noticed but with slightigual
tools one may put into evidence the Weissenberg effect, namely the rise of normal stres
imposed shear strain. Just take an electric drill equipped with amddeathe rod rotating i
the egg white. You will note that instead of being expelled from the rod, like water, thi
climbs along the rod. The shear imposed by the differential rotation generates normal
strong enough to overcome gravity.

Corn Rour (Maizen&) mixed with a small amount of water gives another yet very
Newtonian Ruid. We suggest the following experiment. Let us mix 15 g of this RBour witl?
of water in a plate. When the mixture is smooth enough, let your bnger slowly moving t
this Buid. You will notice that the liquid just Bows around it like any other viscous
However, if you now increase the speed of your bnger, you will immediately notice th
Ruid thickens very strongly (be careful of not throwing away the plate!). This Buid may
be rolled between hands as a solid ball, but it will Bow immediately after you celiisg it
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1.9.6 The Solid—Fluid Transition

When a solid is stressed by increasing constraints, there is a brst threshold beyond
which the deformation is no longer reversible. This threshold marks the limit of
elasticity. It is calledthe yield stressWith a still increasing stress the plastic
behaviour of the solid leaves the place to a Ruid behaviour when a new threshold
(that of plasticity) is overcome.

This schematic behaviour shows up at very high values of the stress for most
of the solids, however there exist some materials where these critical stresses are
very low. For instance, a paint should behave as a Ruid so as to be easily spread
but as a solid for very small stresses so as not to drain when spread over a wall.
All such Ruids (or solids!) are called BinghafiRuids (or Bingham plastics). Their
relaxation time is zero or inite according to the value of the stress with respect to
a critical stress. This is an ideal view of course!

1.10 An Introduction to the Lagrangian Formalism

We brieRBy sketched out in Sedt3.2the idea of the Lagrangian description of
Buid motion. We showed that it consists in describing the set of trajectories of Buid
particles as we would do with a set of point masses. One thus no longer describes a
velocity beld but a beld of displacementéndexed by the initial position of each
particle. Ifx is the current position of the particle, we have:

X.q;t/ DqC .q;t/ (1.81)

The displacement .q;t/ is a function of the initial positiorg and time. The
relation (L.81) may be interpreted aa mapping:it makes the correspondence
between the Eulerian coordinateand the Lagrangian ong. Such a relation
makes sense only if it is one-to-one. Particles cannot collide! This constraint is
expressed by the fact that the Jacobian of the transforméiti8d) Cannot vanish.
This quantity is

J D Det-M (1.82)
where—M is the matrix
@x _ . @;
Mi D — D § C — 1.83
ij @ﬂ SIJ @g ( )

12Named after Eugen C. Bingham (1878D1945) who proposed the brst mathematical description
of these Ruids.
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1.10.1 The Equations of Motion
1.10.1.1 The Eulerian and Lagrangian Variations

We brst need to introduce the notion of Eulerian and Lagrangian variations of some
quantity (a scalar, vector, tensor).

The Eulerian variation of a quantity is the one obtained at a bxed Eulerian
coordinate, so at a bxed Therefore, this variation is simply

§ D .x;tCst/ .x;t/Dgét

@t
Following the same idea, the Lagrangiamigton requires a variation at a bxgd
We shall denote it . It turns out that

D .qtCst/ .qt/D .q;t/C r C%tét . q;t/

where we introduced as the displacement of the particle duriy The two
variations are related of course:

D C r (1.84)

Now if we observe that

we understand why the opera%rhas also been called the Lagrangian derivative.

Relation (.84 gives also the variation of a vectorial or tensorial quantity,
however only if the projection basis is constant. In such a case, however, the
formulation is not fully Lagrangian as the basis is not local. A more consistent
formulation includes a frame dragging bye Ruid. In this context, the Lagrangian
variation of a vector reads

VD& C i@V v@'

One subtracts to the variation of each gmments the variation due to the changing
frame. The quantity’ @ v/ @ ' is called the Lie derivative of the velocity. This
formulation allows an expression of the equation of motion in the most complex
situations such as General Relativity or non-Newtonian Buids.

This is of course very specialized matter and we refer the reader to a reference
like Friedman and Schut4978 for a discussion of this formalism.
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1.10.1.2 Density Evolution

In the Lagrangian formulation the evolution of density is not controlled by tigbar
differential equation. One just needs to compute the Jacobian of the transformation
relating the initial and Pnal positions. Indeed, the conservation of the mass of each
particle implies that

dmD d3gD %W3xD Udq
z °D =J (1.85)

This formula also shows that if the uid is incompressible thésma constant and
J D 1: —M is a unitary matrix.

1.10.1.3 Momentum Evolution

Unlike density, the evolution of momentum is not easily obtained from the
Lagrangian formulation. The main difbculty comes from the fact that the force peld
which applies to a Ruid particle is generally a function of the instantaneous position
of the particle, namely its Eulerian coordinates. A change of coordinates is thus
necessary to express all the terms with the Lagrangian coordinates. For instance, a
perfect Buid in a gravitational potential obeys

0@ D ryP Oy (1.86)
where 4 is the gravitational potential and indicates that derivatives of the
gradient are taken with respect to the Eulerian coordinatébwe now express
every term with the Lagrangian coordinatgswe need to use the matrbM to
make the coordinate change. Sinicg D —M r , the Lagrangian form of the Euler
equationis

O@D -M frgPp %M g (1.87)

This formulation is uneasy to use unless for some specibc problems where
simplibcations occur.
1.10.2 An Example of the Use of the Lagrangian Formulation

The following example taken from cosmology shows that it is sometimes a wise idea
to use the Lagrangian coordinates. The primordial gas which led to the formation of
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galaxies is usually modeled as a RBuid without viscosity and pressure, solely subject
to gravitational forces. Neglecting the expansion of the Universe, the evolution of
the Buid is given by

@D -M trg (1.88)

@t

If we restrict this equation to one dimension, its solution can be derived immediately.
Indeed, in this case particles cannot cross and experience a constant gravitational
pull related to the mass staying on left and right of the particle. Thus, gravitational
acceleration is now a Lagrangian invariant ah@8) leads to the solution

xD qC up.q/t C %g.q/t2 (1.89)

1.11 Exercises

=

. Express the vorticity of the velocity Pelde, r; whatis its peculiarity?

2. What are the components of the rate-of-strain tensor in cartesian coordinates for
the velocity beld e, r? What can be concluded? Same questiorvfbr r.
Are these Row Pelds compatible with incompressibility?

3. Show that 1.8) impliesr v D 0. Show the reciprocal (more difbcult). How
can we express, andv as a function of the stream functionin plane polar
coordinates? Same question for a Bow Peld with two compongnésdv, in
cylindrical coordinates (meridional motion).

. Retrieve the equation of continuity frorh.{0).

. Show that if all the components of the rate-of-strain tensor are zero then the
velocity Peld is the sum of a rigid rotation and a translation.

6. Show that the evolution of the kinetic energy of a viscous RRuid inside a bxed

volume V, not submitted to any force beld, is

4 4
d—EC D DdvD — .CijCij/dV (1.90)
dt VI 2 v

[0

where the second equality is valid only for incompressible Ruids.

7. Give a demonstration of the relatich 80 between uniaxial and biaxial viscosi-
ties.

8. Show the equivalence of the two forms of the viscous forcé.ihlf and (L.42).
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Further Reading

The fundamentals of Buid mechanics may be found in many books. The reader
may Pnd an interesting presentation in Batchel®6(), Faber (995, Landau and
Lifchitz (1971, 1989), Patersori983, Ryhming (991). For a presentation in the
general framework of the mechanics of continuous media one may consult Sedov
(1979. As for non-Newtonian RBuids, the monograph of Barnes etl#89 is a

good introduction. The Lagrangian formalism is discussed in papers like Friedman
and Schutz 1978 while the Lie derivative is developed in the book of Schutz
(1980. Some notes about the history of the discovery of heat convection may be
found in Chandrasekhat961).
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Chapter 2
The Static of Fluids

The equilibrium of a Ruid is certainly the most simple Buid ORowO. However, not
moving is not that easy for a Ruid and we shall learn here, among other things, which
conditions need to be satisped for a Buid to remain in equilibrium.

2.1 The Equations of Static

Ifweletv D O, gtD Oand j D pS§;in(1.29and (.29, we bnd that mechanical
and thermal equilibrium are governed by:

rPCfDO (2.1)
r .rT7/CQDO (2.2)

where f is an applied volumic force Peld an@ a heat source density. We
immediately note that if is zero then pressure is uniform.

The Prst important result from the above equations is that a static solution exists
if, and only if, the external force can be derived from a potential. Thus, we may set
fD r exand solve for the pressure

P C extD CSt.

This solution shows that isobars are nitieal to equipotential surfaces. We now
know that iff is not the gradient of a potential no static solution exists. The Ruid
Bows.

Equation 2.2) gives the temperature beld. If the thermal conductivity is constant
or a smooth function of the space coordinates, this equation has a solution.

© Springer International Publishing Switzerland 2015 51
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In most cased, is proportional to the density. Equations 2.1) and @.2) need
then to be completed by the equation of state:

P P.;T/
The solution of the problem may be quite difpcult, all the more that in general

T

2.2 Equilibrium in a Gravitational Field

The most common problem of Ruid statics is certainly the one of a Ruid at rest in a
gravitational bPeld. In this case

fD r ¢4D g

where 4 is the gravitational potential. The equation of mechanical equilibrium is
then

rPC r 4DO (2.3)

which implies
1 .
r .-rP/DO0 Z r rPDO

This identity shows that isochore surfaces (i.e. surfaces whisreonstant) need to
be identical to isobar surfaces for a statadution to exist. This condition leads to

P P./

where we recognize the case of a barotropic Buid.
The foregoing result shows that a Ruid in static equilibrium is necessarily
barotropic. Now, we also note that

1
-rPCr ¢4DO

R
butbecaus® P./,then Y¥rPDr dP=]!

R

R d dp 1
1We should observe that dP= D # pr FPD=rP.
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z
dP
H r. —C 4/DO

z
. dP
V4 = C 4D Cst (2.4)

A relation which determines the isobaric surfaces as a function of equipotentials.

2.2.1 Pascal Theorem

If we consider a RBuid of constant density in a uniform gravity PeldD gz the
equation of mechanical equilibrium gives the relation

P C gzD Cst (2.5)

also known as Pascatheorem. This relation shows that, in such a case, pressure
only depends on the altitude We also see from this result that, in Buids at rest in
a uniform gravity beld, the difference of pressure between two points isghst
whereh is the difference in their altitude.

A very direct application of this theorem is the barometer. For instance, the
mercury barometer (see Fig)1) is based on the fact that a column of mercury 76 cm
high imposes a pressure difference similar to the atmospheric pressure at sea level.

T/

Fig. 2.1 The principle of a mercury barometer: the density of mercury is 118 kg/m® so that

gh equals the atmospheric pressure (101,325 Pa) for h=76 cm. The void left by mercury is blled
with mercury vapour but its pressure at room temperature is only 0.16 Pa, which is negligible
compared to atmospheric pressure

2Blaise Pascal (1623D1662) was a French scientist and writer. As far as Physics is concerned, he is
famous for his work on BuidOs equilibrike I'Equilibre des liqueurandde la Pesanteur de I'air
(the weight of air).
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2.2.2 Atmospheres

Planetary atmospheres are a brst application of the equilibria of Buids. The static
solution is of course an approximation of an atmosphere. The Earth atmosphere
is well known to be in constant evolution, with winds, clouds, etc. However, its
mean vertical proble is not far from the static equilibrium. Here, we shall restrict
ourselves to two very simple examples of atmosphere models: the isothermal and
the isentropic ones. The latter will be compared to the actual Earth atmosphere.

2.2.2.1 The Isothermal Atmosphere

In some circumstances it is useful to simplify a model of atmosphere by assuming
it being of constant temperature. Using the equation of state of ideal Bad2s
R T, which we combine withZ.4), we bPnd the pressure proble

P.Z/ D Pge @

wherezg D R T=gis calledthe scale heightf the atmosphere. This expression
shows that pressure, and hence density, decrease exponentially in an isothermal
atmosphere. From the expressionzgfwe also see that the extension of such an
atmosphere increases with temperature.

2.2.2.2 The Isentropic Atmosphere

The Earth atmosphere is far from being isothermal; everyone hiking in mountains
has noticed that air temperature decreases with altitude. This is because the
atmosphere of our planet is not very far from an isentropic state as we shall see
now.

Thermodynamics gives a relation between the differential of enthalpy, entropy
and pressure, namely

dhD TdsC dP= :
For an isentropic BuidjsD 0 and thus
dhD dP=

This relation implies a similar one on all the partial derivatives so that we also have
r h D r P= . Mechanical equilibriumreadsP D g, hence

rhDg (2.6)
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Fig. 2.2 Temperature and density probPles for the standard Earth atmosphere

This equation shows that the enthalpy gradient is just the local gravity. If the gas is
ideal, therh D ¢, T and

Y
rTD = 2.7
% (2.7)

which demonstrates that the temperature gradient is, like gravity, constant and
directed towards the ground. This meang teenperature decreases with altitude.
Now, (2.7) can be easily solved singeD  ge,. We bnd

TD Tol z=2zo/ (2.8)

where we introduced the ground temperatligeand, as before, the scale height
which is nowzy D ¢, To=g. This quantity is only slightly different from the
isothermal case if we tak€ D To. Pressure and density are derived from the
relationP® T D Cst valid for an isentropic ideal gas. They read

PDPol zz/~ Y (2.9)
D o1 z=z/¥ Y (2.10)

These expressions show that the isentropic atmosphere has a bnite height, given by
Zp, unlike the isothermal atmosphere which is inbnite. If we take standard values
for the parameters, namely D 289K, g D 9:81m/s® andc, D 7=2R, we Pnd
Zy ' 30km. In fact, the atmosphere of the Earth is much more extended because
isentropy is only approached in the troposphere (seeZ®and the box on the
standard atmosphere).

The gradient of temperature is found to bg=g, D  9:8K/km, which
represents a faster decrease than the actual atmosphere, which is clegsadtkm.
This comes from the simplibcations that we adopted: in our model, the atmosphere
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is dry and in an isentropic state: there is no heat exchange between the Ruid
elements. Water vapour and heat exchanges reduce the temperature drop.

The standard atmosphere

ideal gas with a mole mass of 28,9644 g, and located in a uniform gravity pel
g D 9:80665m/<.

Table 2.1 The standard

Layers Altitudesinkm |r T in K/km
atmosphere
Troposphere| 0 B 11 6.5
11820 0
Stratosphere, 20 b 32 Ci
32D 47 c28
47D 51 0
Mesosphere | 51D 71 2.8
71D 86 2.0

On ground (#itude zD 0 m), temperature is 15C (288.15 K) and pressure is 101325 fla.
Temperature decreases as 6.5 K/km up till 11 km, which is the upper limit afdpesphere
There, the temperature is 216.65 K§6.5% C). At this altitude thestratospherédegins and th
temperature is brst approximatively constant: this igitygopause The stratosphere contai
two other layers like the famous ozone layer (20-32 km), and extends up to 47 km. Beyofld and
up to 86 km, one Pnds the mesosphere also divided into three layers (se2.Talée shoul
note that in the stratosphere, temperature increases and reaches a maxim2usa near
50 km. This heating is essentially due to the absorption of solar UV radiation by the flzone
molecules.

Beyond 86 km, we bnd thbermospherevhere temperature increases again but density
low that some part of the gas is always ionized. We touch herstiespherewhich extend
up to 400 km, but this latter boundary is highly variable and rather fuzzy.

SO

2.2.3 A Strati ed Liquid Between Two Horizontal Plates

We now consider the equilibrium of a liquid inserted between two horizontal
metallic plates. Such a device is used to study thermal convection in the laboratory
(see Chapr). Here we shall describe the situation when the equilibrium of the RBuid

is stable and no convection occurs. To simplify we imagine that the two metallic
plates are debned by the plare® 0 andz D d, inPnite horizontally. We also
surmise that the metallic plates are perfect heat conductors and therefore impose the
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temperature to the Buid at these two heights. We denote these temperatiiges by
andT; (bottom and top).

Liquids are weakly compredse; we introduced with .60 their simpliped
equation of state which we now use. Hence,

D o1 T Tl
where > 0 isthe dilation coefbcient which we assume to be constant. The thermal

conductivity of the liquid is also assumed to be constant. With these assumptions
the equations of mechanical and thermal equilibrium read:

8
8 d—PDg
< rPC gboO < dz
: )
. 2
r .rT/DO L
dZ

whereg D ge; is the gravity. These equations can be easily solved and give the
temperature, density and pressure probles:

T.Z/DTbC Tt Tb/ZZd
.Z D b1 Ty Tb/Z:d/
P.ZDP, ©9zC vg.T: To/Z=2d

The remarkable property of this system is that the temperature increase (or
decreases) linearly with the altitude The stable situation corresponds to the
increasing temperature. In this case light Buid is above dense Ruid. The opposite
case is obtained with a top plate cooler than the bottom one. As we shall see in
Chap.7, such a situation may be unstable if the temperature drop is strong enough.
In such a case thermal convection takes place.

2.2.4 Rotating Self-gravitating Fluids

Newton was the brst to wonder about the shape of a rotating self-gravitating Ruid.
He was indeed interested in the shape of the Earth. This problem has then been
tackled by the most renown mathematicians and physicists like Laplace, Jacobi,
Riemann, PoincarZ, Cartan, Chandrasekhar among the most famous. Recently, these
results have been used in the theoretical approach of the dynamics of elliptical
galaxies which may be viewed as a [3uid of stars (see Binney and Trerh@8ig,

Here we shall focus on the simplest of these kinds of problem: that of a Buid of
constant density, self-gravitating and rotating uniformly like a solid body.
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We brst assume that the shape of such a system is that of an axisymmetric oblate
ellipsoid and we look for the expression of its Batness as a function of its total mass
M and angular velocity . We shall verify afterwards that our assumption is indeed
consistent with the solution.

It may be shown that the gravitational potential inside an ellipsoid of uniform
density is given by

I ZD G.la 2 As? AZ/

wherea is the equatorial radius and also the semi-major axis of a meridional section.
.S;"; ZI are the cylindrical coordinates. We denote éyhe eccentricity of this
meridional section. ConstantsA ; andAj3 are debned by

e? )
I D ZT arcsine

pP—— P——
1 e? arcsine P—— 1 e? 1 arcsine
A1 D 1 e ; AzD2 p—
! e? e 3 e2 "1 & e

In a rotating frame the momentum equation reads:
r P r r .DO
where ¢ D 252 is the centrifugal potential. This equation shows that inside

thebody® C C .isaconstant. Since the pressure is vanishing at the surface,
we have at this place

1
2

. 1
C .DCst Z G.A ;5°C A7/ > 22 D Cst

which can be transformed into

§? c Z
GA3 GA]_ 2=2

D Cst

This equation describes the surface of the Ruid. Since we assumed it to be an
ellipsoid, we write it

£ 72

= C o2 D1
wherea andb are the semi-major and semi-minor axis of the meridional ellipse,
respectively. By simple identibcation, we get the relations
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a2D Cst GA 3

211
b’D Cst .GA ; 2=2/ ( )

Taking the ratio of these quantities (to eliminate the constant) and remembering that
a? D b?C c?in an ellipse, where is the distance between the center and a focus,
whilec D ae we bnd

2

2
5G DAy Azl ¢ (212)

Using the expression ok, and Az, one may notice that the eccentricity (or the
Ratness) of the ellipsoid depends only on the ratfe .
The volume of an ellipsoid i§3—abq wherea, b andc are the three semi-major
axis of the ellipses debning this volume. Because density is constant, the volume is
easily related to the mass ariti12 may be rewritten as:
p_—
2 2a® _ arcsine 31 e
o P a3 2¢ =

(2.13)

This equations gives the eccentricity as a function of rotation for a given density. It
needs a numerical solution. However, by plotting the right-hand side as a function
of e, like in Fig.2.3, we immediately see that thelsition is not unique: For each
ratio 2= two eccentricities are possible. A low one and a high one. The latter is
in fact always that of an unstable conbguration.

As Newton did at his time, we now focus on the case of slow rotation and
therefore on small eccentricities. An expansion of the right-hand sid&.a8)(
yields the relation

243 "
aD4_
GM 5

where we used the Ratness instead efébcentricity. The Ratness is debned as

b P
& Op1 TT @ =2

"D

Observing that the surface gravity of the sphereggidD GM=a?, we bnd the
expression of, namely

5 2a
49

Applying this formula to the case of the Earth, whéteD 5:974 10%*kg,a D
6:378 10°m,g D 9:8m/ and D 2 =24 h, we obtain
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Fig. 2.3 The curve gives the value of the eccentricity of a MacLautlipsoid when 2=,

is known. The maximum, reached @tD 0:929956 shows that beyond some critical angular
velocity (such that% > 0:2246657 no solution exists. In fact, an analysis of the stability
of the conbgurations demonstrates that all solutions with 0:9529 are unstable, but if
0:81267 e 0:9529stable solutions exist only for an inviscid Ruid. For rotations which give a
eccentricity larger than 0.81267, stable solutions for a viscous Buid are triaxial Jdipsuids

B 1
Eath D 55

232
which is only slightly larger than the actual Ratnésge D 1=298 The difference
comes from the fact that the Earth is not homogeneous: central parts are much denser
that the outer ones (the core of the Earth is essentially composed of iron, with a
mean density of 10,500 kghwhereas the mantle is made of silicates and has a
mean density of  4;550kg/m®). This central condensation of the mass makes the
shape of the Earth closer to that of a sphere.

2.3 Some Properties of the Resultant Pressure Force

When Buids are in equilibrium, one of thechl body forces is the pressure gradient.
This mathematical expression of the pressure force, which thus derives from a
potential, implies some simple properties when it is integrated over a given volume.
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2.3.1 Archimedes Theorem

Let us consider a solid fully immersed in a Buid thainisquilibriumin a uniform
gravity beldg. We wish to compute the resultant of pressure forces exerted on its
surface. By debnition this is simply

z

Fres D Pds
.S/

where the differential elemerdS is oriented towards the exterior of the solid.

To evaluate this integral, we may observe that we can substitute to the solid an
equivalent volume of Buid without chamgj the equilibrium of the Ruid around the
solid. Indeed, there exists an equilibrium distribution of pressure inside the volume
occupied by the solid that perfectly matches the outer distribution of pressures. It
is obtained by a mere continuation of the isobar surfaces inside (S) (se&4Fig.
Then, using the theorem of divergence (s&2.8), the foregoing surface integral

can be transformed into a volume integral, like

z

Fres D r P dv
Vi

Then, using the equation of mechanical equilibri1), we obtain
z
Fres D g dV D Mf g
A

whereM; is the mass of the Ruid substituted to the solid. Archimedes theorem can
now be stated:

/iW/L{

Fig. 2.4 Two equilibria of hie Buid: with and without the solid
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The resultant of pressure forces exerted on a volume V immersed in a uid at
equilibrium is equal and opposed to the weight of the displaced uid.

This theorem can be applied in many situations. Note thegted not be constant.
However, we see that it is crucial that the solid is completely surrounded by a Buid
in mechanical equilibrium. This is becsal pressure needs to be continuous at the
surface of the solid; some example where this is not the case are given in exercises.

2.3.2 The Centre of Buoyancy

A practical problem when considering the resultant of pressure forces is to know
where to apply it. This is by dePnition tleentre of buoyancyWhen the buoyancy
force is applied to it, it gives the same torque with respect to any point. In
mathematical words, we need brst the expression of the torque of pressure force
with respect to an arbitrary poiQ:

z

r PdS
S/

I
wherer D OM, M being the current point. Let us play with this integral using
(12.9 and (12.39; we rewrite it as

Z Z Z Z

r .Pr/dvD rP rdvD g rdvDg rdv
AV A A AV

where we now see the appearance of a new fi@jntlebned as

1 Z
OG, D — rdv
M vy
We thus bnd that
z ! !
OM PdSDOC, . Mg (2.14)

.S/

which means that the torque exerted by pressure forces is the same as the one exerted
by the resultant of pressure forces applied to the barycentre of the displaced Ruid.
Two remarks are now in order:

¥ The torque of the buoyancy force is not modibed if we apply this force on a point
different thanC,, provided that the new point is on a line debPnedtandC,.

¥ The point where the buoyancy force is applied exist only if the Ruid is in
equilibrium and if the pressure variesntinuously around the solid (otherwise
(2.14) is not valid).
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Fig. 2.5 Push on a dam

2.3.3 The Total Pressure on a Wall

The resultant pressure force exerted on a wall may easily be computed if one notices
that the projection of the elemedS on a plane whose normal &, is justdS D
dS e. Hence,

Z Z

Fi D g PdSD PdS
.S/ .Sil/

where the integral is comped on the projected surfac&;{. If this surface is a
rectangle of width. and heighH , like in Fig.2.5, and pressure is only a function
of z, we bnd that
z 0
Fx D Pam 0ZLdzD LH .PgmC gH=2/D LHP. H=2/
H

for an incompressible Ruid.

2.4 Equilibria with Surface Tension

In Chapl we pointed out that surface tension is a source of normal stress at the
surface of liquids. This stress is at the origin of some specibc bgures of equilibrium
that we shall investigate in broad linesdnefer the reader to more specialized work
for a detailed discussion, e.g. de Gennes 2G04).
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2.4.1 Some Speci c Figures of Equilibrium
2.4.1.1 The Soap Bubble

This is certainly the most simple Buid equilibrium which involves surface tension.
There, only pressure opposes to surface tension. Neglecting any effect of gravity,
the equilibrium of a liquid in the thin Ipt which makes a soap bubble is given by

2 2
Pair R D Pjq; Piig RO D Pam

wherePy; is the air pressure inside the bubble. Because the envelope is very thin,
R' R%and

4

Pint  PamC E;

a formula which permits the measurement of surface tension of some liquidbgas
interfaces.

2.4.1.2 The Catenoid

Let us imagine now a liquid PIm where pressure is the same on each side of the bIm.
In such a situation

1 1 - 1 1
P DOD —C — Z —C—DO
Rl R2 Rl RZ

This equation debnes a surface catieel catenoidvhich is such that the sum of its
radii of curvature is always zero; one radius is always negative (se2.Bjg.

Fig. 2.6 The catenoid
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2.4.2 Equilibrium of Liquid Wetting a Solid

The most spectacular effects of surfacesien are certainly those associated with
the wetting of solids. For instance, water raises in glass tube while mercury goes
down (see Fig2.7). These different behaviours are the consequence of both the
surface tension and the wetting properties of the solid by the liquid. These properties
may be condensed in a single quantiycalled thewetting or contact anglein
Young theory? His theory assumes that the contact line gasPliquidDsolid results
from the equilibrium of three surface teéass: liquidbgas, liquibsolid and solidb
gas. The angle between the liquidbgasl aolidbliquid surfaces is called the
contact anglé# (see Fig2.8). This theory gives a simple approach to very complex
phenomena.

The equilibrium of the contact line yieldéung formula

- ) - 2

Fig. 2.7 Upward or downwarddisplacement of a liquid due to the joint action of ttieg and
surface tension

AN

Fig. 2.8 The contact angle & but for the sake of clarity we show #

3Thomas Young (1773D1829) is well-known for his work in interferometry but he also studied the
surface tension of liquids drthe wetting of solidsn 1805.
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If . sg s/= g 1, the contact angle is very small and the liquids wets the
solid; if, on the contrary, s4 sl= g " 1, the contact angle is close to £80
and the liquid only weakly wets the solid. These two extreme cases are shown in
Fig.2.8 Now, what happens if 3  s/= g > 1? Actually, no equilibrium is
possible and the liquid spreads completely until it makes a very thin bIm: this is
total wetting.

2.4.2.1 Jurin’s Formula

Many of us have experienced the raise of water in a thin glass tube. This is a joint
effect of surface tension and wetting. The contact angle imposes a negative curvature
to the waterOs surface and thus a depressitwe water inside the tube. Water thus
raises.

We may easily determine this elevation of the liquid inside the tube if we assume
that the meniscus has the shape of a spherical cap. hetthe radius of the tube
and# the contact angle, then the radius of the spherical c&p 3 r=cos#. We
infer the pressure difference between the liquid and the gas:

2 cos#
r

PL. D Pg

and the height of the raise

D 2 cos#:
gr

h (2.16)

This is JurinOs formufalVe should stress here that this formula is an approximation
valid for small values of the radius only. It is not valid for large radii sitice
meniscus is no longer spherical.

JurinOs formula shows that capillary rise is maximum for a total wetiri Q)
but may be negative for a pair of liquidbsolid such thattces 0. For instance,
water, whose surface tension iD 0:0728J)/n? at 20°C may rise or sink by 15 mm
in a tube of 1 mm radius.

2.5 Exercises

1. About buoyancy

(a) Anice cube Roats in a glass of water. When the ice melts, what does the level
of water in the glass do?

4J. Jurin (1684D1750) was an English physician and physicist.
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(b) Same question if the ice cube contains a piece of metal inside (but still 3oats)?

(c) And with a piece of cork?

(d) Explain why a balloon Plled with some light gas (less dense than ambient air)
that starts to rise, will reach a well-Baed altitude while a submarine, which
starts to sink, sinks to the bottom of the sea.

(e) Inacar, a child holds a balloon Plled with helium at the end of a string. When
the car starts, how does the balloon move?

2. We consider a container blled with two immiscible liquids (oil and water for
instance) and in a uniform gravity beld.

(&) The two RBuids being at rest, how do they settle in the container?

(b) What is the shape of the cure Z, the pressure as a function of the altitude
z(zD 0 being the bottom of the container)?

(c) Oil and water densities are respectivelyy D 600kg/m® and awer D
1;000kg/m?®. A wooden sphere of densityyooq D 900kg/m? is left in this

mixture; where is the equilibrium position of the sphere and what is the
fraction of its volume inside water?

3. We consider a U-tube blled with water up to 10 cm from its bottom. The cross
section of the tube is 1 cmWe then add 2 ciof oil in one of the branches of

(a) Atwhich heightis the free surface of the oil?
(b) At which height is the interface oilbwater?
(c) What is the height of water in the other branch?

4. A wooden sphere of densityand radiugR is closing a circular hole of radius
at the bottom of a basin blled with water as shown in the Pgure below.

air

H 1 water

air

(a) Determine the force exerted by the sphere on the bottom of the basin.
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(b) Give a numerical value usingyaer D 1;000kg/m®, D 850kg/m?, H D
0:7m,R D 0:2m,r D 0:1m, gD 9:8m/s’.

(c) If the level of water is tunable, is there a value of this level which is shah t
the sphere rises to the surface before its top emerges?

5. We wish to compute the Right alile of a balloon blled with hydrogen and
left in the atmosphere assumed isentropic. Mgt be the mass of the balloon
(the nacelle and the envelop#), its volume assumed to be bxed awdg; its
mass of hydrogen. We recall thaty D .1 z=2/ = Y for the isentropic
atmosphere

(a) Which condition needs to be veribed for the balloon to Ry?
(b) If this condition is fulblled, bd the altitude of the Rying balloon.

6. We now assume that the envelope of the balloon is opened in its lower part. At
take-off, a fraction of the volume of the envelope is blled with hydrogen which
is in thermal equilibrium ith the surrounding air. The volume of the envelope is
assumed constant.

(a) What can we say about the pressure of hydrogen in the balloon?

(b) Show that the mass of hydrogen must exceed some critical value so that the
balloon takes off?

(c) Explain why the balloon reaches a well-debned altitude and give its expres-
sion.

7. Compute the temperature gradient at the equator of Jupiter assuming that
its atmosphere is isentropic. The chemical composition is 85% of molecular
hydrogen and 15 % of helium. JupiterOs mas9is10?” kg, its radius 71,492 km
and its rotation period 9.84 h.

8. Afunnelis made of a tube with a very small cross section connected to a cone of
aperture angle. The funnel is put on a plane and plled with a liquid of density

as shown below.
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(a) Compute the vertical component of the resultant of pressure forces as a
function of , of the heighth of the liquid inside the funnelH, andg
the gravity.

(b) We suppose the funnelis Plled up to heightshow that the funnel must have
a minimum mas#$/ to be equilibrium. Express this mass as a function of the
mass of the liquidM,. What does happen if the mass of the Ruid is larger?

9. A polytropic model for the Sun

(&) We assume that a star is a ball of gas in hydrostatic equilibrium. We recall that
pressurd®.r/ and gravityg.r/ at a distance from the centre verify:

GM.r/ a dP
r2 dr

g.r/ D

where .r/ isthe density at andM.r/ is the mass inside the sphere of radius
r. We also assume that the gas veribes a polytropic equation of state, namely

P DK 1C1=n

whereK is a constant and is the polytropic index of the gas. SettingD

¢ ", with ¢ being the central density anda non-dimensional function that
varies between 0 (at the surfaa)d 1 at the centre, show thatobeys the
following differential equation

1d ,d ]
33 ‘g C '"DoO (2.17)

called Emden equation, whereD r=rg with

s
.n C 1K
fo 4G L0
C
(b) Show that pressure may be written
PDP."

(c) Show that if mass and radius of the star are known then we may deduce its
central density with

1 .
D —hi
(o3 3](-)

where 1 is the brst root of function and fis the value of the derivative of
this function at ;. h i is the mean density of the star (its mass divided by its
volume).
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(d) Show that central pressure reads

4G ¢

P:.D
¢ nC1

(e) We now model the Sun by a polytrope of indexD 3:37. The numerical
solution of Emden equation giveg D 8:686and 3—19 D 113:77 Since the

mass of the Sunid 10*°kg and its radius i§96 10° m, deduce the central
density and pressure of the Sun according to this model.

(f) To derive the central temperatunee now assume that the solar plasma is
an ideal gas. This gas is a mixture of protons, helium ions and electrons
(other elements are neglected). We suppose that the mass fraction of helium
is'Y D 28%. Show that the mole mass of this mixture is

4

M D
8 5Y

grams per mole. Deduce the central tergiure of the Sun according to that
model. Compare with the values obtained from more realistic modglB:
1:62 18 kg/m®, P, D 2:5 10°Pa, T, D 1:57 10 K.

Further Reading
For a deeper insight in the problems of wetting and capillarity, we refer the reader

to de Gennes et al2004).
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Chapter 3
Flows of Perfect Fluids

3.1 Equations of Motions

In the prst chapter we introduced the perfect Ruid as a Buid that does not conduct
heat and for which the uid elements interact only through pressure. We then derived
the equations of motion of such a Ruid:

@
— 1.1
@tC r vDO (1.19
Dv
— P 1.3
Dt~ (1.33
Ds
Bt DO (3.1)

These equations express mass, momentum and energy conservation, respectively.
The momentum equation is also called EulerOs equation and the third equation shows
that the motion of RBuid particles takes place at constant entropy. In other words
a particle of perfect Buid only sustains reversible adiabatic transformations in the
course of its motion.

10n condition, of course, that the functions are continuous, i.e. that the Ruid particles do not cross
a shock wave.

© Springer International Publishing Switzerland 2015 71
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3.1.1 Other Forms of Euler's Equation

EulerOs equationi.33 can be rewritten in several forms. Firstly, using the vector
relation.v r /vD.r v/ vCr %vz, we obtain LambOs form:

@ 1 1
@tDV x vl ZrP rév2 (3.2)

But CroccoOs form is often more interesting. Let us introduce the enthatipg
total derivative of which is connected to that of pressure and entropy by

dhD TdsC 1dP

This expression relates the differential forms of the three functions (pressure,
enthalpy and entropy). It also relates the partial derivatives and therefore the
gradients. Thus we can write:

thTrsC:—LrP

which leads to CroccoOs equation:

@Dv r vCTrs r.hC%vZ/ (3.3)

@t

The quantityh C %vz is sometimes called thtetal enthalpy

3.2 Some Properties of Perfect Fluid Motions

The form of equations3(1) and (3.3) confers certain conservation properties on the
motion of a perfect Buid and we shall study the simplest aspects of these. These
properties are summarized by two theorems (Bernoulli and Kelvin) which express
the conservation of mechanical energy and of angular momentum.

3.2.1 Bernoulli's Theorem
3.2.1.1 Statement and Proof
Let us consider a steady RBow. It is governed by the equations:

r vDO (3.4)
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v .r v/ICTrs r.hC%vZ/DO (3.5)

vrrsDO (3.6)
where we dismissed all the time deriva#/as required by steadiness. The last

equation shows that entropy is constant along the streamlines. If we now project
the momentum equatiol (5) onto the vectov, we obtain

vVr Ev2Ch DO
2
so that
12
SV ChD Cst (3.7)

along a streamline.

This result constituteBernoulli's Theorenin its fundamental form. It may be
generalized to the case where the Buid Row is driven by a potentialff@rce r
In this case

1
éVZChC D Cst (3.8)
along a streamline. This theorem simplpeesses the conservation of mechanical

energy per unit mass along a streamline. We notice that in this expression, enthalpy
plays the role of a potential energy. If the RBuid is incompresskig (eads to

1
Evchc D Cst (3.9)

and pressure plays the role of a potential. The qualétils;,2 is called thedynamic
pressure.
If the Buid is an ideal gas,

hD ———
1
and @.8) now reads
1 P
?FC——E—JZ D Cst (3.10)

also calledSaint-Venant's relation
Finally, it should be noted that the constant #17 or (3.8) is speci c to each
streamling(see exercises).
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3.2.2 The Pressure Field

The steady EulerOs equation
vrvD rP (3.12)

leads to an interesting property of the pressure beld associated with steady Rows.
Let us consider a streamline. We denoteslirie curvilinear abscissa of a point on

this curve and b the tangent vector is. We immediately seethat r  v@=@s
therefore

v r/va%Dv@eSCvz%:
S @s

3.12
@s @ ( )

Now

@

— D n=Rq;

@s °
where Rs is the radius of curvature of the streamlinesaaind n a unit vector
perpendicular t@s (see Sectl2.3. If one projects8.11) ones, one obtains

@r, @ v

@s @s 2
which leads to BernoulliOs theorem as we have seen above. However, if we project
(3.11) alongn, we have

P 2
@pP, Vv

@n Rs
wheren is the coordinate along. This equation expresses the equilibrium that

exists between the local centrifugal forgé and the normal component of the
pressure gradient when the Row is steady. This equation also showrstpatssure
does not vary in the direction perpendicular to a streamline if the streamline is
straight (in nite radius of curvature).

Finally, we note that the relatior3 (13 also applies to an unsteady Row because
the term%tdoes not have a component alangn this case it is necessary to replace
the streamlines by the trajectories of Buid particlesRgés the radius of curvature
of such a trajectory.

(3.13)
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3.2.3 Two Examples Using Bernoulli's Theorem

Waterfalls have been used for a very long time as a source of energy. In this example
we calculate the maximum power available from a waterfall of helijiftaving a
volume RBuxg. We assume that water is an incompressible perfect Buid and that the
Row is steady. Along a streamline we have, after BernoulliOs theorem:

%VZ cPc gzD Cst (3.14)
We suppose that the origin afis at the foot of the waterfall and that the water
arrives at the entrance of the fall with a vanishing velocity (originating in a lake, f
example).

By applying @.14) along a streamline lying on the surface of the water, one can
obtain the velocity of water at the foot of the waterfall:

%vz c Pamc gp gc Pam

CgH
whereP 4y, is the atmospheric pressure. We get
p
vD 2gH (3.15)

also calledTorricelli's law. This relation shows that the velocity at the foot of the
waterfall is that of a free particle falling from a height. The available power here
is simply the RBux of kinetic energy:

P.Dg %szq gH

For a heightH of 10m and a Row ratg of 10 /s, the available power is around
10° W. This is of course a theoretical limit and the study of a realistic case must take
losses into account. Nevertheless the performance of hydraulic installations is high
(actually higher than 90 %) and the preo®gcalculation provides a good order of
magnitude.

Experts in hydraulics often rewrit&(14) in the form

vZ P
Y ¢ czDHI (3.16)
29 g

In this expression where the terms are all homogeneous to a length, permitting
an immediate graphical representation (Big), the constantH represents the
hydraulic heador load and

hDiCz
g
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energy grade line b

a piezometric line /
2
v2i2g l U \ o Ve !29

Pe
g

7
S—

T
piezometric tube h

Fig. 3.1 (a) A representation of the hydraulgrade linein a pipe for a perfect Ruid. With a real
Buid the energygrade linewould be inclined towards the downstream side siRge > Hg.
(b) The Pitot tube

thepiezometric height.
In a real Buid, the head (or energy) line and the piezometric (or hydraulic grade)
line are inclined towards the dowitteam side and the difference
2 P 2 P
Ha HsD ACI2Cz  BclBcy
29 ¢ 29 g

on the load line represents thead lossbetween point®\ andB. The head loss
measures the loss of mechanical energy of the Row.

Finally, we note that the power lost (meceived) by a Row between two points is
proportional to the product of the ma$ax and the difference of loati between
the two points.

Another simple application of BernoulliOs Theorem is that of an apparatus called
thePitot tubg? permitting the measurement of velocity within a Bow. This apparatus
is sketched out in Fig.1b. The principle of the device consists in estimating the
difference in pressure between the stagnation pbiahd a poinB along the tube.

One admits that the holes for measuring pressure do not disturb the Row, and that
the difference of elevation of the measurement points is negligible. If weiden
the streamline ending in A, BernoulliOs theorem says that

1
PADPlcévz

whereP; is the pressure at inbnity. The pressure in B is however the safe as
We may see that by considering the streamline that passes through B: noting that the
velocity in B is the same as at inbnity (the Ruid is inviscid), BernoulliOs theorem says

2H. Pitot (1695P1771) was a French physicist who invented this device around 1732 in order to
measure the velocity of water in a river or the speed of a ship.
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that pressure must also be the same as at inbnity. Hegd@ P; . However, we

may also note that pressure in B is also the same as the pressure along the straight
line BBO because all the streamliasstraight lines there (see S&:.2. Hence,

far enough from the Pitot tube, we bnd streamlines along which the pressure is
uniform (like the velocity) and equal tB; . This line of argument is interesting
because it applies to real Buids alsod @hows that the Pitot tube may measure the
velocity even if a slight viscosity of the Buid modiPes the Row in the neighbourhood

of the solid, as it actually does. So we can write

1 p—
PAoD Pg C > v and vD 2.Pn Pg/=
If the difference in pressure is measured by a U-shapedBgpePg D . - /gh

where - and ; are respectively the densities of the liquid and the Ruid that one
supposes obviously non-mixable (for example, airbwater, waterbmercury, etc.).

3.2.4 Kelvin's Theorem

3.2.4.1 Statement

Let .C/ be a contour moving with the uid not intersecting any surface of
discontinuity: if the uid is barotropic and subject solely to forces deriving from
a potential, then the circulation of the velocity along this curve is constant.

3.2.4.2 Proof

The circulation along a contour (C) moving with the uid (i.e. made of Ruid
particles, see Fi@®.2) is dePned as

Fig. 3.2 Example of a
contour moving with the Ruid (C) at t+dt
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We calculate the derivative of this quantity with respect to time with the help of the
relation (L.12) :
I
d Dy,
—D ——dI; C v; @v; dj;
dt cy Dt | @uidly

L oy |
D —di; C r v2=2/ dl
cy Dt ctl

whence
d I Dv

—D

— dlI 3.17
dt cy Dt (317)

because the second integral always vanishes. We thus obtain

| |
OI—D ErPCr di D lrP dl
dt cu cu

Since the Ruid is barotrople  P./ and
z

1 dP
—-rPDr —

R
whereh® D % s a quantity that we can identify as the specibc enthalpy if the
Buid is isentropic. Finally
I

OI—D rh® diD o
dt c

and thus
|

t/ D v.x;t/ dI D Cst (3.18)
c

3.2.4.3 Interpretation

Following StokesO theorem, this resaliLf) can also be written as
Y4

r v dSD Cst (3.19)
St

whereS.t/ is the surface delineated by the cont@ut/. The RBux of vorticity across
a surface moving with the Buid is constant.
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If we consider an inbnitesimal cylinder of Buid based on a contuf, the
angular momentum of this Ruid patrticle is

1 1
LDI.Er v//mSEr v/

where we have used the fact that the moment of inértsaproportional to the base
S of the cylinder and thaér v is nothing but the local rotation of the Buid element
(see Chapl). KelvinOs theoren8 (19 implies the constancy cS%r v and thus
the constancy of the angular momentunof the Ruid particle of mass.

KelvinOs theorem shows that in the motion of an inviscid RBuid, the angular
momentum of the Ruid particles is conserved.

3.2.5 In uence of Compressibility

BernoulliOs theorem also allows the determination of the circumstances in which the
compressibility of a gas has either a negligible or important role.

To see this, we need considering the Bow of an ideal gas and Saint-VenantOs
relation. We apply it to a streamline that connects points far upstream where the
velocity of the Ruid isV; , the pressur®; and the density; , to a stagnation
point on a solid surface where the pressure and density are respeBtivalyd .

Then

ve—"2Ltp— 0 (3.20)

We shall see in Chap.that Pis simply the square of the local sound speed.
The ideal gas Bowing as a perfect Buid, Buid elements evolve isentropically and
thereforeP / . From this relation and3(20, we deduce the expression of the
density at the stagnation point as a function of that far upstream. One obtains

1
1 vz 1
mD 1 1C —= 2 (3.21)

This expression shows that, at low velocity, the changes in density induced by the
Row are of the order of? =c , which is the Mach number of the Row squared.
From this particular case, we actually obtain a general result, namely that one can
consider a Buid as incompressible as long as its velocity is very small in comparison
with the sound speed. For example, the air Bow around a car moving at 100 km/h
causes variations of density less than a percent, which are therefore negligible in
prst approximation.
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3.3 lIrrotational Flows

3.3.1 De nition and Basic Properties

A Row is calledirrotational if
r vDO

or, equivalently, if there exists a function such that
vDr :

This type of Bow is also called@otential owand is thevelocity potential

Let us consider the case of irrotational Bows of perfect Buids, whose motion
is driven by a force beld derived from a potentiak. We look for the equations
satisped by the velocity potential EulerOs equation is transformed in the following
way:

Dv
ot rP I ext

. @ 1, 1

Z r —C-=vv D —-rP r
@t 2 ext

We note that in order for this equation to make sense we require that
1 -
r —-rPDO0Z r rP DO

namely thatP P./ , as has been seen in the previous chapter. So we can
introduceh®such thar h°D 1r P. Hence,

1
r %tc Evzc h°C e DO
or
1
%tc Ev2(: h°C oD Cst (3.22)

We note the similarity of this expression with that obtained for BernoulliOs
Theorem, but we must pay attention to the fact that in this new equation the
constant is the same in all the volume occupied by the uid and thus identical for
all streamlinesMoreover, the expression is also valid for unsteady 3ows.
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To (3.22), we add the equation of continuity

@Cr .r/ DO

@t
This last equation takes a special form for incompressible Ruids whé&eCst,
since

DO (3.23)

is simply LaplaceOs equation.
We observe that the potential is debned to within a function of time: since
and C f.t/ give the same velocity beld.

3.3.2 Role of Topology for an Irrotational Flow

Topology plays a very important role in irrotational Bows. Let us Prst take an
illustrative example. We consider a Buid which occupies all space except a cylinder
of inPnite length with a radiua centered on the ax{®,. The motion of Buid around

the cylinder is given by its velocity peld

vD —D —e

which is derived from the potential D a?' (s;'; z are the cylindrical
coordinates). One will note that this potential possesses a special property: it is not
single valued; at a given poirt,can take an inbnite number of values lik€ 2n .
The immediate consequence of this property is that the circulatialong a closed
curve can take many values depending on the chosen curve. In fact, if the curve
does not enclose the cylinder D 0. If, on the other hand, it enclosesnttimes

D 2n a 0.

This example illustrates the effect aftology on circuhtion. The space occupied
by the Ruid here isloubly connectedhere exist two irreducible path$ connect
two points in this space.

Double connectivity implies that the sdions to LaplaceOs equation are entirely
debned only when the circulation around the regions not belonging to the Ruid space
is given.

3That are paths which cannot be reduced from one to the other by a continuous deformation within
the space occupied by the Ruid or, equivalently, the surface bounded by the two paths does not
belong entirely to this space.
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Fig. 3.3 Examples of doubly connected domains: in two-dimensi@)say obstacle creates a
doubly connected region; in three-dimensions a torbjdof an obstacle which is inbnite in one
dimension implies double connectivity

Two examples of doubly connected spaces are shown in3EgOne may
note that the presence of an obstacle in a two-dimensional Row renders the space
occupied by the Ruid doubly connected.

3.3.3 Lagrange’s Theorem

If the ow of a barotropic uid subjected to forces deriving from a potential is
irrotational at time to then it is (irrotational) at all other times.

In order to prove this theorem we shall suppose the volume occupied by the Ruid
to be simply connected. According to KelvinOs theorem,
I
v dI D Cst
c
at any time. But atp
I I

8C vdiD r dIDO
c c

The equality is true for any curve€( and, from KelvinOs theorem, at all titne

We have therefore
| 27

v dID r v dSDO
c s

for any surfaces and any timd, thus

Z r vDO 8t or vDr ; 8t
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This result is important because it justibes the irrotationality of a large number
of Bows: in particular if an inviscid Buid is initially at rest and is set in motion by
the action of a force deriving from a potential, one can state that the Bow will be
irrotational because D Ois an irrotational 3ow.

3.3.4 Theorem of Minimum Kinetic Energy

For an incompressible ow of a perfect uid, the irrotational solution is unique
and is that of minimum kinetic energy.

The uniqueness (to within an additive constant) of the solution follows from
LaplaceOs equation satisped by the potentialhe solution is unique when the
boundary conditions are specibed. As for tamggeOs theorem, we consider only the
case where the Buid occupies a simply connected spaeés the outward normal
at the surface bounding the Ruid, the Buxvolcross the surface is zero and the
potential therefore satisbes

nr DO

on it. This boundary condition is called NeumannOs boundary condition. Together
with LaplaceOs equation it debnes a unique solutiom {for  the solution is
debned up to an additive constant). We now show that this solution is that of
minimum energy. For this purpose we consider an irrotational @d@vr such
thatr v D 0 as well as another Row such thatr v D 0 but which is not
necessarily potential. The kinetic energies associated with each of these Rows are:

1 z 1 z
EcD- VvdV and EOD = Vv®dV
2 vy 2 vy
Their difference is
1 Z
EQ EcD= W& v¥dv
2 v
however
v& V2D VO wPCcav VO v
therefore
1 Z Z
EQ EcDZ .V wvidvC v VO v/idv
2 v v
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but
Z Z Z Z

vl vidvD N v/ir dvD  r .. V0 vi/ldVD .Vv2v/dsSDo
v v v s/

because andv®both satisfy the boundary conditionn D v° n D 0. We bnd the
result
1 z
EQ EcDZ- .V vV 0
2

This theorem is also due to Kelvin.

3.3.5 Electrostatic Analogy

LaplaceQOs equation is encountered in numgnaidems in Physics, in particular in
electrostatics where it gives the variations of electrostatic potential in the absence of
a charge density. Nevertheless, it is nat tectric Peld that one uses as an analog

of the velocity Peld, but rather a quantitiich is proportional to it, like the current
densityj. OhmOs law states that in a conductive medju®, E, being the
conductivity assumed constant. In making this analogy we actually substitute the
Row of Ruid for a Bow of charges. The OobstaclesO are thus the insulated regions.
The situation is easily summed up in the following table:

Fields \ ib E
_ r vDOZ vDr r EDOZ jDr |
Equations r vDO r EDO
DO ;DO
Boundary v D OatinPnity j D Oatinbnity
conditions v, NP Oatthesurface i p o at the surface of the
of the obstacle insulated region

This is thedirect analogy We shall later encounter the inverse analogy where the
analog of electrostatic pottal is the stream function.
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3.3.6 Plane Irrotational Flow of an Incompressible Fluid
3.3.6.1 Equation for the Stream Function

We have seen in Sedt.3.7that a two-dimensional Bow can be described with the
help of a scalar function called the stream functiarif the velocity is derived from
a potential then also satisbes LaplaceOs equation. Indeedy D 0implies that

& @,

@x @y
whilev, D @ =@ywndvy D @ =@xtherefore
DO (3.24)

It may then be shown (see exercise) that the streamlings Cst) are orthogonal
to the Oequipotentials of velocityO Cst).

3.3.6.2 Inverse Analogy

In view of the preceding relation we can kesan analogy between the electrostatic
potential and the stream function since they both satisfy the same equation. The
two functions will be identical if they satisfy the same boundary conditions. For
the velocity, these are simply D Cst along the boundaries and thus for the
electrostatic potential we will require that D Cst along the bodies and these
will be identibed to perfect conductors @hs indeed the inverse of the preceding
analogy!).

) % E e
Fields ‘
e

r vDOvDr . e&f r .E e/ DO

+ *
Equations DO eDO

* *

r vDO;vDr r EDO,EDr ¢
Boundary vDO  atinpPnity EDO atinbnity
conditions D Cst on an obstacle <D Cst on a conductor
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3.3.6.3 The Complex Potential

The existence of two harmonic functidndescribing the Row allows the study
of two-dimensional irrotational incompressible Bows in a very thorough manner,
thanks to the complex potential. We give here only the broad lines of this approach
and refer the reader to the classicalri® for more details (see for example
Batchelorl967).

We thus introduce the complex function

fD Ci (3.25)

called thecomplex potentiaBesides LaplaceOs equation, this function satisbes

@@

DO 3.26
@x @y (3.26)

because

8
@ @
<ax @y "
@

@

D@X

D vy

@y

Equation 8.26) is also called CauchyOs conditions. It impliesthat f.x C iy/,
thusf is only a function of the complex variabteD x C iy .
We then introduce theomplex velocitgebned by

df .
w D d_zD %XD Vo vy
The interestin introducing the complex patial rests essentigin the ability to use
conformal transformationThis type of transformation is debPned by an analytical
function G with non-zero derivative in a domain of the complex plane, which
associates with each poiatof the brst domain a poird of the image domain,
such that

7D G.Z
This transformation is called conformal because it conserves angles.

Let us seek the equation for the streamlines (the curve® Cst) in the
image plane. D Cst is the equation of streamlines in the original plane, thus

4A harmonic function is a solution of LaplaceOs equation.
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.G 1.2 D Cstis the equation in the image planes G ! is the new stream
function. More generally, if . Z/ is the complex potential of the Row 3G !is

the complex potential in the image plane. We derive from this, the new complex
velocity:

s~ 1
dFSG DW.z/ (3.27)

WD —— P &z

In order to illustrate the power of this transformation, we shall use the example of
JoukovskiOs transformation, namely

G.2 D 2CR?A (3.28)

This function is indeed analytic throughout the plane except at the origin.

We now consider a uniform Bow past a Rat plate represented by a segment of
length4R on thex axis. The velocity is simply D Vpe, and the associated complex
potential is

f.Z/DV()Z

Let zbe the transform of a system of coordinat¥isy the conformal transforma-
tion G, so thaz D G.ZY. Substituting this in the above equation we have

f.G. 2 D VoG.Z

a new complex potential whichfsSG; but sincef is simply the identity (to within
a multiplicative constant); is in the new potential.

In choosing the JoukovskyOs transformatior&pwe can seek new streamlines
and, in particular, the new shape of the obstacle intfey% plane. For that purpose
it sufpces to take the imaginary part 8t29

2 R2
r< R .

DIMZACR*=ADImr% "CR2=r% ' /D 5 sin

which gives the new streamlines. Among them we bnd those bounding the obstacle:
here it consists of the circl® D R, the inverse transform of the line Izt D O.

The inverse of JoukovskiOs transformation therefore takes us from the (trivial)
Bow past a Rat plate to that past a circle (less obvious). Thus, we determine very
easily the Bow past more or less complicated forms. For example, starting from the
Bow past a circle, by shifting a direct Joukovsky transformation we obtain the Row
past a wing proble, also called a Joukovsky proble (sesSHy.
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Fig. 3.4 lllustration of possible transformations of a Row past a Rat plate. In this example we have
brst applied an inverse Joukovski transformation which has produced the RBow past a circle; then,
by application of the slightly shifted Joukovski transformatigdhl zC ¢ C .1 C ¢/?=.zC c/)

one obtains the Bow past a wing proPle (note thatlf 0 the Bow past the Rat plate is recovered;
herecD 0:17)

3.3.7 Forces Exerted by a Perfect Fluid
3.3.7.1 d'Alembert’s Paradox
Statement:

The steady irrotational ow of an inviscid incompressible uid around a solid body
does not exert any force on it.

Proof:

We assume that the volume occupied by the Ruid is simply connected. The solid is
supposed to have a constant veloaity The potential satispes LaplaceOs equation
and the boundary conditions

nr Dn Vs onS (3.29)
D O.1=r% if r!1

The second boundary condition results from the properties of the solutions of
LaplaceOs equation (see the mathematigaplement). The force exerted on the
solid is just the sum of pressure forces

z

FD PdS
.S/
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Using 3.22 we write
1 @

whereP; is the pressure at inbnity assumed constant. We calculate prst of all the

term@ =@while remarking that in a region attached to the solid .x %y% 2y
where

x°Dx Vt; y°Dy; 2Dz

@ @

@tD VS@XD Vs 1
thus
1 Z Z
FD = v2dS Vs v/dS (3.30)
2 g s/

Now we examine each component of each of these integrals. In particular,
z z
V2dS D VadS

S/ S[Sy/

where we have introduced a surfeé&e at inPnity which closes the volume of Buid
This is possible and interesting since lim v D 0. We have
4 Z

Z Z
1 1
> Vv2dS D E@FdVD Vv r VvCv rv/,dvD v @vidV
S[s/ VI VI . VI
D @.v;vi/dv D viv; d§
VI SIS/
Z Z

D ViV dS D ViVsde D Vsj VidS
S/ S/ S/
where we used the boundary conditios2Q). The second integral ir3(30) also
reads

4
Vs v dS :
S/
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Finally

Z 4
Fi D Vsj S/.Vj dS VidS/ D Vsj V/.@\/j @Vi/dV

z
D Vg .@@ @@/dv DO
A

whence the result.

This shows that a solid body moving in an inviscid Ruid is not subjected to any
force from the Ruid if its motion is uniform. Viscosity is therefore paradoxically an
essential element to insure, via the circulation that it induces, the lift of a wing, for
example.

3.3.7.2 Case Where the Obstacle is Accelerated

The case of an accelerated body is quite different from the foregoing one and is
worth discussing. In a referential attachtedhe accelerating solid, the Row is now
unsteady and subject to an entrainment inertial force but the velocity potential still
satisbes D 0. Therefore the dependence ofwith respect to time comes from

the boundary conditions at inbnity wheteetvelocity will be supposedly uniform

and of the form U.t/e,. One can show from this that the potential of the velocities
can be written D U.t/f. r/. The force which is applied to the solid is still the
result of the pressure forces, that is

z

FD Pds
S/

Noting that the entrainment inertial force (a¢ D r ¢) is derived from a
potential, the momentum equatio® 22 reads

@ 1, P
@tC 2v C—C DCst
which leads to the following expression for the force exerted on the solid:
Y4 Z
@ 1,
FD C — dscC ~ vdS 3.31
s @t 512 (3.31)

where we have separated the term of kinenergy since it is zero as we shall see
now. Indeed,
z z

V’dSD VdSs
.S/ SIS/
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because in enclosing the volume by a sphafri@bnite radius, the integral remains
unchanged since D U.t/e, C O.1=r%. From the calculations of the preceding
paragraph, the foregoing integral also reads

z

vv dS
S[S: /

This integral is zero because of the bounydzonditions on the solid and because of
the form of the velocity at inbnity. Finally, the expression for the force is

Z
@
FD —C . dS
s @t °
so that
Z
FD Wt/ f CzdS (3.32)

.S/

where we have made use of D W.t/ zassuming a motion along tizeaxis.

This integral is non-zero in general. This expression therefore shows that a solid
having accelerated motion amidst the Buigrif inviscid, sustains a force from the
Buid. This force is at the origin of all swimming strokes: propulsion in the water is,
in fact, efbcient only if the solid acceleestwith respect to the Buid. For this reason
the motion of the bns of a bsh is in perpetual acceleration (oscillating motion).

As an example we may calculate the force sustained by a sphere accelerated
within of a perfect Buid with constant density. To determine the fundtiom (3.32
we must solve LaplaceOs equation in thisigaar case. In three dimensions and in
this geometry we use the expansion of the solution in LegendreOs polynomials.

oAt
D U.t/rcos C WP‘.COS/ (3.33)
‘DO

where we have taken into account the boundanydition at inPnity and the fact that
the Bow is axisymmetric with respect to thaxis. The boundary conditions on the
sphere, assumed to have radRygyive the functiong\-.t/. Atr D R,v & D 0so
that

& .
@ DOD U.t/cos C MP‘.COS/

‘Or R C2
@ rDR ‘DO
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This expression showshat theA- are all zero excepi1, and
Apt/ D R3U.t/=2 (3.34)

Finally, from 3.33
3

.1t/ D ULt/ r
2r2

cos

and from .32
z 2
FD WPt/R=2cosdS 7 FD ?RP’ Ftle,
.S/

The factor% R3 isamass. Itis often called tteelded masbecause if we exert
a force upon the sphere, the latter reacts as if its mass had increased by this quantity
(which is equal in this case to half of the mass of the displaced Ruid).

3.3.7.3 Drag and Lift of Two-Dimensional Flows

In the foregoing example we assumed that the volume occupied by the Ruid was
simply connected and therefore its 3ow was without circulation. In two dimensions,
however, the presence of an obstacle makes the Ruid OvolumeO automatically doubly
connected and therefore, even if the Bow is irrotational, one can have circulation
along certain contours.

We shall now consider the same problem as in Se8t7.1but in two dimen-
sions. We assume that the curves surrounding the obstacle possess a circulation
Let us consider a region attached to the solid and assume that the velocity is uniform
at inbnity:

vi D Voer

The solution that we are looking fos ia solution of LaplaceOs equation which
satisbesy r D 0 on the contour of the solid and D Ve, at inbnity. The
general solution of this type of problem is:

X ein
D Vorcos C 5 C An
nDO

rn

5We just need to project the eguation on LedeeOs polynomials anal wse thai orthogondity
with respect to the scalar produgt P-.cos /P y.cos /d cos /[ $y.
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,,,,,, pressure force
— Momentum ux

Fig. 3.5 At equilibrium, the sum of the forces and momentum Rux is zero, h&Qggauia C
ForessC Fmom gux D 0. The force applied to the solid isFopseuid D FpressC Fmom rux

where the sum represents the multipolar terms that must be added in order to account
for the precise shape of the solid.
The associated velocity beld is

vDr D Vycos erc.ﬁ Vosin/e C

If we wish to bnd the force which is exerted on the solid, a simple method
consists in writing the balance of forces and momentum Rux that are exerted on
a circle surrounding the obstacle at a distance R (se&MHg.The momentum Rux
on entry is given by

w;Rd D 0 g (3.35)
0 2
while the resultant of the pressure forces is
Z,
Fo D PeRd

0

which we calculate using Bernoulli®s theorem for an irrotational Row. Equa-
tion (3.22 yields

1 :
P D P Ev2 and V*D V¢ —Vosin C
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where the dots represent the multipolar terms. The calculation of the integral does
not present any difpculty; we Pnd that

Vo
2

Fp D (3.36)

When we lefR tend to inPnity, the multipolar terms contribution vanishes and only
one term remains. Finally, adding.85 and 3.36 we bnd the total force

FD VogD Vo (3.37)

where D e, The force just found is calledlagnus’ Force We see that
depending on the sense of the circulation (which is connected to the shape or to
the sense of rotation of the body when there is viscosity), the force is directed
either upwards or downwards. It is this same force which is responsible for the
trajectory of ping-pong balls or tennis balls when they are sliced, and for the lift on
wings. Formulae3.35D@.37) are obtained in a two-dimensional space so that the
forces are actually forces per unit length. Equati®:37) leads to the true Magnus
force exerted on cylinder of length by a simple multiplication byL, namely

FD L Vo.

We further note that this force is perpendicular to the motion, consequently there
is no resistance to the forward motiondrag force.

We could stop here and say that we need the effects of viscosity to calculate the
circulation and therefore the lift. Quite surprisingly, this calculation is not necessary
for the following reason: when we take into account the effects of viscosity we
superimpose upon the irrotational Row the boundary layer corrections which allows
the complete solution to verify all hboundary conditions (see next chapter).
Actually, we may easily realize (see appendix at the end of this chapter) that the
irrotational Bow around the proble of a wing has a singularity in the velocity (which
becomes inbnite) at the trailing edge if the circulation is not adapted. The real Row
(with viscosity), which should have for limit this singular irrotational Zow, wbul
be very unstable. The problem resolves itself when we observe that for a given
circulation, this singularity disappears. This particular value ofs that which
brings the second stagnation péitd the trailing edge (see Fi§.6). This condition
is usually callecKutta’s Condition’ For a wing proble where the angle of attack is

, we bnd (see appendix) that:

D 'V psin (3.38)

where’ is the wing chord (i.e. itOs width).

8Point on the solid where the BuidOs velocity is zero.

"This condition was alsoound independently by Joukovski in 1906 and is also called sometimes
JoukovskiOs Condition.
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b

a Leading edge Trailing edge

5 —

J B

First stagnation

. Second stagnation
point

point

Fig. 3.6 (a) A andB are the two stagnation points. On this bgure, the circulation is zero and the
second stagnation point is located upstream ofrtibrig edge where the velocity has a singularity.

In (b) the circulation is such that the trailing edge and the second stagnation poinide; the
velocity is Pnite everywhere

3.4 Flows with Vorticity

After the irrotational Rows, the following step takes us naturally towards 3ows that
own vorticity. These Rows are more coraplthan the preceding ones because the
distribution of vorticity is affected by the Row that the vorticity produces. The
problem therefore becomes largely nonlinear (we no longer have the equation of
the velocity potential D 0) and consequently only a small number of problems
have analytical solutions. We now present the most classic examples.

3.4.1 The Dynamics of Vorticity

In all what follows we call D r v the vorticity. The equation of this quantity is
obtained by taking the curl of EulerOs equatibB83 which is made explicit using
the following vector equality

r .wvrviDr ! viD.v r/! dor/ivC.r v/

We thus bnd that the vorticity satisbes:

D! 1
—D. r/v r v/l C—=r r P (3.39)
Dt 2
This equation calls for several comments. In the brst place, we note that the
variations oft in a Buid particle result from three different sources:

1..! r /v whichis aterm oktretching-pivotingin order to understand its effect,
we take the following simple example whéreis parallel toe, andv represents
a shear along (see Fig3.7). The equatio®s- D .! r /vbecomesy-D ! .
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Fig. 3.7 Evolution of the vorticity Peld subject to a shear Bow: from (a) to (b)vbrticity gains
a component along the velocity peld

It shows that, following each Ruid particle, vorticity is created parallel ts
Fig.3.7b shows. We will bnd again such a term when we analyse the evolution
of the magnetic peld in a Buid with electrical conductivity (CHEJ).

2. .r v/l .We have seen in Chapthe physical meaning af v; it represents
the volume variations of the Buid elements. This term thus translates the variation
in vorticity associated with these variations of volume: if the particle contracts
its vorticity increases. \Vorticity is created in the same direction and in proportion
to the existing one.

3. Lr r P is the baroclinic torque. This term does not exist (we noted it many
times) ifP  P./ . When it is present, the Buid elements can acquire vorticity,
and thus angular momentum, because tfesgure force then exerts a torque on
them (see Fig3.8).

Let us now come back to the barotropic case whiere P./ . Equation 8.39
simplipes into

D!
D D. r/iv !'r v (3.40)
This equation shows that if initially, D 0 then! remains zero: vorticity cannot
be created. This result is, of course, another version of LagrangeOs Theorem (see
Sect3.3.3.

In two dimensions, equatiorB(40 takes a very remarkable form if the Ruid is
incompressible. Indeed, in thismise the right-hand side is zero and

D!
—DO 3.41
Dt (3.41)

where! D ! ;is the only non-zero component bf
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Fig. 3.8 Generation of vorticity by baroclinicity. Density increases towards libttom of the
sphere, thus the pressure force per unit mé?s (P)is larger thanizr P . The resulting specibc

pressure force thus exerts a torque on the Ruid element

This equation shows that in this cakeis a Lagrangian invariant. It implies
KelvinOs theorem, but also

DI " . z
Do 7 | "dSD Cst (3.42)
Dt S/

for all n, S corresponding to a surface advected by the RBuid. We shall return to this
equation when we study turbulence in two dimensions.

3.4.2 Flow Generated by a Distrution of Vorticity: Analogy
with Magnetism

LetOs imagine that the distribution of vorticity is given in the space occupied by the
Buid. It is then easy to bnd the distribution of the associated velocity; it is sufbcient
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to solve the equation for
r vD!

where! is given. This equation, which is linear, strongly resembles AmpereOs
equation:

r BD oj

whereB is the magnetic beld,the volumic current density and, the permittivity

of vacuum. AmpereQOs equation can be solved quasi-analytically, but for this we must
use the vector potenti@ suchthaB D r  A. The transposition of these results

to Buid mechanics @mands therefore v D 0, that is to say, that we need to
restrict ourselves to incompressible Ruibissuch a case, just as we solve AmpereOs
equation with

HE)
Ax/D -2 j.rl

4y kr r‘kdxodfdi)

and
Z

0 a9y gy
BD 4  y; ke r%3 dxtyUZ

which is Biot and SavartOs law, we have for the velocity beld:

Z
1 axory oy
v.riD — S ——C R 3.43
4  y; kro or%s ( )

Contrary to the magnetic case, this gau is not the end of the problem because
the velocity beld thus created modibes the vorticity Peld by way of the equation
(3.40. Problems therefore have simple solutions if the distribution of vorticity is
invariant by the advection that it genegat In particular, we can look for a necessary
condition for steady Rows to be possible. From EulerOs equation, assuminigthat
independent of time, we get

Z
! vD raq; qD%vZC dp (3.44)

where we assumed the Ruid to be barotropic. According to this equation
vrqD! rqDO0;

which means that the Bow lines arttvorticity lines are on the surfacgdD Cst.
If the Bow is two-dimensional, the velocity is expressed with a stream function
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such that
vDr . el ! Dr r . & D €
We can then transforn8(44) into
r Drgq H r r DO
which shows that
DF./ (3.45)

whereF is an arbitrary function. We are now going to tackle some examples in this
category.

3.4.3 Examples of Vortex Flows
3.4.3.1 \Vortex Sheets

The Prst example of vortex Bows is also the simplest; it concernstibar layer
also called therortex sheetit corresponds to a simple discontinuity in the tangential
component of the velocity beld, as shown in Bda. It is easy to see that a contour,
such as that drawn in Fi§.9a, has a circulation; if the length of the longer side is
L, the circulationis givenby D .V, Vi/L.

We shall see in Chap.that such a sheet is always unstable. This instability
produces individualized vortices such as the vortex ring when the vortex sheet rolls
up as indicated in the sketch of FBy% under the impulsive motion of the piston.

a b Detached ring Vortex sheet

Vortex lines

*,i Contour with Vortex

V, circulation sheet

Piston

Fig. 3.9 (a) Vortex sheet.lf) Schematic view of the formation of a vortex ring from a vortex sheet
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3.4.3.2 Rankine’s Vortex

This is the most simple of the vortex Bows. It is made up of a cylindrical kernel
in which the vorticity is uniform, and out of which the Bow is irrotational. The
associated velocity beld is then

8

<! Dlg s a H vDl r s a

(3.46)
. 1 2
' DO s>a H vD Z-e s>a

wherea is the radius of the cylinder and;'; 2z are the cylindrical coordinates. We
observe that the velocity Peld is purely azimuthal (only the component aloisg
non-zero) and therefore the distribution of vorticity does not change with time. The
velocity beld on the outside of the core has been chosen such that the velocity is
continuous at D a.

RankineOs vortex is a very simplibed model of the Row generated by a cyclone.
We easily show that the pressure passes through a minimum in the centre of such a
vortex (see exercises).

3.4.3.3 Hill's Vortex

Another exact solution of EulerOs stationary equation consists in distributing the
vorticity within a sphere in the following manner:

Ir sin
a

D if r oa; ' DO if r>a

where.r; ;'/ are the spherical coordinates. We thus formulate Hill®s vortex which
moves at constant velocity without being deformed (seeJFid). We can explain
this property by brst examining the velocity peld of this vortex.

The componentg andv of the velocity Peld obey the two following equations:

81@rv/ 1@ 5! sin
<r@r r @ a
.1 1 i
: —@.rzvr/C . @in v
r2 @r r sin @
which express respectivety v D ! andr v D 0. We are looking for a solution
to this system in the form:

(3.47)
DO

vi Df.r/ cos and v D g.r/ sin
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Fig. 3.10 Meridian streamlines associated with Hill®s vortex. Ghtted linesrepresent the
irrotational Bow

The equation of continuity yields:

1d
1D ——r%/
gr 2rdrr

The other equation gives the equation veribed by
d2

—.r%/ 2f D 2Ir*=a

dr

the solution of which is:

|
fr/ D —r?CACB=r?
5a

The two constantéd andB are such that the velocity is regular at the centre of the
sphere (so thad D 0) and that the radial velocity vanishesrad a. Thus we get:

! 2 2 ! 2 2/ i
vi D —.a“ r?/cos and v D —.2r a“/ sin for r a

5a’ 5a’
(3.48)
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We note that on the bounding sphereD !'a=5 sin @ 0. Outside the sphere
the Bow is irrotational and the constants of integration must be adjusted such that
the velocity beld be continuous on the sphere and regular at inbnity. The velocity
potential being solution of &placeOs equation we bnd that

r; /1 D .A%Y Cc B%r? cos

The boundary conditiong.a/ D 0andv .a/ D 'a=5 sin allow the calculation
of AandB °and we thus infer the velocity beld:

2la a3 2la 1
vwD— 1C - cos and v D — 1C§

a 3
15 15 r

(3.49)

The remarkable feature in these expressions is the existence of a non-zero velocity
at inPnity. This velocity represents the velocity of the vortex with respect to the Ruid
at inbnity; it is uniform and along the vortex axis. Its magnitude is:

2la
VD — 3.50
15 (3.50)

The equations for the velocity beld also provide the expression for the stream
function inside and outside the vortex. For an axisymmetric RBow, one notes that:

! @ and v D 1 @
rzsin @ rsin @r

\
whence, the following two expressions:

lar 2
15

Ir 2 ) .
D—.a? r¥sirP ifr a and D
10a

3
1C sit if r>a

Sl

These two stream functions give the shape of the streamlines shown tHlg.

3.4.3.4 The Vortex Ring

The vortex ring is a spectacular bgure of a Ruid motion usually known as the smoke
ring (see Fig3.11). In fact this is a vortex blament that is closed on itself and
forms a circular ring, hence the name. Around it, the Row is irrotational and can
be calculated with the formul&8(43. The ring being axisymmetric, the velocity

is the same at all of its points and thus its motion is a uniform translation. The
exact calculation of its velocity can be performed if one assumes a Pnite interior
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Fig. 3.11 Vortex ring
obtained with smoke in the
air. The ring structure shows
the origin of its formation,
namely the roll-up of a vortex
sheet; the Reynolds number i¢
10* (from Magarvey and
MaclLatchy,1964 c
Canadian Science Publishing
or its licensors)

radius, but is quite lengthy and we shall limit ourselves to deriving an approximate
expression of it. The velocity induced by the bPlament is, according. &8y,
z

1 !
vD — !
4 gy 13

dv (3.51)

where we have located the origin of the coordinate system on the blament (see
Fig.3.12. The ring is assumed to be a torus of major radRuand minor radius,
witha R. One can note that

r./ D 2Rsin ; ./ D! cos g Csin e/

and

dvD a?Rd?®
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Fig. 3.12 Sketch of the y
vortex ring. Note that with

this representation the

equation of theircle is

r D 2Rsin

where Cis the angle measured from the centre of the torus so that 2.
Hence,

If one recalls that
Z
d
—— D Intan =2
sin

it appears that the integral diverge®atnd . In fact, we have not accounted in this
calculation for the fact that the core section is bnite and that this effect is important
for the points near the origin. An exact integration would involve elliptic iraégr
which are cumbersome to deal with. We thus simply estimate the order of magnitude
of the integral by assuming that the integration domairs;is " with" a=R.

One bnds

v T3 In.2R=ale,

while the exact formula is:

e (3.52)
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These two expressions have the same asymptotic behaworéas ora! 0.
Our derivation indicates that the logarithmic singularity is due to the regions that are
the closest to the calculation point.

3.5 Problems

1. Streamlines and velocity equipotentials
Show that for an irrotational plane Row of an incompressible 3uid, the stream-
lines are orthogonal to the potential lines.

2. Flow in a narrowing duct

The RBow is assumed steady and horizontal between points A and B. Show that
along thez-axis, hydrostatic equilibrium is satisped. Derive from this equilibrium
the relation betweeRa andh,. Calculate the differendgy,  hg in terms ofVa
andVg, assuming an incompressible Ruid. What relation holds betWgeand
Vg and the cross sections of the pipg andSg ?

3. Rankine’s vortex
Letv be the velocity beld of a Buid of constant density

vDs e s<a
vD a2=s s a

where.s;"; z/ are the cylindrical coordinates.

(a) Show that the Bow is irrotational outside the cylinder of radius

(b) Give the expression for the pressure in each of the subdomains. At inbnity,
PDP;.

(c) What can be said about the quam%lsy2 C P= in each of the subdomains?
What can be concluded?

(d) Calculate the minimum pressure at the centre of a storm with winds blowing
at a maximum velocity of 50 m/s (180 km/h).

(e) If the vortex is located over the ocean, bnd from the previous results the
shape of the ocean surface.
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4. Purge of a tank

() Lets consider a water tank (assumed to be an inviscid, incompressible 3uid),
of cross sectiorg with initial level hg. A valve of cross sectios (s S)
located at the bottom of the tank is open.

i. Show that the Bow is irrotational.
ii. Assuming quasi-steady RBow, derive the differential equation governing
h.t/, and solve it. Find the time it will take to empty the tank.
iii. Show Oa posterioriO that the time derivatives are indeed negligible.

(b) One now adds to the reservoir a horizontal pipe of leng#mnd of very small
cross section compared to that of the tank. The tank is blled tohgwethich
is kept constant with time. The Ruid is initially at rest.tAD 0 the valve at
B (see bgure) is opened.

i. Derive the equation of motion of the uid in the pipe. One assumes that
the pressure in the exit jet is equal to the atmospheric pressure; solve the
Biﬁerential equation governing the exit velocity. LetOs denote; byD

Zgho

ii. The city water utility pressure is 6 bgirif the length of the connecting
pipe from the main pipe to the sink is 10 m, what is the transient time
when you open the tap?

A

£
<

ho

B

5. A U-tube contains amcompressibl&uid subject to the gravity belgiD ge,.
The tube diameter is constant and venyadl compared to its length. The Ruid
level at equilibrium iz D hg and the free surface is at atmospheric pressure.
is the Ruid density.

(&) We are interested in the small oscillations of the RBuid height about the
average valudy; these oscillations occur for example when the tube is
slightly shaken. The Ruid is assunmgerfect Explain why the Buid motion is
necessarilyrrotational. What can be said about the velocity inside the tube?

(b) If A and g are the values of the velocity potential at the brst and second
free surfaces of the Ruid, the length of the wetted part of the tube avid
the Ruid velocity, show that

A g DLV
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(c) Derive from this the differential equation governing the time dependent
height perturbatiogh of the Buid in one of the branches of the tube.

6. Motion of a liquid near an air bubble

AN /

/ | N

We assume that the liquid has a radial motiom® v.r;t/ e .

(a) Show that the liquidOs Row is irrotational.

(b) Derive the expression fatr;t/ in terms of the bubble radiug.t/ .

(c) We assume that the air inside the bubble is an ideal gas which follows an
isentropic transformation when the bubble radius varies. Neglecting the air
Bow, give the expression of the pressure inside the bubble in terms of the
radius.

(d) Give the evolution equation &.t/ (let Po be the value of the pressure at
inPnity andR the radius of the bubble whgnD Py).

(e) If one supposes that the bubble radascillates slightly about the equilib-
rium valueRy, derive the expression f&®.t/. What is the frequencly of
such small oscillations?

(f) Numerical application: calculate for Rp D 1mm andRy D 5mm; we
give 4y D 1:4, waer D 103kg/m?, Py D 10° Pa.

7. Show that the potential vorticity of an inviscid compressible Ruid, debPned by
I = ,is governed by the equation

|
H — DO (3.53)

whereH is the OHelmholtzianO debned by

H.a/ D @th ra .arlv (3.54)

@
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Appendix: Flow Past a Plane at Incidence

When we discussed the complex potential, we remarked that the Joukovski trans-
formation can be used to transform a &rinto a Rat plate. In a previous example,
we used the Joukovski transformation to bPnd the Row past a circle from the (trivial)
solution of the Bow past a Bat plate when the velocity is parallel to it.

Now we can do the opposite. Indeed, it is less obvious to Pnd the solution of the
Bow with circulation past a Rat plate at incidencewith respect to the Row
at inbnity. Conversely, if we consider the circle, we have seen that the velocity
potential is:

R2 R2
DVRezC —/DV rcos C RTCos

It is easy to add circulation to this Row since a potential vortex will still satisfy
the boundary conditions; it is also possitib rotate the incoming Row velocity by
an angle with respect to the axes. With these changes, the velocity potential now
reads:

/ R2cos /

DV rcos /| C =
2V r

This is nothing but the real part of the complex velocity potential:
F.ZDVz' C 5 InzC VR%' =
where we have overlooked the constants. From this expression, one obtains the
complex velocity in the image plane:
1

, VR2%g R?
wD Ve' C— 1 —
2i z z2 z2

(3.55)

This expression is particular in the sense that it provides the velocity components
in the image plane (where the obstacle is a Rat plate at incidence) in terms of the
coordinates in the initial plane (where the obstacle is a circle). To obfaimterms

of Z, it would be necessary to invert the relatdD zC R?=zand to substitute the
result into B.55. But our goal is somewhat different: we only wish to examine the
singularities in the Bow past the obstacle and bPnd the condition fior eliminate
them.
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The points withZ® on the Rat plate correspond tdbeing on the circle, that is
zD Re' , 2 -0;2 . Along the Rat plateis given by:

) e . T
wW./D Vel C—— Vv 2/ 1 e?
2iR
D Vel 'c—— vd ! €& ei !
2IR
D Vsin / iR sin

This expression is singular atD Oand D if s arbitrary. The trailing
edge correspondstoD ; we see that the singularity disappears if the circulation
is chosen such that:

D 4 RV sin

One recovers here the expressi8Gri3g remembering that the plate length4R.
One notices that the Bow at the leading edge is also singular, but this singularity can
be eliminated by rounding the proble as shown in Bidc.

Further Reading

The theory of irrotational Bows is often well developed in standard textbooks; one
can refer to Batchelorl@67). With regards to the dynamics of vorticity, further
developments to the notes presented here will be found in Saffforaex dynamics
(1992 or in Ting and KleinViscous vortical ows1991). On the properties of the
Euler equation, extended material is proposed in Zeytoudigcanique des uides
fondamental¢1997).
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Chapter 4
Flows of Incompressible Viscous Fluids

As it was shown in SecB.2.5 the density variations in a RBuid Bow decrease with
the square of the Mach number (the ratio of the Buid velocity to the sound speed).
Hence, for many RBuid Bows, and especially for those of liquids, incompressibility
is an excellent approximation. Moreover, it simplipes very much the equations of
motion. This simplibcation provides us with the easiest context to study the effects
of viscosity that we have neglected until now.

Thus, in this chapter we study the effects of viscosity using solely incompressible
Buids. We brst discuss the laws of similarity, which appear thanks to viscbsty, t
we deal with two limits: that of Rows with a strong viscous force and that of Rows
with a slight viscous effect. Next, we review some classical solutions of Navier
equation, and we end the chapter with a short study of forces exerted on solids by
viscous Ruid Rows.

4.1 Some General Properties

4.1.1 The Equations of Motion

We have seen in the brst chapter that the Bow of an incompressible RBuid with
constant viscosity is governed by only two equations: the equation of continuity
and the NavierbStokes equation, namely

8
<r vDO
Dv 4.1
—D rPC % 1)
Dt
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Indeed, the third equation, the energy equation, uncouples completely from the
two others. An important consequence lastuncoupling is that the pressure does
not have a dynamic role. It doesnOt drive the RBow but is driven by the Bow. This
property follows from the fact that the velocity peld is entirely determined by

8

<r vDO
E 4.2)
Dt

and the boundary conditions
vDvs on .S/

whereS is the boundary (supposedly solid with a velooity which delimits the
RBuid. The pressure is thus entirely determined, up to a constant, by

Dv

Dt

rPD

Another important property of this system of equat|ons is that, if the viscosity of
the Ruid is large enough, the solution is unique. OLarge enoughO means larger than
some critical value below which the system has several solutions. Physically, this
shows up with the raise of an instability in the original solution. We shall discuss
this point later on, but presently we jusbte that this phenomenon is a consequence

of the nonlinear character of the equations.

4.1.2 Law of Similarity

A Buid Bow always involves thdynamic time scalewhich is the typical time that
it takes for a Buid particle to cover the distaicenamely

L
TaD (4.3)

whereV is the typical velocity of the Ruid. If the Ruid is viscous then another time
scale comes about; this is

L2
T.D — (4.4)

also calledhe viscous diffusion tim&he origin of this depnition is the following: if
we consider a very slow Bow, the quadratic termv in the NavierbStokes equation
is very small compared to other terms. Neglecting this term and taking the curl of
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the momentum equation, we get the linearized equation of the vorticyr v,
namely

@

—D ! 4.5

ot (4.5)
This is the diffusion equation (see Sei2.6.4for a presentation of its basic
properties). Schematically, if varies on a length scale, then ! l =L2 and
@ =@t ! =L2which shows that evolves on a time scale of ordef= .

The dynamic and viscous time scales are compared through the non-dimensional
ratio

T. VL
ReD - D — (4.6)
Ty

also called theReynolds numbeit characterizes the ratio between two transport
velocities: the macroscopic (dynamic) tsgort and the microscopic (diffusive)
transport. This non-dimensional number is the only parameter intervening in the
equations of motion of an incompressible viscous Ruid. Indeed, if we make the
following change in the variables:

L
vD Vu; PDV?%®p; rDLx and tDV

then,u, p, X, representrespectively the non-dimensional velocity, pressure, spatial
coordinates and time. The equations of motion read
8
<r uDO
@

1
@Cu rub rpCR—e u

Save for the parameters that may be added in the boundary conditions, the solution
u depends on just one quantity, which ig tReynolds number. All the Bows having

the same Reynolds number are identical up to a constant scale factor: they are said
to besimilar. This conclusion is true only if the solution is unique, that is to say, if
the viscosity is large enough or if the Reynolds number is small enough.

Let us consider a simple example of the use of the similarity between Bows. A
solid represented by a cube of 1 cm side moves in air at a speed of 1 cm/s. The air
RBow is exactly the same as one around a cube of 1 m side moving at 0.1 mm/s. A
practical application of the similarity relation is the use of reduced models to study
some complex Bows.

4.7)
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4.1.3 Discussion

System 4.7) gives us the brst example of the Bow equations written with non-
dimensional variables. The use of non-dimensional variables is the rule in Fluid
Mechanics. Thus doing, we are able to compare the various scales that intervene in
a Buid Bow. The foregoing example is very simple, but as we progress, we shall see
that many non-dimensional numbers come into play. These numbers are crucial to
compare the Bows to each others and eventually evaluate the difbculties to compute
them.

Finally, let us observe that perfect Buids correspond to the limit of inPnite
Reynolds numbers. However, this limitsingular because, as viscosity vanishes,
second order derivatives disappear from the equations thus making some boundary
conditions unmatched. This singularity is at the origin of the boundary layers, which
appear when the Reynolds number is very large (see &8xt.

We shall further explore the dynamics of viscous Buids with the help of two
limiting cases: the one of very viscous Ruids and the one of nearly inviscid Buids.
In other words, we shall study the two limits: the very small and the very large
Reynolds numbers. We begin with the brst case, which is the easiest one.

4.2 Creeping Flows

Creeping Rows are all the Bows for which the inertia of the Ruid is negligible. Their
Reynolds number is therefore very small compared to unity.

Examples of such Bows come from the very viscous Ruids (magma, for instance)
or from the Bows with very small scales (lubrication, micuafic,. . .).

4.2.1 Stokes’ Equation

We consider the momentum equation #h7) and multiply it by the Reynolds
number while carrying out the substitutipn! p=Re. We get

Re%CReu ruD rpC u

Setting ReD 0, we getStokes’ Equation
rpC uDO (4.8)
We may observe that, by taking the limit Re=0, we eliminated the time derivative

of the velocity. Does this mean that all RBows with very small Reynolds number are
stationary? Not quite, of course! It means that if the appropriate time sclates



4.2 Creeping Flows 115

then the temporal variations are trulygligible and the Bow is steady. But we can
easily envision a Bow where there is a time dependent forcing. In this case, the time
scale of this forcing is a new independent parameter which controls the amplitude
of the term@=@t

Stokes equation can take two other equivalent forms for an incompressible Ruid:

rpCr ! DO or ' DO (4.9)

where! D r v is the vorticity. We also note, by taking the divergence8),
that the pressure veribes LaplaceOs equation:

p DO

The essential property of these equations is their linear character. The solutions thus
own all the properties associated with linearity. For instance, an interesting property
is the reversibility: if v is a solution then v is also a solution. Any Ruid particle
goes back to its initial position if the forajnis reversed (the nonlinear terms break
this symmetry).

Another important consequence of the linearity of StokesO equation is the
uniqueness of the solution for a giveset of boundary conditions. Below, we
demonstrate this property by showing that the solutions obey a variational principle.
The unicity of the solutions also resolves the problem of stability: the solutions are
always stable.

Finally, note a third possible form of Stokes® equation:

Div— DO or @ j DO (4.10)

where— is the stress tensor. This form is more general than the previous ones since
it does not make use of the explicit form of the stress tensor.

4.2.2 Variational Principle

Equation ¢.10 can be obtained with the help of a variational principle, such as
the least action principle. This means that the solutiongldfgf render extremum

a functional of the velocity beld dePned on the space occupied by the RBuid. This
functional is just the viscous dissipation.

In order to show this result, we shall consider a Newtonian Ruid inside a given
volume, limited by a surfaces(), where the velocity is given as on a solid wall. On
this surface the variations of the velocfly vanish. The dissipation in this volume
is given by:

z
D D —CijCijC T V/2 dv
vi 2
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where we do not assume incompressibility. A variatiorDofassociated with the
variations ofv is easily obtained by a functional derivation of the integral with
respect to the velocity beld:

z

SD D ciSgC2.r vir sv/ dV (4.12)
v/

According to the rheologal law of Newtonian Buidsc j D r vS§j where
—V isthe viscous stress tensor. Moreoges, D 0; hence, the foregoing expression
may be rewritten as

z

SD D ijéQjCZ.l’ vir Sv dV
Vi

The expressionl(40 of ¢; and the symmetry of the viscous stress tensor allows us
to simplify the preceding expression. Thus
z
SDD 2 ij @Vj dv
A

Using the equation of motiod (10 together with the divergence theorem, we Pnally
obtain
z

SDD?2 ijéVj ds DO (4.12)
.S/

This last integral is zero because of the boundary conditions imposéd. drhe
dissipation is therefore at an extremum for the velocity Peld verifying StokesO
equation. We now show that this extremum is a minimum. For this, we observe that
the dissipation is a linear function of the squared gradient of velocity. Symbolically,
we can write that

D.viDL .@/?
whereL is a linear operator. We have shown that
SDD2L.@/.@%/ DO

Now we make the difference between the dissipation associated with thespeld
solution of the equations and that associated with the p€dSv wheredv is a
variation. We have:

D.vC&/ D.VDL -@Cs/2 L .@/?
DL .@/°C.@%/°C2.@.0% L .@/?
DL .@%2 DD.3v O
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This result shows that whatever the variatiovofiade around the true solution, the
dissipation increases. This quantity is therefore a minimum for the true solution.

Let us now show that this implies the uniqueness of the solution. For that, it
is convenient to take two solutions and show that they are in fact identical; Let
andv,; be two such solutions; their dissipation being at the minimum is therefore
identical. From the foregoing results, we necessarily have

L —@'g_ V2/2 DO

The operatot. being only an integration, we infer from the preceding equation
that the integrantis zero everywhere within the @, v»/ D O. Infact@v; vo/
symbolizes all the components of the shear tensor and the divergence; we therefore
have:

cj.vi vo/ DO and r .vi vo/DO
From these two equations we derive a third one, namely
Sj. V1 V2/ DO

which means that the symmetric part of the velocity gradient tensor is zero. We
have seen in Chaft.that this implies that;; v, is the combination of a solid
body rotation and a translation. But andv, satisfy the same boundary conditions,
thus, in general, the rotation and the translation are both zero. Vhasdv, are
identical.

The preceding results aret valid when the Reynolds number is large. In this
case the solution is not unique and does not produce a minimum of dissipation.

4.2.3 Flow Around a Sphere

As a brst example we shall consider the Row of a viscous Ruid around a sphere
moving slowly. We assume that the RBuid blls the whole space and that the Bow is

steady. The Reynolds number, based on the velocity of the sphere and its diameter,
is very small compared to unity so that we can use StokesO equation. Returning to
the dimensional variables, we have

r vDO

OD rPC v (4.13)

Using a reference frame whose origiadt the centre of the sphere, the boundary
conditions are

vDO at rDR and v! Ue when r!1l
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Note that Ue, is the velocity of the sphere in a rest frame. We use the spherical
coordinates. Since the RBow is axisymmetric aroundzthgis, the velocity and the
pressure only depend erand . Moreovery has no component alorgy.

In order to solve system4(13 we expand the functions on the basis of
LegendreOs polynomials in the following manner:

P
<erP‘u\.r/P\.cos/
Y DP\V*.I’/%i (4.14)
"PD .p.r/P-.cos/

LegendreOs polynomials satisfy the differential equation

1
sin

dP

di sin CliICc1pP-DO

Using the equation of continuity, we derive the relation betweer andv-.r/

20
> c 1w p 19T
r dr
We also bnd that
X <rue/
r vD \'\—éul/P«.cos/e;
and
~ru/ 1d r -.ru/ dP
vD r I vi D PCOS/erCFa W d—e
- being the operator
1d2 CCcu
N D -7 -
r dr2 r2

As LegendreOs polynomials form an orthogonal basis as well as their derivative, we
easily bnd that

8
dp- _
<dr D srus/=r
(4.15)
bt/ D d r -.ru/

dar ~CCcu
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which yields
<.ru/D O (4.16)
The general solution of this equation is in the form of the powers ahmely
u.r/ DAr *cBr¢'ccr CcDr ?

In order to bnd these four constantve need four boundary conditions;R/ D
v .R/ D Qimply

u.R/ D v.R/ D O; 8"

while at inbnity we have

v! UeDU.cos g sin e/; as r!1l

One may verify that this last condition leads to
lim u.r/ DU and limugq.r/ DO

ri1 ri1

The boundary conditions implies that ale coefbcients, except those wf, are
zero. More explicitly, we have

C_D
u.r/ D ACBr2C - C 5 (4.17)

Using the conditions at inPnity we pAdD U andB D 0, while with those on
the sphere it turns out that

CD 3UR=2; D D UR’=2

SinceP;.cos/ D cos , we bnally obtain

8
vy DUcos 1 ﬁczﬂrz

<
vD Usn 1 R R (4.18)

"pD Fcos
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Fig. 4.1 Streamlines in the meridional plane of the Stokes® Row around a sphere in uniform
motion in a viscous Ruid

The velocity beld can be expressed with a stream functiodescribing the
streamlines in the meridional plane as shown in &if). The expression of the
stream function is

1 3R R3
D ZUr?sir 1 —C —
2o S or = 23
since
1 @ 1 @
D —— and D —_—
Vi P TZsin @ v rsin @r

From the expression of the velocity, we also infer the expression of the vorticity
peld:

3UR
r vD —-cos e; 4.19
2r2 ( )

which will be used later on to compute the drag force exerted on the sphere.
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4.2.4 Oseen’s Equation

StokesO equation has been derived for vanishing Reynolds numbers. However, in
any experiment, even if the Reynolds number is very small, it is Pnite. This makes
StokesO equation invalid far from the solid. This strange property comes from the
nature of the solutions of Stokes equation, which is a kind of Laplace equation. The
solutions of StokesOs equation that vanish at inbnity are power laws of the distance
(like (4.17) for instance). For these solutions, the length scale characterizing the
velocity variations grows with. Indeed, a typical length scale of the velocity beld
VisL D .dInv=dr/ ! thusifV 1=r" thenL r=n. The consequence of

this growing scale is that nonlinear terms decrease more slowly than viscous ones
as they contain only brst order derivatives. The distance by which nonlinear terms
overtake the linear one can be guessed from an order of magnitude estimate

1 1 1
ur/u — uH —

— L Re'tl
Re L L 2Re H

where the Reynolds number is computed from the dimensions of the object. The
foregoing result shows that this critical length goes to inbnity as the Reynolds
number vanishes.

Hence, the computation of Rows extending to distance larger thah iRast
take into account the corrections imposed by nonlinear terms. For instance, if we
wish to compute the Bow around a solid body moving at constant speed in a very
viscous RBuid, we may set D U; C Su (U; is the RBuid velocity at inbnity in a
frame attached to the solid) and brst solve Stokes equation. However, at distances
larger than Re?, corrections from nonlinear terms are important. These are taken
into account by keeping the leading order of these terms. Hence, in these regions,
one has to solve

“ 1.
.Uy r/SuD rpCR—es u (4.20)

which is Oseen’s equatianAlthough this equation seems more complete than
Stokes one, it is not valid close to the solid as the Bow is not close to a uniform
velocity beld. Thus, OseenOs equation is useful to complement Stokes® equation
when the RBuidOs domain is larger than Rén this case the solution of both
equations must be matched together, which may be delicate. Of course, if the domain
is not that large, StokesO equation is sufbcient.

4.2.5 The Lubrication Layer

We end this section with the study of another type of Bows at very small Reynolds
number, namely the case of the lubrication layer, which was analysed for the brst
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hy
thy

¢

Fig. 4.2 Schematic view of a lubrication layer. In the reference frame of the solid S the ground
moves to the right at speddi entraining the Ruid to Bow in the same direction

time by Reynoldsin 1886. The 3ow in a lubrication layer has numerous applications,
especially intribology (the study of friction). The lubricating effect of a thin RBuid
layer between two solids is shown by an experiment of everyday life: that of a sheet
of paper, which glides practically without friction on a smooth Roor. A thin layer
of air forms between the Boor and the paper, making an air cushion, which reduces
drastically the friction. We may also observe that in the same conditions of incidence
and velocity, but far above the Boor, the sheet of paper has not a sufbcient lift to
compensate its weight, and falls.

In order to understand the fundamentals of lubrication, we shall consider the
simple system illustrated in Fig.2 A solid with a length glides with a velocity
U above a bxed solid plane. An incompressible viscous Buid Bows between the two
solids, forming the lubrication layer. The Reynolds number of this Bow, based on
the thickness of the Ruid PIm, is supposedly very small:

Uh

We assume the contact surface of the s8lih be plane and slightly inclined as in
Fig.4.2 As shown, the thicknedsvaries linearly with the abscissa; we thus set

h.x/ D hl C .h2 h1/X=‘ and D .hl h2/=\ 1:

In order to analyse the Row, we use a frame attached to the moving solid. The
boundary conditions are therefore

vDUe at zDO and vDO at zD h.x/

The Row is stationary and with a very small Reynolds number. It therefore satispbes
StokesO equatiof.13. Using thex-component of the momentum equation, we get

@P. @w
@x @

where we neglected the-dependence of the velocity beld. Terms coming from
this dependence af®./ or smaller, thus4.2]) is just the zeroth order in. At

D 0; (4.21)



4.2 Creeping Flows 123

this same order we see th@, D @P =@is independent ok. Solving for the
z-dependence gives the following formgf:
h z_ Gp

VXDU—C2

H .z hl/z (4.22)

This solution is the superimposition of two exact solutions of the NavierbStokes
equation: CouetteOs Row

uD U.h z=heg
and Poiseuille®s Row
uD Gpzz h/=2 e

that we shall discuss in Sedt4.1

In the expression of the velocit@, is an unknown. However, it may be related
to the volume BuxQ which is the same at any since the Ruid is incompressible.
Neglecting the third dimension, we have

Zh
Uh  Gyh3
D dzD — =2
QD wdzD— 77

which leads to

dP 12 Uh
GD D = Q (4.23)

If the solid S is completely immersed in the same Ruid (as the sheet of paper), the
pressure on the two ends is identical. Rewritidd2@ as

Gy, . 1dP _ 1dhdP dP _ 6U 12Q
—b-—D—-——D ——D— —
dx dx dh dh ~ h? hs
and integrating betwedm andh,, we can express the volume Rux as a function of
the parameters of the problem. We bnd

hih
DU 4.24
Q hiChy (4.24)
We can then give the expression of the pressure beld in the defain
6 U.h hx/l.hx! hyl
Pxl P,D 1 NN e (4.25)

.h 1C hz/hX/ 2
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whereP, is the pressure at the ends of the solid. Using this expression, in which we
inserth.x/ D hy x , we can observe that

SPDPXx Pyl x. xi=h; x/7%

showing that the pressure reaches a maximum in the neighborhoe® ofrhe
maximum value of the pressure may be egsed as a function of the parameters of
the problem, namely

6U"

PrD ——
Stmax Y e

(4.26)

This result shows that the pressure strongly increases when the thickness of the
uid layer vanishes. Furthermore, the total pressure force can be derivesfidm

o SPdx After little algebra; we bnd

6U hy  Jhi h
FoD -5 In = 2 4.27
PP R, “hich, (4.27)

Itis interesting to compare this lift force to the total shear stress exerted upon the
moving solid, which is just the drag force. By using a similar calculation, we bnd

Z.
@ 2U hy hy hy
Fq D —dxD — 3 In — 4.28
T @ hiCh, — h .
so that
n hy hy h °
I:drag 3thhz In hJ£
3 D §n - — (4.29)
lift In h_; ZhiChi
Since 1, the horizontal force is very much smaller than the vertical one. This

is why a large mass can be moved effortlessly with bearings. An example is given
in exercise.

1The reader may note that after an integration by part

VAN VAN
X X dxD 1 % dx
o h1 x/2 o h1 x
while
Z.
2x 2hy= 2

o ht X 0 hy  x
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4.3 Boundary Layer Theory

In the foregoing section we considered Bows with very low Reynolds numbers, fully
dominated by the viscous force. Now, we shall examine the opposite limit, that of
laminar Rows at large Reynolds numbers.

4.3.1 Perfect Fluids and Viscous Fluids

Contrary to the low Reynolds number Rows, the present ones are not always stable.
Beyond some critical Reynolds number, seVexdutions are possible. However,

this critical value may be large compared to unity. Thus it is often the case that the
Bow is stable even if Re 1. This is the typical situation that we shall investigate
now.

A convenient example to bear in mind is the one of a Bow around a solid body.
Let us think of a car or an airplane moving at constant speed. In the frame attached
to the solid, the Buid shows a uniform velocity beld in the far distance of the body
We assume that the Reynolds number, based on the typical size of the object, is large
compared to unity. Such a set-up was alsedidcussed in the case of perfect Buids
(see SecB.3.7). There we argued that the RBow was irrotational, so that there exist

such thatv D r . Itis interesting to note that such kind of solution is almost
acceptable for a viscous Ruid. keed, for an incompressible Buid (v D 0), the
viscous force associated with a potential Row is zero, since:

r Dr.or v/ r r r DO

However, this solution igiot fully acceptable since it does not meet the no-slip
boundary conditions on the solid. The Rutitks to the solid and we can surmise
that close enough to it, the viscous force dominates over the other forces, which is
clearly not possible if the Row remains irrotational.

To specify what is meant by Oclose enoughO, we have to go back to the
momentum equatiom(7). If the viscous force is important in some region of the
Row, then, in this place

ué& O.Re

since other terms are supposedly of order unity. Such an inequality can be realized
in only two ways: eitheu is very large compared to unity or its spatial variations are

very rapid. The brst possibility can be eliminated thereof since close to the solid the
velocity cannot grow much as it vanishes on the boundary. The second possibility is
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“Perfect” ow

Boundary layer

Fig. 4.3 Geometry of a boundary layer Bow

therefore the right one. The functionvaries very rapidly in the vicinity of the solid.
If " is the characteristic scale of the velocity Peld, the viscous force is dominating if

1 1lu - p_—
— —— 0.1/ Z "D 0O.1= Re
Re u Re"2

since we assumed that 0.1/ .2

We thus bnd that around a sok’)dﬂody in a large Reynolds number Bow, there is a
very thin layer of thicknes$ D 1= Re 1 where the viscous force may control
the Bow. This is thboundary layerAt a distance of a few timéey the viscous force
is usually negligible and the Buid behaves as if perfect. This example shows us that
high Reynolds number 3ows may be split into regions with very different dynamics:
.i/ the boundary layers controlled by viscosity (or other diffusion processes in more
general situations) andi/ the OremainingO where EulerOs equation is sufbcient to
describe the Row. This is schematically illustrated in Bi§.

Before closing this heuristic introduction to boundary layers, let us mention
that regions where viscous force is imtant are not systematically attached to
boundaries. It turns out that in some cases strong shear layers occur in the middle
of the Buid. They are no longer boundary layers Hdetached (shear) layers
Let us also underline that the technigofesplitting the Buid domain into various
subdomains is not specibc to Buid mechanics but is in fact a way of obtaining an
approximate solution of (partial) differential equations that are too difpcult to be
solved analytically.

2Here is a very simple example of such a property:xsity is 0.1/ but % sinx="/ is0.1="2/,

3An example where we determine the solution of a differential equation using boundary layer
theory is given in Seci.2.4
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4.3.2 Method of Resolution

The preceding discussion has shown that a small pararheter 1 is naturally
introduced in this problem. A way of taking advantage of this peculiarity is to
expand the solutions into powers'oand write:

UD U C"u;C"%u,C (4.30)

Furthermore, we can take advantage of the partition of the Bow into the boundary
layer and the inviscid outer Row. In the boundary layer viscosity is important
and the full equation need to be solved. However, the shape of the RBow is rather
simple as it is parallel to the boundaries. On the other hand, the outer Row
does not need viscosity, which may be leeted at zeroth order. Hence, in both
domains the solution can be simplibped. Btmtegy is therefore obvious: in each
domain solutions are expanded according4@(). Each order is solved in each
domains and the solutions are matched together. This technique is called asymptotic
matching. The Pnal result is an asymptotic solution valid up to some higher order
correction in"". We shall now detail all these steps.

4.3.3 Flow Outside the Boundary Layer

Outside the boundary layer, the derivatives are all of order unity. Thus using the
expansion4.30 and identifying each order i, we get

8

<Up rugD rpo

. r ubO (4.32)
"u nDO onS

at zeroth order, and

Up rugCuy rugh rpi
f uDO (4.32)
at brst order. We do not write the boundary conditions yet; they need further
discussion and will be introduced at the end of the next subsection. Note that at
second or higher orders, viscous terms need to be taken into account, even if we are
outside the boundary layer.

In the simple case where the zeroth order velocity beld is irrotational, equation
may be simplibed

oDO

nr oDOon S (4.33)
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4.3.4 Flow Inside the Boundary Layer

The foregoing equations give solutions that are not valid close to the boundaries of
the RBuid. There, the viscous force is important. Viscous terms make the equations
of higher order, but, as noted above, the geometry of the Bow is simpler, as almost
parallel to the boundary. To take advantagéh$ property, it is natural to introduce
three curvilinear coordinates;; x,; X3/ wherexz D Cst is the equation of the
boundary. In order to simplify the following discussion, we shall assume that the
bounding surface of the Ruid is just th® 0-plane. Plain cartesian coordinates are
thus sufpcient.

As in the Oinviscid domainO, we expand the unknowns in powers of the small
parameter’. We use the tilde to denote boundary layer quantities; hence, the
boundary layer Row is expressed:

@ @C"QCQC

Boundary layer quantities are characterizedhsir rapid variations in the direction
perpendicular to the boundary. Partial derivatives should therefore be ordered as

@=@x; Q=Q@P=-1 (4.34)

This inequality can be made more quantitative since we know the thickness of the
boundary layers, namely Thus, a typical boundary layer functiéRreads

fQ fQx;y; E

One usually introduces thetretched coordinat®D z=", so thatf Q fQ;y; 17}
With this new coordinate, the inviscid region, which iz& 0.1/, is now rejected
atinbnity, since forabxeg @1 as"! O.

The thickness of the boundary layer, and thus the stretched coordinate, is such

that%?D 0.1/; hence, normal variations of the boundary layer functions, namely

@ Qare all of ordet 1. Besides, the horizontal variations of the pelds (velocity and
pressure) are controlled by those in the perfect domains. Indeed, the solutions in the
boundary layer match those of the pmatf domain at each point on the bounding
surface, thus horizontal variations irethoundary layer are the same as those just
outside of it. In the perfect domain, all the scales are of order unity, therefore
horizontal gradient in the boundary layeealso of order uity; thus inequalities

(4.34 mean

@Q 01; @fQ 0.1 and @Q 0. Y
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Let us now consider the equation of mass conservation. Udirgf)(together
withr v D 0, we bnd that the lowest order@." /. It yields

@22

DO:
@

This equation implies that
@®.DO0 (4.35)

since the velocity is zero o®D 0. This result shows an important property of
boundary layers: the component of the velocity that is perpendicular to the layer is
much smaller than the one parallel to it; it is at least of the next order in

The following order of the equation of continuity reads

@JX C @;Z

@x @

The NavierbStokes equation develops mshme way and the brst terms, of zeroth
order, yield the two equations

DO (4.36)

8
@R:x @ , @R . CRx
eV @’ o @
(4.37)
: @
-0 Y
U@

(4.36 and @.37) are known afrandtl's equationof the boundary layer. These
equations show that the pressdoes not depend on the coordingtim other words,
it is determined, lika®.,, by the Bow outside the boundary layer. This implies that

in (4.37) %( is given by the Operfect Ruid RowO, so that
@Q , @
@x @x

PrandtlOs equations can be rearranged in the following way. We Gesifrem
(4.37), and we substitute it intad(36). Thus

@x @ ~ GRx
Voxgn _ox© @

@,D — (4.38)
@
and
0 @ @ ~ G@x
. B @ c
@gi c gg@ Qo "ox L @ Apo (4.39)

@



130 4 Flows of Incompressible Viscous Fluids

This last expression shows that the boundary layer equations are nonlinear and of the
third order. Three boundary conditions are thus necessary to determine the solution.
These are:

¥ @x D O0atgD O,
¥ ®x! Uxwhen®!Cl ,
¥ @,D O0atgD 0.

We observe that the limit value @, wheng! C1 is not specibed. It cannot
be sinca®; obeys a brst order equatioh6). In general, lingc; @, @ 0so that
there exist a mass ux between the boundary layer and the perfect uid doiaén

value of@.; plays in this way the role of the boundary value for the brst order terms
in the perfect domain. Thus, systeth32) is completed by the boundary condition

Uiz.zD O/ D Iim @ (4.40)
ac1

4.3.5 Separation of the Boundary Layer

We may observe that# (38, which gives@,, becomes singular if, at some point on
the boundary layer,

@;X

@

DO (4.41)

Boundary

layer Stagnation
point

Separated
boundary layer

/

Recirculation
vortex

When approaching such a point, the vertical variations@gf are on an
increasingly larger scale, in other words the boundary layer becomes thicker up
to the point of being OinbniteO. One says that thersdparation of the boundary
layer. Let us note that the boundary layer becomes inbPnitely thick with respect to
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the coordinate It does not mean that the boundary layer is overrunning all the
Buid domain, but simply that its true scale is no longdut a much greater scale.
For example, if the thickness i¢ and that it is developed in spite of everything
in powers of", the thickness will beD.1="%/ in the coordinateand therefore
inbnite whert' is vanishing. Thus, at the point of separatia);, diverges but in the
neighbourhood of such a poi@d., is no longer of order unity and the expansion in
powers of' is no longer valid.

Equation ¢.41) determines the position of the point of separation when solving
PrandtlOs equation. In fact, it is not necessary to solve this equation in order to know
the position of this point. Indeed, i®x p 0 then, using boundary conditions,

@x D 0. As the tangential velocity in the boundary layer is also the tangential
velocity of the perfect Buid on the solid, we bnd that the separation of the boundary
layer occurs close to a (downstream) stagnation point of the perfect Buid Row (see
bgure).

4.3.6 Example of the Laminar Boundary Layer: Blasius’
Equation

We shall now illustrate the foregoing general theory with a very classical example
which is Blasius 3ow. This is the boundary layer Row generated by a thin horizontal
plate parallel to the Row at inbnity (see Hgd). Far from the plate the pressure is

2.0
Z4

0.0 ! TRt I

X

Fig. 4.4 Left Shape of the boundary layer on a plate in a uniform GB¥ght View of the
functionsF (dotted ling, f (solid ling) andf ° (dashed ling
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uniform. Equationsz(.36) and @.37) thus reduce to

@ - G0,
Q* @x c . @’ @
(4.42)
@ . @
@x C DO

Despite their apparent complexity, these equations admit analytical solutions when
one imposes self-similarity. Indeed, we may set

R
b.x/

and @Q.D V.x/g ;Q (4.43)

@ D Uf b.x/

whereU is the velocity at inPnity. Such a velocity proble is said tsbH-similar,
because for alk, its shape is identical and given lby. Then, we introduce the
similarity variable D @b.x/ and rewrite the equations. The equation of mass
conservation4.42) gives

Vxig®/ DU °/b %/ (4.44)

The primed functions designate the derivatives. This equation shows that if self-
similar solutions exist theN .x/=b°%x/ is a constant. Dimensionally, this constant
is a velocity that can be set td without loss of generality.

Turning to the momentum equation, we bnd

f D  Ubx/bOx/ff °C b.x/V .x/gf ° (4.45)

As before, this equation admits self-similar solutionts.i/b °x/ andb.x/V .x/ are
constants. We therefore set

bx/ D" Ix H bt’D L=2 and b.x/V.x/ D UL=2
b.x/ is the thickness of the boundary layer. The preceding expressions show that
this quantity grows like the square root of the distance to the leading edge of the

plate. We shall return further on to the physical interpretations of this result.
Finally, (4.45 is rewritten as

fOOD g.fO ff 0

whereU andL are dimensionless constants, which represent a velocity and a length
scale respectively. We use them as théoeky scale and length scale, which is
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equivalent to setting) D L D 1. By using .44, which we now writeg® / D
f 0/, we thus deduce a prst form of BlasiusO equation :
00 0 z

D }f z f 9D }fo f.y/ dy (4.46)
2 2 5

—

o

f

Another classicalform of BlasiusO equation may be found by introducing a stream
function likeF D  fd . Equation §.46) yields then

2FPC FF®D 0 (4.47)

This equation is completdaly three boundary conditions:

¥ F20/ D 0, (v D Oon the plate),
¥ FOQIC1 /D 1, (velocity is constant at inbnity)
¥ F.0/ D 0, (v; D Oon the plate).

The functionsf or F need to be determined numericdllgnd are shown in
Fig.4.4.

The solution of BlasiusO equation allows us to show two general phenomena of
boundary layers: The Bow in a boundary layer vanishes exponentially in the outer
region and there is a Bux of matter between the boundary layer and the rest of the
Buid. This is the so-called boundary layer pumping. We can demonstrate this last
point by recapitulating the asymptotic form of for the large values of. In this
casef © exp 2=4/and we get the component of the veloaityby way of the
equation of mass conservatigi D f © which we integrate taking into account
thatlim,; g D 0. Hence,

“We can get an idea of the shape of the funcfioh by considering the asymptotic limits 0
and !1
Near the origin,4.46 and the boundary coitibns impose that.0/ D f %0/ D f %%/ D 0;
hence, a Taylor expansion yields
2
f/ a Z4co.7
48
wherea D f 00/ ' 0:332058(this value is determigd by the boundg condtion f. 1 / D 1).
This expression shows that the proble of the velocity is almost linear just before reaching the
asymptotic value where / ' 1. In this region ( 1), the functionf veribes approximately
f D f °=2whose solution fof %is Gauss function and thus for the error function:

f0/ DAe = H) f./  erf/ 11
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so thatv, is negative far from the boundary; everything happens as if the boundary
layer ObreathesO the exterior Ruid.

4.4 Some Classic Examples

We continue our tour of Bows with incompressible viscous Ruids by a short review
of the very classic examples, which are either very simple solutions of the Navierb
Stokes equation or just very common 3ows.

4.4.1 Poiseuille’s Flow
4.4.1.1 Stationary Regime

One of the simplest cases of steady Rows is that of a viscous Buid in a very long
cylindrical pipe. In this case the velocity has just one component that is parallel to
the pipe axis and which we identify to threaxis. We also assume that the Bow is
axisymmetric. These two symmetries imply that the velocity Peld may be written as
v D v.r; Z'e,. Using mass conservation, we bnd t@t@D 0 so thatv D v.r/ e,.

This velocity beld belongs to the class piine-parallel shear owsit has just

one component, which varies in a direction perpendicular to it. As a consequence,
the velocity gradient is orthogonal to the velocity itself and thus the nonlinear term
.V r /vis zero. The momentum equation reads

rpC vD O

and we bnd Stokes equation again. We note, however, that in this case the Reynolds
number is not necessarily small. If we project this equation atprapde, we bnd
that:

@p @, @ @

@rD 0 and @ ?@r r@r

The pressure is therefore independentroénd if we differentiate the second
equation with respect tp we see that the pressure gradient is necessarily constant.
We call this gradienG, and integrate the equation gfwhich leads to

G
v.r/ D 4—".R2 r2/ (4.48)
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where the constants of integration have been chosen sa@has Pnite and.R/ D
0. Solution @.498) is Poiseuille’s ow.°® The velocity proble is parabolic. We see in
this expression that the Row is in the opposite direction to the pressure gradient. The
Ruid Bows from the high pressures toward the low pressures.

Such a velocity proble may also be found for the laminar Bow of a viscous RBuid
between two inPnite Rat plates staying at a distahtem each other. If a pressure
gradientGy, is set up along, say, the-axis, then

G
w.Z D —Lzd Z

which is also a parabolic proble with a maximum velocitg @ d=2

4.4.1.2 Transients to a Poiseuille’s Flow

We shall now brie3y examine the way the Poiseuille Bow sets up. For this, we
consider two situations. The steady RBow inside a pipe but close to the inlet, and
the transient Bow occurring in an inbPnitely long pipe when a pressure gradient is
abruptly set up.

¥ When a viscous Ruid enters a pipe, the Poiseuille Bow is not immediately
set up, especially if the Reynolds number is large. Indeed, at large Reynolds
numbers, a boundary layer appears. Such a layer is very similar to the one
described by BlasiusO equation. It thickens as the square root of the distance to
the entrance as illustrated in Fi§5. When the thickness of the layer has reached

AN

Boundary layers

Fig. 4.5 Boundary layers at the inlet of a cylindrical pipe

5Sometimes called the HagenDPoiseuille Bdagen studied it in 183and Poisaille in 1840.
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the radius of the pipe, Poiseuille Bow is almost established. Using the results of
Blasius boundary layer, we can estimate the distance from the entrance at which
Poiseuille Bow appears. The thickness of the layer is given by

D p-
eD p:pz
Re

In this expressiorD) is the diameter of the pipe. From therp(ﬁndary layer theory,
we know that the boundary layer thickness scales ke Re, so that using

the result of the Blasius Bow we bnd the above expression (which only gives an
order of magnitude). We thus see that Poiseuille Row appears at a distance from
the entrance which is typically R@times the diameter.

b We now consider the case of an inPnite pipe in which a pressure gradient is

v(z)

suddenly set up. Such a situation occurs when one rapidly opens a tap or a sluice
gate. In this case, the velocity beld evolves according to

1
9, GpCRel——@ @
@ r@r  @r

If we solve this equation numerically, we Pnd a result similar to that o4& In
this bgure we clearly see the boundary layers at early times and their progressive
diffusion towards the interior up until the formation of the parabolic proble.

04 -

0.2 - —

t=0.01
t=0.1

0.0 = J
t=0.001

w(z)

0.05 — t=0.1
-0.2 - -

t=0.01 -0.4 - bl

0.00 I ) t£0.001 !

0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0

z z

Fig. 4.6 Time evolution of the velocity and vorticity during a transient leadingh® Poiseuille

Bow between two plates. The equati% D @’;C g—;’ with @p=@R® 1 has been integrated
numerically, giving the velocity while vorticity is, D @=@



4.4 Some Classic Examples 137

4.4.1.3 Generation of Vorticity

The set-up of Poiseuille Bow in the foregoing examples comes from a single
phenomenon: the diffusion of vorticity from the walls. The case of the time evolution
is very clear: just after the pressure gradient is set upPa0:001, vorticity is zero
everywhere except near the bounding planes. As time passes, it diffuses slowly to
the interior until the steady state is reached. This shitvkey role played by the
no-slip boundary conditions in the generation of vorticity. These conditions prevent
the Bow from remaining irrotational.

In the other example, vorticity also diffuses from the walls, but it is simultane-
ously advected by the main stream. These two effects combine, and give birth to the
square root law that we met in analysing the Blasius layer. Indeed, the diffusion of
a quantity proceeds with the square root of time (see the discussion of the diffusion
equation in the maths complements) :éifb% the distance to the wall at which
the 50L<:ity takes a given value, then/ t. Butt is such thaiz D Vt; thus
§/  z=V.We thus bnd again the square root law of Blasius boundary layer. Itis a
consequence of advection and dgfon acting simultaneously.

4.4.2 Head Loss in a Pipe

When we studied the motion of perfect Buids, we introduced the notion of head
losses which we connected to energy dissipation. We are now in a position to
estimate these losses in some simple cases.

4.4.2.1 Regular Head Losses

We begin with the case of the PoiseuilleOs Row of an incompressible Ruid. We can
easily calculate the head loss between two points separated by a diktaarw
belonging to the same streamline. Sinbe kinetic energy is constant along each
streamline (this is mandatory because of mass conservation and incompressibility),
the loss of mechanical enerdy C % v2 comes from the pressure gradiesy.
Thus, over a distancke, the loss isG,L ; the head thereferdecreases linearly in
the downstream direction. One says that the head lasgigar.

More quantitatively, if the volume RBux in the pipe @ and the volumic
mechanical energy 5,.X/ , X being the coordinate along the streamline, the power
dissipated between the two points is just:

DD .Enx/ EnxCLIQ
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SinceE, D % V?CP and since the velocity does not dependowe bnd thab D
LG, Q. We may verify that this expression also comes out of a direct calculation of
the viscous dissipation, and that does not depend on the velocity proble inside
the pipe, but just on the pressure gradient.

4.4.2.2 Singular Head Losses

Let us now imagine the case of a pipe RBow at the place where the pipeOs cross section
abruptly increases, just as shown in the above bgure. Such a change in the pipe,
provokes the separation dfeamlines from the wall and gives birth to a jet. Further
downstream, this jet reconnects to thdlwéthe pipe. In between, we bnd a region
of Odead waterO where recirculatiortives stand. The Row is quite complicated
there, but an evaluation of the losses and gains of momentum, between the upstream
and downstream sides, allows us to bnd out the head loss due to this singularity of
the cross section. Such kinds of head losses are csiltggilar. Other examples of
singularities are pipe junctions, pipe bends, etc.

To understand the effect of the abrupt change of pipe section, we consider a bxed
control surface (shown with dashed lineghe bgure). The difference between the
in and out momentum Rux is compensated by the pressure differedcanalB.
In B the pressure is uniform in the cross section since streamlines are all parallel
to the pipe boundaries (see S&R.2, however inA this is less obvious. In fact it
is almost uniform there also. The reason is similar as&oin a cross section of
the jet, pressure does not vary because of its almost parallel streamlines; it is equal
to the one just outside it. Thus, provided the pressure is constant in the dead water
region (this is approximate of course), we may assume that the pressure is constant
all over the section in A. Thus we write

Pa Pg/Sg D VZSs V/2Sa
But since the volume Bux is conserv&l,Sa D Vg Sg, and thus we get

Pn PgD Vg.Vg Val (4.49)
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This result is sometimes calldgélanger's TheoremWe show now that some
energy is lost in the crossing of the enlargement; for this we calculate the difference

1 1
D.PACEVAZI .PBCEVBZI:

From the preceding formula we get

1
D5 Va Vel?>0 (4.50)

This difference is thus always positive: there is always a head loss due to the sudden
change of cross section.

We examined here the case of an abrupt enlargement of the cross section; in the
opposite case of a cross section narrowing abruptly, some head loss also exists but
not as large. This is because no jet forms, so that recirculating vortices are much
smaller.

4.4.3 Flows Around Solids

Flows around solids constitute a wide class of Bows with nhumerous applications.
They are sometimes callezkternal owsto underline the differences with pipe
Bows which are thereformternal ows. We shall describe these kinds of Bows
with the vorticity Peld, considering examples with increasingly high Reynolds
numbers.

When the Reynolds number is small compared to unity, vorticity Plls the whole
space, although decreasing liker? as shown by4.19 in the case of the sphere.
When the Reynolds number is large compared to unity, we have seen that it is
conbned inside the boundary layer. However, this conbnement is not complete: the
boundary layer always separate somewhere on the downstream side of the solid and
formsthe wake Thus, far from the solid, the vorticity may be found in the wake
only.

When we discussed StokesO equation in &€ct, we noticed the symmetry
of the solutions between upstream and downstream sides. We observed that the
nonlinear terms break this symmetry. Here, we see that this symmetry breaking
actually occurs through the raise of the wake on the downstream side.

The shape of a wake much depends on the Reynolds number. h'Eige see
that the wake consists of two recirculating vortices. Whern8RB0, these vortices
separate from the solid and fornvartex strealalso called von Ktrmin streak (see
Fig.4.8). Finally, if Re & 100Q the wake becomes turbulent (e.g. Fid).
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Fig. 4.7 A glimpse at unsteady recirculating vortices behind a cylinder at B80 (photo of the
author)

Fig. 4.8 Vortex street in the wake of Juan Fernandez islands imprinted in the clouds (Landsat 7
image, NASA)

Fig. 4.9 Turbulent wake behind a cylinder at Re=2000 (ONERA photograph in WerlZ and Gallon
1972.
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The computation of such RBows is solely possible with a direct numerical
resolution of the NavierbStokes equation (together with mass conservation) and only
when the Reynolds number is not too large (presently less than a few thousands).
Such Bows are extremely complex.

4.5 Forces Exerted on a Solid

When the Rows are known, the stresses they exert on the boundaries can be
computed. We therefore continue our investigations on viscous RBuids by a look at
forces that they may apply on solid bodies.

4.5.1 General Expression of the Total Force

The total force exerted on a solid by a viscous RBuid Rowing around it is the sum of
all the stresses applied to its surface, namely
z

FD -dS
S/

where the surface elememSis directed outside the solid.
To illustrate this formula we take the simple example of Poiseuille Bow for which
we have an explicit expressionefin this case, the expression-ef is

o%l
r
- D@o p oA

@r

nowdS D 2 Rdz since the surface must be oriented towards the Ruid which
exerts the stress. The resultant force is therefore

Z p
FD 0 dsSD 2 RL@ e

@ @r pr
@

R

whereL is the length of the tube arfd its radius. But %r o D GpR=2 so that

the Buid entrains the tube with a foreeD R 2GpLeZ in the same direction as

the Row. We observe that viscosity has disappeared from the expression of the force
which means that this force can be obtained without knowing the details of the Row,
simply by an integral balance (see exercises).
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4.5.2 Coef cient of Drag and Lift

The expression of the force exerted on a solid is rarely accessible by direct
calculation, in particular when the Reynolds number is large compared to unity.
It is then necessary to resort to numerical calculation and/or to modelling (if
there is turbulence). However, even if we totally ignore the form of the Row it is
always possible to connect this force, may be just dimensionally, to the fundamental
quantities of the RBow. This is why onetinduces non-dimensional coefpbcients
which concentrate our ignorance about the 3ow.

When the Reynolds number is large, the pressure beld due to the inertia of the
Ruid is the main source of stresses exerted on a solid moving in a Buid. When we
studied the motion of perfect Buids, wensthat pressure at an upstream stagnation
point Was% V2 (also called dynamic pressure ); multiplying this pressure by a
surface typical of the solid, we get an order of magnitude for the force. This may be
expressed in the following way:

1 2 SXCX
FDSV?SC
82CZ

where is the density of the Buid/ the velocity of the solid, an8y; Sy andS; are
the surfaces projected on planesgEndicular to each axis (see Figl0.

If the solid moves alon@x, Cy is calleddrag coef cient C, lift coef cient, while
Cy, rarely utilized, could be callecoef cient of lateral lift

These coefbcients depend on the shape of the body and on the Reynolds number:
a well-shaped body has a smalfgy than an ill-shaped one. When the Reynolds
number is very large 10P), these coefbcients are almost constant.

The dependence on the shape of a body is most easily shown with the case
of a wing. In this example, the coefbcients much depend on the incidence of the
wing: for small values the lift increases with the sine of this angle. But if thiseang
exceeds some critical value, the liftagrs abruptly: the boundary layer separates
from the wing near the leading edge. Streamlines are no longer curved and the
resulting pressure drop, which is responsitfi¢he lift, disappears. In addition, the
drag strongly raises: this is known #& wing stall.This situation is illustrated in
Fig.4.11

4.5.3 Example: Stokes’ Force

To conclude this section, we examine the case of the sphere in uniform motion in a
viscous RBuid when the Reynolds humber is very small. The solution that we obtained
in Sect4.2.3allows us to calculate the expression of the resultant force. This force



4.5 Forces Exerted on a Solid 143
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Fig. 4.10 Schematic views of the various projections of a solid on a plane

Fig. 4.11 Flow around an inclined plate at stalt( ONERA photograph, WerlZ 1974)
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expresses as
z Z

FD - edSD . ,cos , sin/R?%sindd g
.S/ 4

where we have used the symmetry of the Row arddadrhe boundary conditions
on the sphere allow us to write:

r-RID p.R/ and r .RI'D Q

@r (pr

By using the solution4.18 and after evaluation of the integrals we get
F;D6 RU (4.51)

which is the expression &tokes’ forceThis formula may be used in various ways,
but an interesting one is the measurement of the dynamic viscosity of Newtonian
Buids. Indeed, if we let a ball falling in a viscous Buid, provided its radius is small
enough, its velocity quickly reaches a constant valitgs value results from the
balance between the weight (minus the buoyancy force) and the viscous friction
(Stokes force). The result is that dynamic viscosity is given by

D.m m/g=.6RV/

whereV is the velocity of the falling ballm is its mass andn; the mass of the
displaced Ruidg is the local gravity. Since StokesO formula is valid only at very
low Reynolds number, it is necessary tceck that this condition is veribed once
the viscosity is determined. For instance, a small glass ball, weighing 0.02 g, left
in glycerin, falls with a constant speed of 1 cm/s. This corresponds to a Reynolds
number 0.04. However, if the same experiment is made with water, we would
expect, from Stokes formula, a Pnal velocity of 10m/s and a Reynolds number of
20,000, which is certainly not consistent with the use of Stokes equation.

From Stokes formula, we may also compute the drag coefbcient of a sphere at
low Reynolds numbers. We bnd

6 RU 24
D ELE D Re
using a Reynolds number based on the diameter of the sphere.

Thus, theCy coefbcient decreases like the inverse of the Reynolds number. At
inbnite Reynolds number it is zero which is reminiscent of dOAlembertOs paradox,
but in this limit, again, StokesO formula is not valid!

The variations of the sphere@swith Reynolds number has been well studied
experimentally. Figurd.12reproduces the curve derived from experiments like in
Fig. 4.13 We see the decrease in 1/Re for the small numbers, then a plateau and
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Fig. 4.12 Variation of theC, coefpbcient of a sphere with the Reynolds numisetid line). The
dashed lineshows the lawCy D 24=Re valid at small Reynolds numbers

Fig. 4.13 View of the turbulent wake of a sphere at Re=15,000 ONERA photograph,
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an abrupt jump which correspond to the transition of the boundary layers towards
turbulence. It is usually admitted that beyond this valyeemains constant.

4.6 Exercises

1. Find the expression of the force exerted by a Poiseuille Bow in a cylindrical pipe
using an integral balance. is the length of the pipeR its radius ands, the
applied constant pressure gradient.

2. Lubrication layer:show that if the solid inclination is very small, i.e. that D
h,.1 C "/, then

h
Fdrag' 3_?Flift
Compute the force needed to push a solid @fkg at constant speed on an oil
PIm 1 mm thick if the length of the coatt surface is 1 m (the contact surfaces
are assumed to be perfect planes).
3. Flow of a viscous uid on a slope

z

The Ruid layer, as shown in the abowvgupe, meets free-slip boundary conditions

on the top plane and no-slip ones on the bottom plane. The planes make an angle
with the horizontal. The Ruid is incompressible and of kinematic viscosity

The RBow is steady.

(a) Determine the velocity proble assuming th& V.z/'e;.
(b) Find the volume RBux through a cross section S.

4. The Taylor—-Couette ow or cylindrical Couette ow
We consider a viscous 3uid contained between two rotating cylinders oRadii
andRy, respectively. Their angular velocity is; and  ».
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(8) We look for a solution liker D v.s/e . What are the symmetries of this
solution? Show that.s/ is the solution of a linear equation. Solve it and
give the solution verifying the boundary conditions.

(b) What is the torque exerted by the interior cylinder on the outer one.

(c) How can we measure the viscosity of a Buid with such a device?

5. Falkner—Skan equatiotWe take the Prandtl equations of the laminar boundary
layer @4.37), but we look for solutions more general than the Blasius ones. We
set®yx D Ux/f./ and@; D V.x/g./ , where is still the self-similarity
variable andJ.x/ thex-component of the velocity at inPnity.

(a) Give the expression @p=@»as a function ofJ.x/ .
(b) Show that the existence of such solutions implies that; V.x/ andb.x/
verify:

2Ubb’D cy; Ub?D ¢, and VbD c3

wherec;; C;; c3 are constants.

(c) Derive the general form df.x/ andb.x/.

(d) Shovythat if one chooseg=2C c, D 1 (why is that always possible?), then
F D fd veribes FalknerbSkan equation:

2
F 0% FF00 Wml": ® 1/po (4.52)

wherem is a constant to be related ¢g; c;; C3.
(e) For which value o is the boundary layer thickness constant? How can we
Pnd the Blasius equation again?

Further Reading

The matter of this chapter belongs to the very base of Fluid Mechanics and therefore
may be found in all the books aimed at introducing Fluid Mechanics; for instance,
Batchelor (967, Faber {999, Guyon et al. 2001), Landau and Lifchitz1971b
1989, Paterson1983, Ryhming (1985, 199].
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Chapter 5
Waves in Fluids

5.1 Ideas on Disturbances

Disturbances play an important role in Physics and notably in Fluid Mechanics.
Indeed all RBows in Nature are constantly subjected to perturbations of various
origin: thermal noise, variations of bournrgiaconditions, etc. If the Bow is stable,
these disturbances are always dampsterwise, some of them grow, up to the
disappearance of the initial Bow replaced by, perhaps, more stable one. The study of
the stability of a Row therefore begins with the study of perturbations. However,
before addressing the case of Bow stability in the next chapter, we shall brst
concentrate on the simplest masifation of disturbances, namehe wavesTheir
existence is indeed the brst evidence that an equilibrium (or a steady state) has been
slightly perturbed.

5.1.1 Equation of a Disturbance

Let us begin with the simple case of a disturbance affecting the steady/ [&fan
incompressible RBuid. The Ruid is in a domd@ndelimited by a solid wall@Don
whichVV D 0. The motion is generated by a fort.eThe equations of the original
steady Bow are simply

8

VrivD rPC VCf
<
r vDO (5.1)

VDO on @D
© Springer International Publishing Switzerland 2015 149
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Given that.8P; 8v/ is a disturbance of this Row, the total beRl C SP;V C Sv/
must also be a solution to the equations of motion

8

MM C.VCE&/ r.VCs/ D rPCSP/C . VC¥ICH

<
r WCSvW/ DO

: VCs DO on @D
(5.2)

We develop these terms and subtractl), which leads to the following equations
for the disturbances:

8
% ‘-fI(ET ‘-fhET
—CV rsvCs rVCsv rs8v D rsPC S v
< @t
(5.3)
r SvDO

" & DO on @D

Terms | and Il show that the disturbances do not obey the same equations as the
original Bow. Their evolution is indeed a function of the Bow on which they appear
and this dependence is the result of the nonlinearities of the original equations.

5.1.2 Analysis of an In nitesimal Disturbance

The study of disturbances is done in successive steps. The brst of these consists
in analyzing the case of disturbances whose amplitude is inbPnitesimal: indeed, for
these disturbances the eqoas are linear and therefore easy to resolve (in theory!).
Two situations can thus occur: either we aeeking the evolution of disturbances

in a homogeneous region of the Row (whose properties are independent of the local
coordinates) and we make an analysis using plane waves, alsoloaliédnalysis

or we are facing important spatial variations and we must dlobal analysiqthis

is the case if the boundary conditions play a role).

5.1.2.1 Local Analysis

Local analysis is the easiest one becahseform of the disturbances is known in
advance. Let us consider the systés8); by linearizing it, we have
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8 @s
60\/ rsvCs rV D rSPC S v
<
r svDO (5.4)
"& DO on @D
for which we seek a solution of the plane wave type, namely
SvD 8vo et k" and &P D 3P, €'t CkI/ (5.5)

wherek is the wave vector. Observing that the operatorand@@tare transformed
in the following manner:

r! ik and — il

we immediately get the system

8

<il Ck V/§VOC.§V0 r/vD époik k2V0

. (5.6)
"k §V0 DO

The solution §.5) and the relationZ.6) that follows are valid only it/ andr V are

almost constant. This is obviously not the case in general: but if we limit ourselves to

a small area of the Bow, then these quantities are almost constants and the derivation
that we did does make sense. This is the reason for which it is called local analysis.
It is valid only if the wavelength of the disturbance is very small compared to the
scale of the variations of orr V; in other words

KVk  kr VK

— 5.7
kr VK’ kr 2Vk ®.7)

Let us continue our analysis and give a matrix form to relat®f)( namely

2 30
Dyx Dxy Dy, ikx SVO'X

Dyx Dyy Dy, iky Z %sv0y§
. DO 5.8
sz Dzy Dzz |kz SVo:z ( )
ke ky k; O 8Po

This system has a non-zero solution if the determinant of the matrix is vanishing.

Since each componeDbt; of this matrix is a function ok and! , we bnally get the
dispersion relatiorof the waves:

detD D D.I; k/ D O (5.9)
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We note that the dispersion relation is an implicit relation betweandk. We shall
see in the next chapter that this form of the relation has important consequences as
far as stability is concerned.

5.1.2.2 Global Analysis

When one cannot neglect the boundary dbods or the heterogeneities of the
disturbed system, one cannot impose the plane wave form to the disturbances. Their
partial differential equation$(4) need to be solved directly.

If the solutionV, which we analyse, is stationary, we can look for disturbances
in the form

dv.r;t/ Dv .rlet (5.10)

Such a solution is called aeigenmodeof the system. It is associated with the
eigenvalue , which is a complex number in general. The search for the eigenmodes
of a system is also calletodal analysis

If we note that the systenb(4) may be written

LSv/D Sv in D

svDO on @D (5.11)
the search of the eigenmodes is equivalent to bnding the eigenfunctions of the
operatorL verifying the boundary conditions. Suttaneously, we determine the
associated eigenvalues which give fhaint spectrum (the set of eigenvalues) of
the operatot_. If the operator is compaktthen the spectrum is discrete and each
eigenvalue can be identibed by a triplet of quantum numbgars n/ .

The resolution of such a problem is difbcult in general and must be carried out
numerically. In the examples that weadhconsider, we shall combine the local
analysis and the global analysis so as to reduce the partial differential equation to
ordinary differential equations. This is possible when the system owns symmetries.

5.1.3 Disturbances with Finite Amplitude

When the amplitude of the disturbances cannot be neglected, the problem becomes
very complicated because tife nonlinearities of the equations. Several strategies
are then possible.

1To say it in a simple way, compact (linear) operators are like matrices of bnite dimension although
the space on which they act is a space of functions and therefore of inPnite dimension.
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¥ The amplitudes are Pnite but small: we can develop the solution into powers of
the amplitude.

¥ Several, very different, scales intervene in the problem and we are able to make
a multi-scale expansion of the solution.

An example of each of these strategies will be given in Chasing the case of
thermal convection.

5.1.4 Waves and Instabilities

In the following we analyse the simple cadelsturbances that ameither amplibed

nor damped (or very little). They are waves which freely propagate in the Buid.
When an amplibcation appears, ones speaks rather of an instability, the study of
which is postponed to the following chapter.

5.2 Sound

5.2.1 Equation of Propagation

Sound waves are the simplest and the most frequent of the disturbances which
propagate in a Buid. In order to study them, we assume that the undisturbed Ruid is at
rest, i.eV D 0. With regard to §.3), we must take into account the compressibility
of the RBuid: sound does not exist in an incompressible environment!
We make the following expansion:
8 <
PDPyCSP

STDT,CST

. D oCS8

"vDOC3v

(5.12)

We assume moreover that the Ruid fperfectand initially at constant pressure,
density and temperature. By neglecting all the nonlinear terms we get
§ “
g C or SvDO (5.13)
@t

from the equation of continuity,

o%’t D r&p (5.14)
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from the equation of momentum and
éSD
@t ( )

from the equation of entropy. This last equation can be used immediately. Indeed,
this equation implieSsD f.x;y; Z; butatt D O (or before the disturbance starts)
8sD 0, and therefore the disturbance stays isentropic. We can thus write a relation
between the Ructuations ofand P:

&P D %P S (5.16)

S
where the partial derivative of the pressure is taken at constant entropy. Now, if we

take the time derivative o5(13 and combine it with%.14) and 6.16), we get the
following wave equation:

1 @3 . @P
3 —~——DO0 with D — 5.17
2 ot S &40
Cs is naturally identiPed with the speed of propagation of the disturbance. We easily
verify by exercise tha8P andSv obey the same wave equation.
If the gas is ideal, the speed of sound can be expressed as

cZD Po DR To (5.18)
0

where andR are debnedin Sed.7.1This equation shows that, for an ideal gas,
¢s depends only on temperature. Let us calculate an order of magnitude of the speed
of sound in the air at 300 K. ForD 1:4,R D 8:314=0:029/kg andTy D 300K,
we bPndcs D 347 m/s. We observe that sound propagates faster in hot gases and
with small molecular mass. In hydrogen at 300N, D 0:002kg/mole, the sound
speed ixs D 1321m/s thus almost four times faster than in the air.

The sound speed is of the same order of magnitude as tifevettity of the
molecules of the gas. Pressure is indeed due to collisions between molecules and
pressure disturbances cannot go much faster than the molecules themselves!

5.2.2 The Dispersion Relation

In the medium that we have chosen the sound waves have a very simple dispersion
relation; assuming

8P;8;8v/ ] expilt ik r/

2For Oroot mean squareO; this is the typical dispersion of molecldeiigs in a gas.
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we easily obtairthe dispersion relation
I 2D c2k? (5.19)

which shows that the waves are not dispersives since the phase vétdcitys
independent ok.

Let us now consider the orientation of the velocity beld associated with the wave,
and the wavevectde. We take backg.14) which we transform into

0!8 v D ikEP (5.20)

This last relation shows that the velocity vector is parallel to the wave vector. One
says that the wave Isngitudinal

5.2.3 Examples of Acoustic Modes in Wind Instruments

The study of sound waves naturally leads to the vast domain of acoustics. We shall
just outline the subject by examining the acoustic oscillations associated with wind
instruments.

5.2.3.1 The Flute

The Rute is one of the oldest instruments and its principle is one of the simplest.
It is based on the oscillation of an air column in a cylindrical pipe. In order to
study this oscillation, we neglect the viscosity of the air and assume its motion to be
one-dimensional. Taking the axis of the tube paralleDto with the origin at one
extremity and the other at D L, we write that the velocity, the pressure, etc. are
the superimposition of two plane wave®pagating in opposite directions, namely

Vy D Aei.!t kx/ C Bei.!t Ckx/

§p D Aoei.!t kx/ C B()ei.!t Ckx/
At the extremities of the tube, the pressure is bxed (it is the atmospheric @gssur
so that the pressure disturbance vanishes tha@ieese two boundary conditions

allow us to write

$pDO0 at xDO H) A°D B°
DO at xDL H) A% k- cB%* D 0

3This is an idealization of course. In reality the Ructuations of pressureidexactly vanish, but
their amplitude is very small compared to the one inside the tube.
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from which comes the relation

SNkLDO 7 kD ”T; n2N (5.21)

(5.21) gives the wavelength of the acoustic modes of a Buid in a cylindrical cavity
open at both ends, namely

o2
n

The reader has certainly observed thatjwst determined an eigenmode of the
air column since we took the boundary cdérhs into account. This example shows
the utility of the local analysis, which, in some cases, is easily extended to the global
one.

The frequencyF of these modes is immediately obtained from the dispersion
relation! D kcswith! D 2 F . We have therefore

NG

F, D
"L

(5.22)

Let us apply this result to a Rute in which the lowest nate{ 1) is the C at
261.6 Hz. Its length should be (& D 347 m/s) LD 66:3cm, to be compared

to the length of a modern transverse RuteCinvhich is 67 cm. We also note that

the next harmonia D 2, vibrates at a frequency exactly two times higher than the
fundamentah D 1. Hence, if the player is able to excite the second harmonic, a new
set of notes with a frequency twice higher, i.e. at the next octave of the fundamental,
is available.

5.2.3.2 The Clarinet

The clarinet is another interesting insment because it uses different boundary
conditions: one of the extremities is closed and we must set the velocity to zero
there? We have

$pDO0 at xDO H A°D B°
syDO at xDL H Ae ®cBd' DO

Now, additional relations betweeh, A% B andBare necessary. These relations
are given by %.20), thus

A’D ocA and B°D ocB

4This doesnOt imply thg D 0 becauseq.20 doesnOt apply to a superimposition of plane waves.
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which implies thatA D B. Moreover,

; 2nC 1/
coskLD 0 7 kD ”T; n2N (5.23)

The frequencies of the different harmonics are thus

G . 3. ... 2nC lles
I, FlD_ PR FnD 4|_ ot

Fo D ,
0 aL

Let us apply this result to a real instrument like the B-Rat clarinet. The fundamental

isthe D at 146.8 Hz. The calculation of its theoretical length is 59 cm to be compared

to the real length of 60 cm. Contrary to the Bute, the brst harmariic 1) is not the

next octave, but a frequency that is three times the fundamentahdhedj, namely

theA at 440 Hz (for the player this is an octave plus a bfth or a perfect twelfth).
Because of this dispersion relation of tmdes, this instrument is necessarily

more complex to make. Other examples, like the oboe and the bassoon are studied

in the exercises.

5.3 Surface Waves

A second category of very common waves in our environment is that of surface
gravity waves, namely all the waves which agitate the surface of water planes.
Contrary to sound waves, these waves are very dispersive, i.e. their phase and group
velocity strongly depends on the wavelength. We would have a hard time making
music if sound waves behaved that way!

5.3.1 Surface Gravity Waves

In order to understand the way in which these waves propagate, we must return to the
boundary conditions ruling a free surface. We have seen in Gh&=ct.1.8.1.9
that the surface obeys the kinematic condition

@S
@cV rspo (5.24)

whereS D Cst is the equation of the given surface. To this condition we add
the dynamic one, which imposes the continuity of the stress when we cross the
surface. As we neglect viscosity, this last condition amounts to the continuity of the
pressure. We shall also neglect the effects of surface tension which will be examined
separately.
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In order to treat this problem we make several simplifying hypotheses: we brst
assume that the Ruid is incompressible and that its motion is vorticity free. This
latter assumption means that the Bow is driven by forces derived from a potential.
To be more precise, we consider the case of an interface between air and water and
simultaneously treat the motion of the two Buids. The equations which govern these
motions are .22 and @.23:

8
5.25)
@w 1, Py (
. —C v C —C D Cst
@i C 3wC — CgzDCs
8
< DO
5.26
o. (5.26)

1 P
C Evgc —2C gzD Cst

a

@t

where the indicea andw refer to air and water respectively. We Prst look for one-
dimensional solutions that propagate in shdirection:

D . zex it (5.27)
LaplaceOs equation then implies

C

& k2 DO H) D Ad?C Be ¥ (5.28)

5.3.1.1 In Deep Water

We assume, as a brst step, that the air occupies the upper halfzsp&oghile the
water occupies the lower half-spaze 0. In this case

aDAe ¥ and w D Aye? (5.29)

Let us now consider the boundary conditions. The surface veribes an equation of
the form

Sr;t/Dz z.x;t/ DO
from which we derive that S D e, %‘axex.

If we now assume that the amplitudes of motions are small, we bnd ft@8) (
that

@s
v, D — at zDO 5.30
0 o (5.30)
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neglecting second order terms. Finally, on the surface the velocity potential veribes

@ 5% 4 ipo (5.31)

@ ot

as given by %.24) for small amplitude motions. We apply this relation to the air and
the water and thus

K w0/D ilzD Kk 40/ (5.32)

which shows incidentally thad, D A,. We now use the linearized equation of
dynamics and the second boundary condifjcontinuity of pressure). A D Owe
have

i! w wC ngsC§PwD0

il 4 aC agzC &, D0 (5.33)

by subtracting these two equations and by ustk@2) together with the fact that
8P, D &P,, we get the sought-after dispersion relation:

12D Wc 2ok (5.34)

w a

If we neglect the inBuence of the air we simply have:

' p" gk (5.35)

We easily derive from this expression the phase and group velocities, namely

| r

v D—-D a

w @' 1
k WC a

D @kD Ev-

%; Vg (5.36)

These two relations show that the waves are dispersive: the waves with long
wavelength are the fastest.

5.3.1.2 In Shallow Water
If the depth of the water is not inbnite (and especially if it is smaller than the
wavelength of the waves), the dispersion relation is much simplibed.

Taking the bottom into account, which we assume to be Rat and located in

H , we have to modify the solutiorb (28 so that the boundary condition:

v.DO at zD H
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is veribed. We easily bnd that it implies that
w.Z D 2A,e ' cosh-kzC H/ D Al cosh-kzC H/
Using this relation at the surface, it turns out that
A%k sinhkH/ D i! zzD kA, (5.37)

which replaces¥.32. The equation of pressure allows us, after minor calculations,
to bnd the new dispersion relation

. / tanhkH/
12p - =2 5.38
.C atanhkH/ O (5:38)
If we neglect the density of the air, it simplibPes into
! 2D gktanhkH/ (5.39)

We Pnd again the foregoing relatio®, 85, when H because thekH 1
and tantkH/ 1. On the other hand, if we take the opposite case whereH ,
that is in the case a& shallow layey then tantkH/ kH and the dispersion
relation 6.39 becomes

1 2D gHI® (5.40)
The phase velocity is
v D P g_H

identical to the group velocitthe waves are no longer dispersive.
Some example of the use of these results may be found in the list of exercises.

5.3.2 Capillary Waves

When discussing the case of surface gravity waves, we voluntarily ignored the role
of surface tension. We may wonder whether this simplibcation was justibed or not.
In order to evaluate the effects of this new phenomenon, we just need to modify the
dynamic boundary conditions. Indeed, now

1 1
IDwater D Pair C R_l C R_Z
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As before we linearize these equations and simplify the problem to two dimensions,
thusR, D 1 . With the linear approximation we have

1 @z
R° @

(seel2.12in the complements of Mathematics). This equation allows us to write

@z
Pwater D Pair @ (5.41)
The relations%.33 are thus transformed into
i ww aaC.w agzC k?zDO (5.42)
from which we derive the following dispersion relation:
12D X 2gkC k* (5.43)
. WC a WC a .
which is also written under the form
| 2D gkC —k® (5.44)

when we neglect the density of the air. In this last relation, we have of course
assumed the depth of the liquid to be inPnite (the case of Pnite depth is proposed
as an exercise). It shows that the effects of surface tension are expected at short
wavelengths. They dominate if

K>gk 2 < (D2 —

For water, we bnd that; D 1:7 cm. We may observe that when the surface
tension dominates, the waves are also dispersive.

5.4 Internal Gravity Waves

Gravity waves or internal gravity waves (in order to distinguish them from surface
gravity waves) are present in all the Buids that are stably stratibed by gravitation
(see Chap sect.2.2.3for a presentation of a stratiPed RBuid). This type of situation
is encountered frequently in our environment. For example, in a lake where the cold
water is found at the bottom and the warm &ratighter, close to the surface. Such a
situation is stable. All disturbances of this equilibrium give birth to waves which are
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the internal waves of gravity. For such waves the restoring force is the buoyancy
force which has a privileged (vertical) direction. Hence, these waves propagate
anisotropically.

In order to get more familiar with these waves, we consider the following
idealized situation: a quasi-incompressible Ruid (such as water) is in equilibrium
under the effect of gravitation. Its temperature is supposed to increase in a linear
manner withz (see Cham®, sect2.2.3. We suppose moreover that the variations
of density associated with the variations of temperature are negligible except those
generating the buoyancy force (thistie Boussinesq approximatitmat we shall
thoroughly describe in Chap).

Neglecting the effects of diffusion (viscosity and thermal conduction) and the
nonlinear terms, the equations of disturbances are now

8
@% 1 . S
="p = c >
ot r sp g
<
@ST _ | (5.45)
—C ToDO
ot Sv r Ty
“r & DO

To is the temperature of the equilibrium conbguration that we assume to vary
linearly with z. We set

ToD TeoC 2z with >0

If the Buid is a liquid (se&.60),

where is the dilation coefbcient of the Ruid.
We are looking for a solution in the form of plane waves, thus setting

& D foexpilt k rf
we transform$.45) into
8
<i!lSvogDikp= C SToge,
18T oC Svy, DO (5.46)
Tk éVo DO
Taking the dot product of the brst equation wittwe bnd thaipk2D 3T ogk,.

We combine this equation withs v, D ik,p= C 8T g andi!8T ¢C S vy, D O,
in order to Pnally obtain the following dispersion relation:
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k2 C k2
2 2 X y
12D N*2os

(5.47)

where we have sell D P g . N is a frequency, calledhe Brunt-Vaisala
frequency. Its interpretation is simple: it is the frequency of the oscillations of a
Buid element when it is slightly moved from its position of equilibrium. Ofters it i
written in an equivalent manner as

2 gd
N“D i
We note that if the density gradient is of the opposite sign (density increases with
height), this frequency is inggnary. This situation corresponds to an instability (the
Rayleigh-Taylor instabilityNSect6.3.2.% or thermal convectionNChagy).

The dispersion relatiorb(47) shows that the waves are anisotropic. Ifs the
angle between the wavevectoande,, then 6.47) reads

I 2D N?sir?

This relation clearly shows that the frequency of the wave depends on the direction
of propagation and never exceelds In particular, such waves do not propagate
vertically. We can calculate the group velocity

k2=k3
vgDry! DN 0 D N.k?s ksk/=k*D N
koks=Kk®

k .e kf

o (5.48)

where we used cylindrical coordinates; (s the radial unit vector). From this
relation, it turns out thavy k D 0: Energy propagates perpendicularly to the
phase Such a property, stemming from the anisotropy of the background, is also
shared by inertial waves (see Chap.

We note that these waves are transversal, natneBv D 0. This property is
the consequence of mass conservationv D 0 and is shared by all the waves
propagating in an incompressible Ruid.

5.5 Waves Associated with Discontinuities

Until now we neglected the nonlinear terms in the equations of disturbances. We just
considered waves of inbPnitesimal amplitude. However, is this approximation always
relevant? To answer this question we need to estimate the relative importance of
nonlinear terms to linear ones. Linear and nonlinear terms are not unique, forcing
us to be more specibc. We shall therefore take the pressure tedR as typical
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of the linear part and the inertial one5 v r /Sv, typical of nonlinear ones. Hence,
nonlinear effects are important when

r sSP Sv r/sv

If the characteristic scale of motionlis(namely the wavelength), then the foregoing
criterion becomes

3P 3P

saying that the kinetic energy of the Ructuations is of the order of the pressure
disturbances. If we consider sound waves, fr&m2(Q) it turns out that

1§ vD kSP H) v §v 8P;
wherev is the phase velocity. The criterion is now
v v (5.49)

Nonlinear effects are therefore importaviten the velocity of the RBuid, associated
with the passing wave, is of the same order as the wave velocity. In fact,
writing (5.49, we introduced a dimensionless number

Vv
MD — (5.50)
Vv

which is just aMach number The most famous of these numbers is the ratio of the
Buid velocity and the speed of sound. This is the number which is referred to when
one speaks about the Mach number without any precision. The foregoing discussion
shows that it may be debned for any type of waves.

5.5.1 Propagation of a Disturbance as a Function of the Mach
Number

The difference between a Bow with M 1 and a Bow with M> 1 is not just
quantitative: it is also qualitative. The propagation of perturbations is vefigrdift
in these two cases.

Let us consider a source of low amplitude waves (sound waves or gravity waves
for instance) moving at a speddwhile emitting waves that propagate with a phase
velocity ¢ in the Buid. Using a reference frame attached to the source, the space
blled by the RBuid appears very differently when the Mach number is changed. If this
number is smaller than unity, waves can reach any pointin this space; in the opposite
case they are conbned to tach congsee Fig5.1). The transition MD 1 debnes
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_~—Mach cone

ct

Fig. 5.1 The Mach cone formed by a source of periodic perturbations moving with a supersonic
speed

the raise of a partition of space. Now, if we consider the example of a plane Rying
at a supersonic speed, air disturbances are of bnite amplitude and usually produce a
discontinuity.

These discontinuities are the cogeence of the nonlinear evolution of the
waves. In the case of a supersonic Right, the discontinuity is just the supersonic
ObangO, and in other words the shock wave. We shall see below that shock waves
are part of a more general phenomenon which gathers all the waves resultmg fro
a discontinuity. The other common example is the one of crunching water waves.

5.5.2 Equations for a Finite-Amplitude Sound Wave

The brst step needed to study shock waves, is to write down the equations governing
the evolution of a Pnite-amplitude sound wave. To simplify the matter, weaiest
our discussion to the one-dimensional case. Although much simplibed, this model
represents fairly well the formation and propagation of a shock wave in a shock tube
as we shall see below.

The equations of momentum and mass conservation are :

8
@ . @u
<@tC@DO

@ @ 1@p
e " " @x

(5.51)
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H] addition, we assume that the gas is isentropic sopghat . The sound speed
P= is a convenient variable. If we note that

d—D—2 @ and @D—Z %
lc p lc

then, 6.51) may be written as

8
@ @ 2c @
< @tc u@x 1 C C@XD 0

(5.52)
@ @ 2c @c
— Cu— ucC DO
et "@x " 1@x
which may be mixed to yield:
8
@ @
C.uCc/— rDO
< @t @x
(5.53)
@ @
—C.u sDO
@ @
where we introduced
8
u c
D-C —
Y3 1
(5.54)
u c
D -
23 1

called theRiemann invariants.

5.5.3 The Equations of Characteristics

Equation 6.53 are nonlinear and may be difpcult to solve. Fortunately, these
are a little simpler and often calleguasi-linear equationsThey can be solved
qualitatively at least. For this purpose, we use the theory of characteristics. The
reader who may not be familiar with this approach of partial differential equations,
may have a look to Sect2.6.2prst.

The brst result of characteristics theory to be used is the followimgaiids are
solutions of 6.53), thenr is constant along the characteristic curves of equation

dx
g puce (5.55)
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Fig. 5.2 Schematic view of a Compressed Fluid
shock tube fluid at rest
= ]
u= U\ u=0
L C1 Co
Piston Shock wave

while s is constant on the other characteristic curves

dx
—D 5.56
Py ¢ (5.56)

If the (5.53 were linear, the characteristic mes could be determined directly
from (5.55 and 6.56); the initial conditions completg specify the solution. Here,

u andc are unknown; nevertheless, we shall see that one can determine the shape of
characteristics and understand the evolution of the solutions.

5.5.4 Example: The Compression Wave

We consider the following system: a piston inside a tube (of inPnite length) starts
att D 0 and reach a constant velocity after a titgeThe set-up is schematically
drawn in Fig5.2

Initially, the Buid is atrestu D 0andc D cyonthet D Oline (see Fig5.3). The
characteristics o have a slop%t( D 1= on thex-axis (thet D 0 line), which
they cut (see Fidh.3). Buts.x;0/ D  cop=. 1/ is constant on the axis &tD 0
and thereforét is constant everywhere in a region of thet/ plane bounded by
the piston trajectoryUsing the debnition of on the piston where the gas velocity
isU, we bnd that

1
cDcC TU >Co (5.57)

Since the gas is isentropic and ideal - =2, density increases when one gets
closer to the piston.
In the same region we can writegtlother Riemann invariant as

2
rDsC —Cl (5.58)
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Fig. 5.3 Characteristic lines t Piston

in the x; t/ plane. Thesolid trajectory Shock wave

linesshowr -characteristics

and thedotted linesshow the \

s-ones
— . -
Characteristic lines

wheresg D cp=. 1/. Thus, we bnd thatharacteristics associated withare

straight lines Indeed, on its characteristic,is constant and thereforeis constant
from (5.58. Thus,u is also constant from the debnitionf(5.54). Hence, along
anr -characteristicy C c is constant showing that these curves are straight lines.
Let us now consider characteristics emitted by the piston. They are straight lines

verifying:
dt 1
-D —
I 6C U

The slope of these lines decreases with time slihdacreases. Consequently, the
straight lines will cross somewhere. The functiois then no longer single valued
and a discontinuity appears: the shock forms.

We may estimate the time by which the shock has formed. It is given by the
point where the characteristic emittedtad O (with a slopel=g) crosses the one
when the piston reaches its agytotic velocity after a time,. The slope is then
1=.ccC . C 1/U=2/. We bnd that in this case the shock forms after a tinseich
that

20,
te ————

c 1wy
Qualitatively, the formation of the discontinuity may be understood in the following
manner: The acceleration of the pistorri@ases the density in its vicinity. Sound
waves move more rapidly in this denser region. A shock appears when the sound
waves emitted in the compressed region overtake the ones emitt&d @tleading
to a steepening of the wave front (see Big).

We would infer from the last formula that a shock forms whatever the conditions.
This not the case of course. Indeed, our discussion neglects the dissipative effect as
well as the pbnite length of the tube. If we still assume the inPnite length of the
tube, we may say that the shock will appear onlitifs short enough, shorter that
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Fig. 5.4 Schematic evolution of density during the formation of a shock: note the steepening of
the wave front. Similar shapes may be found for the pressure and temperature

ty d?= where isthe kinematic viscosity of the Buid. Inequality< t 4 implies
that

U,
ta d2

showing that the piston acceleration must be large enough. Let us give a numerical
example to bx ideas: if we take a cylindrical tube with a diameter of 3 cm, Plled
with air, then% & 5m/<. Thus, the piston needs to accelerate about half that of
terrestrial gravity.

5.5.5 Interface and Jump Conditions

When the shock is formed, it may be described as a pure discontinuity. Indeed, its
thickness is only a few mean-free paths which may be neglected macroscopically.
However, not all the variables are discontinuous. For instance, the mass Rux must
be the same on each side of the shock. Thus, in a frame attached to the shock

1v1 nD 2v2 n (5.59)

where indices 1 and 2 refer to the upstream and downstream quantities. Let us
prst give some precisions about the up- and downstream regions. The Bow goes
from the upstream to the downstream, of course. The upstream region is the
one of low pressure and supersonic velocity whereas the downstream one is of
high pressure and subsonic velocity. The supersonic region may sometimes be
qualibed as ObeforeO the shock since the shock wave may be seen as propagating,
supersonically, in the low pressure region. The foregoing case of the shock tube is
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clear in this respect: the shock wave propagates in a Buid at rest. However, standing
on the shock wave, we would see low pressure supersonic air rushing into the high
pressure subsonic region!

The next interface condition which must be met at a discontinuity demands the
balance of forces. More precisely, the Bux of momentum through the shock wave
must compensate thegssure jump. Hence,

pinC 1vivi nD ponC 2vove N

Finally, the energy Bux must also be continuous, thus
1 1
év{Cthévgc:hz

whereh is the enthalpy of the Ruid. Let us demonstrate this latter relation, where
the reader might wonder why the enthalpy comes into play. For this purpose we
consider a cylindrical control surface wheogeneratrix lines are parallel to the Row
and the ends of which are on each side of the shock. The energy Bux entering the
cylinder is just

1
.>v?Cel v n
2 1

In a steady state, it differs from the outgoing Bux by the power of forces applied on
this volume. In our case we just need to consider pressure forces and their power
pv n.Thus,

.%VZCe/ v n .%VZCE/V n D pv nj,Cpv nj

1 2

After some rearrangements,

1 1
2vcec? vn b .2vvcec®/vn
2 1 2 2

Taking into account mass conservation, we bnd that

1 p
“VCeC =
5 e

must be continuous; we note tHaD e C p= is just the enthalpy.
Actually, the demonstration could be far shorter if we used Bernoulli theo-
rem @.7), which shows that

1
EVZCh

is constant along a streamline.
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5.5.6 Relations Between Upstreaamd Downstream Quantities
in an Orthogonal Shock

The foregoing relations are much simpler when the velocity beld is orthogonal to
the shock wave. The shock is said torim@malto underline the difference with the
general case of ambliqueshock. The conditions are now

8

< 11 D 2Vo

. p1C VD p2C V3 (5.60)

' hl C V%ZZD h2 C V§:2

They may be used to rewrite the downstream quantities (index 2) as a function of
the upstream ones. Using the upstrédmand downstrearivl, Mach numbers, one
may show (see the demonstration at the end of the chapter) that

. 1M2C2

v,Dwyp——F1—° 5.61
2o cumz? (5-61)
5 - CiM7 (5:62)

SRV VEXeY ‘

M
M, D g L (5.63)
.V]_:V2/2C . 1/..V1:V2/2 1/M 12:2
— 2 2

p>=p1:D 1C <1 1.|\/| T (5.64)

These relations allow us to determine the state of the Buid after crossing a shock
wave. The upstream Bow being supersoig, > 1, we immediately Pnd the
following inequalities:

V2 < Vy; 2> 1 p2>p1

After crossing the shock wave the Ruid slows down and is compressed. Pressure and
density increase. Using (6(0c), which we rewrite

>
Vi v

T,DT:C

we also see that temperature increases. Obviously the downstream Row is subsonic
andM; < 1. This inequality is not clear in5(63, but becomes as such when this
equation is transformed using the ratio of velocitig$(). One then bnds
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y | 1 N

"

4
4 e 1

! sd\ o4

Fig. 5.5 Interaction of a plane shock wave with a cylinder. In (2), (5) and (6), we observe the
evolution of the incident, reRected and refracted shock waves. We also observe (in 5 and 6)
the appearance of a line joining the intersection point of the three waves and the cylinder; this
is a Ocontact surfaceO where the pressure is continuous but where tti#ranisestropy and
temperature jump

1M2C 2

MpD 1 -°
27 2m? c1

(5.65)

showing the equivalendd, >1 Z M, <1 (Fig.5.5).

To summarize, when going through a shock wave, a supersonic Row becomes
subsonic and pressure, density, temperature increase. The temperature rise is not
only the consequence of compression, but also that of the strong dissipation which
occurs within the shock wave. Macroscopically, the velocity gradient are inPnite
but the volume of the dissipative region is vanishing; one may expect that a pnite
dissipation implies amcrease of entropy

Recalling the entropy expressioh %9, we can derive the entropy jump:

s stDoylnpo=py/ cyin. 2= 1/ D cyin % —;

We may show that the entropy jump is always positive as expected in a dissipative
process. For this purpose, we pbrst express the entropy jump as a fundtion lof
turns out that
" #

2 . UMZC2
sDeln 1C-——_ M2 1y - ix<
N c1t C1UM?
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Let us use a Taylor expansion of this function in a neighbourhood of the threshold
M1 D 1up to the third order. SettingD M2 1 1, we have

w2 3
s Dsl1l Csll/"Cs 091/EC s OO'OUEC 0.4

One may show thas.1/ D s %1/ D s %1/ D Oand that

. 1/
0%/ p 40—
> RNCETE
hence
2. 1/
Dep——— M2 1/2C0O.MY 5.66
S PozTczVt (5.66)

This expression shows that the entropy of the Buid increases when passing the shock,

as soon aM; > 1. However, the jump is very small il ; is not very different from

unity. This leads to a classibcation of shocks into weak and strong ones (see below).
Let us now show that the entropy jump is an increasing function of the Mach

number. Settingn D M 2, we computelssdm We have

1 ds d 2 1/mC 2
E%D am n 1C <1 1.m 1/ C In —cim
1 ds 2 2
cy dm cic2.m 1/ . 1/m2C 2m

2. m 1/2
m. C1C2.m 1/.. 1/mC 2/

Thusds=dm > 0 whenm > 1. We also note that iM; goes to inbnity,s also
tends to inPnity as IM;.

5.5.7 Strong and Weak Shocks

The strength of a shock is usually measured by its pressure.jump p1/=p1. We
may note that this quantity is proportionaltb? and is not bounded. This is not the
case for the density or velocity jumps. Whigh ! 1

2 C1 V2 1
2y == and 21 —=
1 1 Vi Ci1
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The weak shocks are debned as those where the variation of entropy is negligible.
This distinction between weak and @tig shocks is possible because of the very
slow variation of entropy in the neighbourhoodMf D 1. If, for instanceM; D
1:1thens=s 6 10 °. If we neglect entropy variations less than 10%, shocks
are weak aslongad; 1:46

5.5.8 Radiative Shocks

Some stars like cepheids or ORR LyraeO show periodic variations of their luminosity
(see Fig5.6). These variations are understood as the signature of radiative shock
waves that propagate inside these stars as a result of the breaking-up of some
acoustic waves. Radiative shock waves are much more powerful than the foregoing
strong shocks. They are also called hypersonic shock waves beldgtise 1.

They occur in a low-density and hot medium. After the shock, matter is ionized by
collisions but free electrons recombine with ions while emitting mainly ultraviolet
radiations. Part of these photons propagate towards the upstream region and pre-
heat the gas (see Fig.7). This phenomenon makes the shock almost isothermal:
the downstream gas cools efbciently by radiating photons after its compression.
This is very different from the previous shocks where we assumed that the gas was
evolving adiabatically after the shock. If we remember that pressure is proportional
to density for an ideal isothermal gas, namBly/ , the adiabatic index would

be D 1. Thus, the compression ratio C 1/=. 1/ may raise to inbnity if the

gas supports a quasi-isothermal compression. This ratio should be of ofdef. of

In actual stellar models, typical shocks have a compression ratio of order 30. They
are obviously in the hypersonic regime. Such shocks have been reproduced in the
laboratory only very recently, thanks to the development of powerful lasers that can
deposit a lot of energy in a very small volume.

Delta Cephei

Mag

+4.0 £o; e e,
..

1
e

' (,"‘ o a,'!'E

05 10 15
Phase

Fig. 5.6 Lumosity variations of the cepheid st&Cephei. Its oscillation period is 5.37 days. The
luminosity of the star varies by more than a factor two between minimum and maximum. Thi
variation comes from an acoustic oscillation of the star. Its large ampliaadis to the formation

of a radiative shock wave (source ThomasK Vbg)
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Recombination
of electrons

Flux UV
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Fig. 5.7 Schematic view of a radiative shock in a star accordingite{z2006

5.5.9 The Hydraulic Jump

Another, very common type of discontinuity wave is the discontinuity of water depth

in breaking water waves like in Fi§.8: this is thehydraulic jump(see the schematic

view in Fig.5.9). A connection can be easily made with sound waves if we consider
waves propagating in shallow water. In this case, indeed, wave velocitygls
showing that in a similar way as in Fi§.4, the wave front steepens inevitably since

the wave velocity increases likeh. In this case there is a direct analogy between
depthh and temperaturd of an ideal gas where the sound wave propagates.
However, the analogy, cannot be pushed too far, since gravity waves are necessarily
two dimensional because of the incompressibility of the Buid. Another complication
comes from the fact that these waves are naturally dispersive. The equality of phase
and group velocity is only true asymptotically for wavelengths long compared to the
depth. We shall see below that these dispereffects can stop the steepening of the
wave front and give rise to a solitary wave.

5Generally, we use the density as the analog of the depth [just confpéi €t (5.6Q)], but the
analog of the hydraulic jump is a shock wave in gas wher® 2 in which caseT and are
proportional.
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Fig. 5.8 Hydraulic jumps from braking waves on a sand beach (Picture from the author)

Vl @7 ?2 h2

I E—

h,

Fig. 5.9 A schematic view of a hydraulic jump

Let us examine the jump conditions of a hydraulic jump. Considering the RBuid as
incompressible, the conservation of the mass Rux when crossing the hydraulic jump
implies that:

V1h1 D V2h2 (5.67)

in the most simple set-up where the velocity is assumed to be constant in the whole
cross section of the Row.

The conservation of momentum leads to the same reasoning as for shock waves.
The variation of the momentum RBux must be compensated by the total pressure
forces. Hence,

Z hy z hz
.V2h;  vihy/ C p.Zdz p.zdzD 0
0 0

Since we neglect vertical motions, the hydrostatic balance contratsdbpendence
of the pressure. Thus,

pD gh Z

where we assumed a zero pressure above the Ruid. It yields

z hy h2 z ha h2
p.ZdzD g ?1 and p.zZdzD ¢ 72

0 0
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From these relations, a second jungmdition connecting upstream and downstream
quantitie§ can be derived:

vZh; C ghf=2D v3h, C ghg=2 (5.68)
With (5.67), we bnd out the ratio between upstream and downstream depth:
! r2
h, 1C8Fr; 1
D ——— 5.69
hy > (5.69)

In this expression we introduced the Froude number:
1Y%
Fry D pL_
ghy

This number quantify the ratio between the 3uid velocity and the speed of waves. It
is the analog of the Mach number for acoustic waves. When this number is larger
than unity, the Bow isupercriticalor torrential. On the contrary, when K 1, the

Row is said to beubcriticalor uvial . One may show as an exercise, that if the Row

is supercritical in the upstream region, it is subcritical in the downstream region.
Hence, we have the following equivalence:

FnTl Z Fr, S 1 (5.70)

The rst observation of a solitary wave

Ol believe | shall best introduce this ph¥nomenon by describing the circumstances of
prst acquaintance with it. | was observing the motion of a boat which was rapidly drawn

diminution of speed. | followed it on horseback, and overtook it still rgllon at a rate o
some eight or nine miles an hour, preserving its original Pgure some thirty feet long an
to a foot and a half in height. Its height gradually diminished, and after a chase of one

chance interview with that singular and beautiful ph¥anomenon which | have called th
of Translation, a name which it now very generally bears;" From OReport on wigegs"14t

Meet. Brit. Assoc. Adv. Sci., Yo&.9D320 par S. Russell (1844).

6As for the shock waves, we use a frame attached to the discontinuity. bipstred downstream
regions are debned similarly.
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As it may be guessed, the hydraulic jump is a dissipative structure: the hydraulic
load decreases through a hydraulic jump. To show this, let us consider a streamline
onthe plang D 0and compare the energy per unit mass upstream and downstream.
For this purpose we just need to check that

1 1

SviCgh 5v;Cgh,
Using expressionss(86), demonstrated in the exercises, the preceding inequality
implies
h, hy hiChy
hy  hy 4
Z hy h/? 0

Chy hy O

which is always true.

5.6 Solitary Waves

Nonlinear effects have not always draina@onsequences such as the formation of a
discontinuity. The steepening of the wave front can indeed be compensated by some
dispersion effects which tend to spread thave packet. When this balance occurs,
one may observe solitary wavewhich is remarkable for its stability.

The brst observation of a solitary wave was made by Scott Russell in 1834 (see
box and Fig.5.10 on a surface gravity wave. In Sebt3.1we saw that these waves
are dispersive. It is just in the asymptotic case of long wavelengths compared to
the depth, that dispersion disappears. This property allows a control of the effects of
dispersion by tuning the ratio of the wavelength to the depth. Another possible small
parameter is obviously the amplitude of the wave. We shall see that when these two
possibly small parameters are linked through a simple relation, one obtains a new
equation, brst derived by Korteweg and de Vries in 1895, which governs the motion
of solitary waves.

5.6.1 The Korteweg and de Vries Equation

We brst set again the general equations governing surface waves, still neglecting the
effects of viscosity. We concentrate on the propagation of a wave in a one-dimension
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water basin of depth. The motion is assumed irrotational and the velocity potential
veripes:

8
DO
(5.71)
. @ 1,.P
: @tC 2v C — C gzD Cst
This system is completed by the following boundary conditions:
v, D % DO at zD O
9

% CvrzD vz§
@t 3 at zD hC z.x;t/

PDO '

where the pressure above the Ruid has lsstio zero. We brst rewrite this system
using non-dimensional variabl€s ghis a natural scale for the velocities andor
the lengths. Thus we set

— — p
vaghu; thgh; t D h=g and zDh g
We then get

DO (5.72)

Fig. 5.10 Repetition of RussellOs observation of a solitary wave in Union Canal of lEginb
during a conference at Heriot-Watt University (Nature, 3 August 1995)
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9
%Cu r SD% E:
3 at zD1C gx;t/ (5.73)
@ |1 2
@C é.r /“C sDO
%DO at zDO (5.74)

where we substituted to the boundary condit®m 0 the equation of momentum
taken on the surface, with the constant set to zero.

The next step is slightly delicate. We wish to introduce the small parameters and
to consider the situations that are weakly nonlinear and weakly dispersive. Since the
solitary wave seems to be a steady solution in some appropriate reference frame
we look for slowly evolving solutions in a new frame. We therefore introduce the
following new form for the solutions:

s "QQQ and D "2QQxp
where we set:
XD "¥2x [, QD "3?

Theses new functions and new variables are sensitive to large scale or long time-
scale variations onlyx and need to vary a lot to yield signibcant variationsX@n
and Q With these new variable$ (72 now reads:

@R _ @9
@2 C @ DO (5.75)
while (5.73 yields
% Cur D

@s@ @s@ @ @ @
@?@ @?@ @@ @x

where we took into account th&€depends on. We now deduce:

@3@9@3 R B
@R e @ e

@

@

; @
Z —_
@

MO/ ©

at zD 1C" x;t/
& &
@ @

(5.76)
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and

%?D 0 at zDO (5.77)

We then make the expansion &and Qin powers of':

hs X
QD ZWRQZ@" and QD Q@ "

nDO nDO

The brst step consists in solving {5 for Q The brst orders give:

@ o _ @1 @ o @, @ _
@’ @ “@”” @@’

Using the boundary conditions inD 0, we easily bnd a new expression f&
namely:

QQz QD C"cy §P=2/C"%¢) =24 I%P=2C c)/ CO."%

wherecy; ¢1; ¢z are functions ofQand Q The primes indicate the derivatives with
respect toQ The brst boundary condition, taken at ortiggives:

@o 00
Dc
@ 0
and at ordet'?:
@ . @ @ 00 4 00
C D Ccy, =6 ¢
@ CO @ @g CO 0 0 1
Concerning the second boundary condition, it gives
oD and %g dccl=2Cc c®=2C ;DO

These equations are used to obtain the equation controfljivghich we rename.
We thus pnd:

@.30,10@ (5.78)

@ 2 @ 6@

known as Korteweg and de Vries equation (or also KdV equation).
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5.6.2 The Solitary Wave

This equation is solved by looking for a solution of the fornQ Q/ . Hence,

3 1
°cz %2 %o
2 6
which we integrate once, and get:
3 1
c>-2c-"aA
4 6

The constant of integratioh is set to zero as we are interested in solutions vanishing
at inbnity. Multiplying this equation by®and integrating again, we bnd:

1,153,110

- “C-°"C—=%"DO

2 4 12
As before, the constant of integration has been set to zero. This equation can be
solve analytically since the variables can be separated.

z
d P

—pﬁ D 6.0 Q

Despite of its look, the integration of the left-hand side is very easy if we set

2
cosi #

we immediately bPnd that

#D Q0

N W]

1=cosh# is called the hyperbolic secant, and nosstth Back to the dimensional
variables, we have

zDhiC"/
" #

D h C 2h"secH %.x acm/

We now introduce the wave amplitudeD 2h", the dimensional length and time
scale:

e 4
3 n o [0}
z D h C aseck 4—;‘3 X pgh 1C% t (5.79)
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Fig. 5.11 This graph shows 2.0
three solitary waves of
amplitudesa, a=2 a=4
respectively

0.5 - b
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The solitary wave thus moves at a speed of:

P — a
cD gh 1cC oh (5.80)
This velocity is only slightly different from tt}; velocity of a gravity wave moving
in shallow water if we take the total heigbt g.h Cal.
We also observe that the horizontal scale of the wave (the width of the ObumpO)
is given by
r—
4h3

LD — 5.81
3 (5.81)

We show in Fig5.11the shape of the solitary wave for three amplitudes.

5.6.3 Elementary Analysis of the KdV Equation

The properties of the KdV equation are numerous and we could write a full book on
it! Here, we content ourselves with an elementary analysis so as to appreciate the
role of the various terms involved in this equation. Let us brst focus on the linear
term @ =@3%. Eliminating nonlinear terms, the KdV equation reads

@.1@
—C-—DO 5.82
@ 503 °52)
which we modify by changing of reference frame, namety / D % ; /.
The equation for%is
0 0 0
@.@.18°%,,

@  @x 6@%
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A solution of the plane wave type gives the following dispersion relation:
I Dk k3=6

It can be compared t&(39 which is the dispersion relation of gravity waves in a
basin of Pnite depth. If we expan8.89 for the long wavelengths, it turns out that

. 2h2
ng( 1 k6h

N«

12" ghk? 1

which is exactly the foregoing relation up to some dimensional coefbcients. We see
that the dispersive ter@® =@x comes from the Pnite depth of the Ruid.

We may now have a look to the way this term contributes to the spreading of
the wave packet. For this purpose, we use a frame attached to the waves and the
relation 6.82).

Let o.x/ be the shape of the wave packet initially. We suppose that this shape
is a kind of bell curve such that its Fourier transfo@rexists. Taking the Fourier
transform of 6.82), it turns out that

Q: / D Qek’=6

hence
ZCl

X;/ D QeCik® =6 4y
1

This expression is nicer if we observe tie#f=3 is the Fourier transform of AiryOs
functionAi.x/ , i.e.

23 Z C1 .
=D Ai.zle *dz
1
After some easy manipulations, it turns out

2 1=32 C1
X,/ D - 0. ZAi
1

o &

If the initial wave packet is strongly peaked and may be assimilated to a Dirac peak,
then
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Fig. 5.12 (a) A plot of AiryOs function. Schematically, this function behaves aszosx/1™*
whenx ! 1 and a2 >**3whenx 1 C1 . (b) The convolution of AiryOs function and a
gaussiang.z D e 107

AiryOs function and its convolution by a gaussian are shown i Hig.With this
bPgure, we note that energy is dispersed in the domailh ;0 through a set of
oscillations. The expressioB.g83 shows the spreading of the wave packet: its width
increases like 173 (in fact the width of oscillations) whereas its amplitude decreases
as 3

Let us now examine the role of the nonlinear term. We leave aside the linear term
and rewrite the KdV equation as

@ _ 3 @
9%% ol (5.84)

This equation is of the same type as the one veribed by RiemannQs invariant. Thus
we write the equation of characteristics, namely

dx
—D
d

NI w

which are straight lines since is constant on such a line. If, at initial time,

has a bell shape, the construction of characteristics issued from the wave front

immediately shows that a discontinuity will appear after a Pnite time (se& Hig).
Equation 6.84) is in fact of the same type as a famous equation in Fluid

Mechanics, namely

@ _ @ @u
@tc u@XD o3 (5.85)
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Fig. 5.13 A schematic view
of the formation of a Discontinuity
discontinuity through Burgers
equation

which is calledBurgers equationThis equation is just the equation of momentum

of an incompressible Buid in which one would have neglected the pressure force.
When viscosity is neglected (and time and length are appropriately scaegi), (

and 6.84) are equivalent. The foregoing reasoning shows that the solutions of
Burgers equation without viscosity always form discontinuities.

5.6.4 Examples

Similarly as the observation of Scott Russell, there exist some natural phenomena
where solitary waves appear. We shall mention two of them: the tidal bores and the
tsunamis.

The tidal bore is the wave that propagates in an estuary, shallow enough, when
the tide rises. This wave is usually brst breaking and can be describe as a hydraulic
jump. Getting upstream thtsydraulic jump decreases and may give birth to a train
of waves, which, like the wave observed by Russell, have a very long lifeairde
are also solutions of the KdV equation: these are cnoidal waves. Tidal bores are very
spectacular at the equinoxial high tides. In Europe, famous ones are in the Gironde
in France and in the river Severn in England (see %:ity).

Tsunamis (OthunderstormO wave in Japanese) designate the tidal waves which
break on the coasts of the Pacibc ocean (where they are the most common). Their
origin is generally related to an earthquake. The seismic wave gives momentum
to a large mass of water which may generate a solitary wave. Such a wave can
cross the Pacibc ocean without much damping. For instance, it is well-known that
earthquakes occurring along the Alaska coast can generate a few hours later a
tsunami on the Hawaiian shores. The wave has an horizontal scale which may reach
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Fig. 5.14 The hydraulic jump made by the tidal bore of river Severn (photographed by D. H.
Peregrine, irAn Album of Fluid Motionvan Dyke1982).

a hundred nautical miles (180 km). Inishcase, taking into account the depth of
the Pacibc ocean (5 km), the amplitude n&ay be estimated to 5 m &@1).(Its
velocity may also be computed; it is close tayh, which gives 800 km/h. Thus it
crosses half of the Pacibc ocean (4,800 km) in 6 h. When it arrives on a shore the
steepening of the wave front may generate a water wall up to 20 or 30 m high.

5.7 Exercises

. The bassoon and the oboe are two instruments whose air column is conical. Using

the fact that a cone is a part of a sphere, rewrite the equation of disturbances and
show that the eigenmodes obey the same dispersion relation as those of the Rute.
Compute the length of a bassoon whose gravest note is at 58.27 Hz (third B Rat).
Compare the result to its real length of 295 cm.

. What is the frequency variation of the fundamental mode of a Bute when the air

temperature varies from 10 to 3G. Compare it to the change of frequency in
a half-tone interval. The variation of the length of the tube is neglected and we
recall that an octave is divided into twel equal half-tones (tempered scale).

. In aharbour along the coast of the Atlantic ocean, waves arrive periodically with

a period of 15 s. What is their wavelength? their phase velocity? How long would
it take for them to cross the Atlanticean (4,800 km)? We assume that the ocean
is inPnitely deep.

. How long does it take for a wave of very long wavelength to cross the Atlantic

ocean whose width is 4,800 km and depth 5 km? We giv® 9:81 m/s.
Show that the Atlantic ocean is a resaha@avity for the tides; what are the
consequences?
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5. Derive the dispersion relation of capillary waves in the shallow water approxi-
mation.
6. a) From the jump conditions of a hydraulic jump, show that upstream and
downstream velocities are of the form:

s @@ S

ha hiChy hy hiChy
gh—l > and v D gh—2 >

vi D (586)

b) Show that on each side of a hydraulic jump, Froude numbers are related by

1 3=2

1C8F? 1 i
FbDFn——— - %

2

Derive the equivalencé(70).
7. Show that the following quantities
z C1 z C1l
X,/ dx  and 2x; 1 dx
1 1
are conserved by the KdV equation. What is the physical interpretation of these
conservation laws?

Appendix: Jump Conditions

We give here the demonstration of the relatioch$ )P 6.64) relating upstream and
downstream quantities in a normal shock. Let us recall that the enthalpy of an ideal
gasis:

p c?
hD — "D
1 1

(5.87)

The energy relation can thus be written
c2C. 1NM=2Dxp,=1Cx%  1=2
where we introducer D v,=v;. The conservation of momentu®.6() reads now
p2Dp1C Vil X/
Combining the two foregoing equations, we bnd

Cl/x? 2. C1=MZx C2=MZC 1DO
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This second order equation necessarily ka® 1 as a solution (why?). Thus,
factorizing it we get straightforwardly

X 1. Clx 2=My C1/DO

which gives the non-trivial solution sought after. Fromg(), we derive %.62),
relating the densities.

The relation between upstream and downstream pressures comeSf6ih) (
which we divide bypi. Thus

. 4
2
\'
Pepaic Mg 2 %2 pyc g 2
P1 P1 1 V1 i Vi

The desired expression is obtained usiBg@ ).
The relation on Mach number$.63 comes from the equation on enthalpy.
Using 6.87), we bnd

Dividing this expression by3 we get 6.63.

Further Reading

The monograph OWaves in FluidsO of Lightlii{8, cannot be ignored, but, at

a less ambitious level, general books on Ruid mechanics may be useful. As far as
shock waves are concerned the reader may consult the monograph of Courant and
Friedrichs (976, Supersonic ow and shock waveshile the study of solitary
waves may be followed up with the introduction of Drazin and John$68% and

the more mathematical approach of solitons by NewIBg).
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Chapter 6
Flows Instabilities

The study of the stability of Bows is one of the cornerstones of Fluid Mechanics: the
subject is so large that it would deserve a whole book to be reviewed. Leaving aside
such an ambitious goal, we shall concentrate, in this chapter and the following one,
on the fundamentals, although, here and there, making some excursions in more
specialized topics.

The importance of instabilities, or stability questions, comes from their relation
to turbulence and mixing. An unstable Bow is a necessary path to a turbulent one.
Turbulence is indeed a fundamental praciesFluid Mechanics because it controls
in many circumstances the Ruid transport properties. The conditions within which
turbulence sets in, can be appreciated only when the questions of stability are settled.
Often, this is not sufbcient, but always necessary.

6.1 Local Analysis of Instabilities

When we discussed the equations of perturbations, we found that a simple way to
understand their evolution was to consider them as plane waves and analyse their
dispersion relation. Owing to the simplicity of the approach, we again start with this
type of analysis.

6.1.1 De nitions

First of all, let us recall that the local analysis is only valid if the wavelength of
disturbances is very small compared to the scales of the velocity beld as given by
expressionq.7).

© Springer International Publishing Switzerland 2015 191
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If, for some wavevectork belonging to a subset &2, the dispersion relation
gives a frequency with a negative imaginary part, then there are waves whose
amplitude grows exponentially with time. This is called tigsoluteor temporal
instability. It is the most frequent case,tlibie opposite one also exists: if, for some
real values of the frequency, the veaector is complex, then we facespatial or
convective instability

The existence of these two types of instabilities is tied to the implicit nature of the
dispersion equatio.!; k/ D 0. Two types of explicit solutions are thus possible:

I k/ or k.!/

The brst are called Otemporal branchesO wieR?3, while the second ones debne
the Ospatial branches® i2 R. For example, the dispersion relation

1 C2k k?’DO

possesses one tﬁmporal branchD k2 2k, which is stable, and two spatial
branchek D 1 1C ! which can generate a spatial instability.

6.1.2 The Gravitational Instability

A simple example of an absolute instability comes from Astrophysics with the
gravitational instability, which is at the origin of star formation. To make things
as simple as possible, we consider an unbounded Ruid of uniform temperature and
pressure. We assume that it is an ideal gas of adiabatic indéke sound waves
propagate with a velocity

p_—
D Po=o
where Py and ( are respectively the pressure and density of the undisturbed

medium.
The linearized equations satisbed by the disturbances of the medium are:

8
@s
—C or vDO
@t °
< @ g 5
— D rsP rs
‘@t ° (6.1)
8P D c23

§ D4GS
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where we have taken into account the Buctuations in the gravitational Peld generated
by the RBuctuations of density (the last equation of the system). For plane wave
solutions

illt Ckr/.

§ D § e © vD vee't CK ete (6.2)

we bnd the following dispersion relation:
12D c%k? 4G (6.3)

This relation clearly shows a temporal instability since all the perturbations with a
wavenumber smaller than

S
ks D

4G o
C,

(6.4)

(20N

are unstable and grow exponentially. The associated wavelengih 2 =k ; is
called Jeans’ lengthand the associated criteriofgans’ criterion The dispersion
relation 6.3) also shows that there is no spatial instability:

ck’D!12C4G ¢>0; 8! 2RI

thusk is always real.

In order to bx ideas, let us calculate JeansO length in the case of the EarthOs
atmosphere. We assume it to be a mass of aRgaD 10°Pa andT, D 20°C.
Then, cs = 343m/s and o= 1.2kg/n? giving ; D 6:810 km. The EarthOs
atmosphere, much smaller (in thickness) tttas length, is not, therefore, in danger
of gravitational collapse! On the other hand, an interstellar cloud of a hundred solar
masses,with a temperature of 50 K and a diameter of two light-years can be wiped
out gravitationally (see exercises).

The example of the EarthOs atmosphere is interesting as it points out the limits
of the local analysis: if the dimensions of the Ruid domain are smaller than the
wavelength of the disturbances we are interested in, the local solutions are invalid
because of boundary conditions.

6.1.3 Convective Instability

Such an instability is usually found ishear Rows, for instance in a boundary
layer. Perturbations are amplibed in the downstream direction and may transform
a laminar RBow into a turbulent one (see Fdl4for the growth of a perturbation in

1A solar mass, symbolized by M, is equal ta2  10°C kg.
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Fig. 6.1 Sketch of an t t
absolute left) and convective
(right) instability in the

X;t/ -plane

the downstream direction). This instability can also be regarded as the growth of an
absolute instability agected by the background Bow as shown in Bid.

To further illustrate this mechanism, we shall consider a model problem based on
the perturbations of Burgers RGW.he background Bow is uniform and disturbances
are only on the velocity beld and one-dimensional; §w® Su.x;t/ e, and

@, @8, @u
@t @x @%
where is the kinematic viscosity. The dispersion relation of the Fourier modes is

il CikUD k?2

This relation immediately shows that the tgonal branch is stable since, for a given
k, the temporal dependence edpf leads to an exponential decay.

Let us now extract the spatial branches of this dispersion relation. We easily bnd
that two branches exist, namely

iU air
Kk D— 1 1C
2 B

To discuss its properties, it is convenient to consider the limiting case of a small
viscosity such thatt U2. Thus,

i | i1 2
CE and k D — 21!

ke D — L
¢ U U us

2Burgers equation is given by .g85.
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To see whether these branches corresgorgtowing or decaying perturbations, it
is useful to write the resulting velocity bPeld, namely

. B 2
u® D uge%.xcuuch and u Duye Tx U X

These expressions show that a given phase“opropagate to negative values of

X, therefore its amplitude decreases rapidly asléxg / . On the other hand the
phase ofi propagates to positive valuesxfand its amplitude also decreases (but
slower, as exp ! 2x=U?%) as the perturbation moves to high valuesofn this
example, we see that if some disturbance is forced at a given frequeaioy D 0

say, it will propagate upstream and downstream, but both waves will be damped.
Thus the Bow is stable.

6.2 Linear Analysis of Global Instabilities

Although local analysis is very handy to get a brst impression of the stability of a
steady Bow, it is often limited in its apphtions because of the boundary conditions.
To deal with this constraint, we need moving to the global analysis, which is often
difbcult. A medium way is to take into account the boundary conditions only in
one direction. Although still quite idealizethe resulting solutions are usually very
instructive on the physics of the Row. With this approach, we shall investigate
selected examples of instabilities, which will enlight us, at the same time, on the
properties of rotating Ruids, shear Bows, etc.

6.2.1 Centrifugal Instability Rayleigh’s Criterion

Let us consider a perfect incompressible Buid blling the gap between two cylinders
of radii R; andR,. The Ruid rotates with the prescribed angular velocity proble
.s/ . We wish to know the conditions to be met by this rotation law, for this Row
to be stable or unstable. The original RBdw,D s .s/ e, is a solution of EulerOs
equation and satisbes U D 0.

To simplify the analysis, we assume that the cylinders are inbnitely long. Thus,
boundary conditions are only imposed in the radial direction and we are allowed
to make a local analysis in thedirection. We further restrict the disturbances to
the axisymmetric ones; we thus write the perturbations of the velocity and pressure
Pelds as

u.s;zt/ D us/e*ct; P.s;zt/ D p.sle ¥t (6.5)

where is the Buid density.
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6.2.1.1 Equations for the Perturbations
The momentum equation leads to the following equationgfet andu.s/:
uC.Ur/uC.ur/UD rp (6.6)
which we rewrite as
u 2.s/ueC..s/ usC.ur/Usl/le D rp: (6.7)

with cylindrical coordinatess;"; Z/.
Finally, taking mass conservation into account, we get the four following
equations:

8 d
us 2.s/ u D ap
ds

< uwC 1s8/usDO
(6.8)
u,D ikp

1d
 ——.ssus/ Ciku, D O
sds

where we have introduced

The second equation gives the expression oés a function ofis. The third and
fourth ones relat@ andus. Altogether they lead to a single equation farnow
denotedy, namely

d 1d.su 2 k? ,
ds 5 ds k‘uD — “slu (6.9)
where
1ds?/ 2
2s/D 2 D -~ 6.10
S 1 e ds ( )

is proportional to the radial derivative of the angular momentul s®> of the
Buid particles in the original Bow.s/ is called theepicyclic frequencyWe shall
comment later about its physical meaning.



6.2 Linear Analysis of Global Instabilities 197

Setting, D 1= 2, the differential equatior6(9) has the general and interesting
form:

LuD k 2.5/ u (6.11)

Supplemented with the boundary conditian® 0 ats D R; ands D Ry, this

is the classical SturmbLiouville problem in the theory of differential equations. We
refer the reader to the maths complements in Ch2jpo get acquainted with the
basic properties of SturmbLiouville problems and proceed to the consequences for
our problem.

6.2.1.2 The Rayleigh Criterion

First of all, let us compares(11) with the general equatiorb(11): it is of the same

form. Thus, in order to determine the stability of the Rdywwe OjustO need to know

the spectrum of the operatr > .s/ L, which gives the set of allowed values

of . Usually, this is not an easy game;vimver, because of the SturmbLiouville

nature of the eigenvalue problem, the answer is straightforward. For such problems

indeed, it may be shown that the eigenvalues are discrete, real and of the sign of
k? .s/ if this function keeps the same sign in the interval of debnitiBn R, .

If changes sign the eigenvalues are of both signs.

These properties of the SturmbLiouville problems allow us to conclude on the
stability of the Bow. Indeed, if.s/ 0, all the eigenvalues are negative, which
means that all the eigenvaluesare purely imaginary. Thus perturbations are just
neutral; the Row is stable. On the other hand, if there exist an interval where
is negative, then there exist some eigenvaluethat are positive, implying the
existence of real positive, and thus the existence of amplibed disturbances making
the Bow unstable.

The foregoing result shows that the Row under consideration is unstable when,
somewhere, the specibc angular momentudecreases with (making < 0 ).

In this case, some axisymmetric disturbances grow exponentially. The opposite
situation, where.s/ 0, does not mean that the RBow is stable; it means that
axisymmetric disturbances are not ampliped, however, some non-axisymmetric
ones could be growing.

We thus bPnda suf cient conditionfor an instability (.s/ < 0 somewhere)
or a necessary conditiofor stability (.s/ 0 everywhere). This criterion was
discovered by Rayleigh and named after him.

6.2.1.3 The Rayleigh Criterion: A Heuristic Derivation

The foregoing argument is rather mathematical and little intuitive. However, the
result may be explained on more physical grounds as follows. Let us consider two
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annular Buid elements of radij ands;, with ; < s,. Their angular momentum is
respectively ; and’ ,. Their total kinetic energy is

1
ExD -

C
2

Aol
Holrord

Now letOs suppose that the position of these Ruid elements is inverted: their
angular momentum and mass are conserved, but the kinetic energy of the two
elements is now

1, .
e ED L3 7 S

If the angular momentum increases outwards them * 1 andEyx < E 8, therefore

the change imposed is energetically unfavorable: the situation is stable. If, in the
opposite case, the angular momentum decreases outwards,tken; andEy >

EE: some energy is released if the position of the Buid elements are interchanged.
The system cannot stay in its initial conpguration and will evolve towards a new
state of lower energy.

6.2.2 Shear Instabilities of Parallel Flows

Parallel shear 3ows represent a vast category of Bows that are very common in
Nature and often at the origin of turbulem A parallel shear Row is basically very
simple: its velocity peld is like:

VD U.Ze: (6.12)

It has only one component, taken here inxhdirection, which is a function of only
one coordinate normal to the direction of the Row, leM/e only consider steady
Rows. We note that, if the density of the uid is independent of the coordinate in
the velocity direction then, the equation of continuity is automatically satisped. To
further simplify, we restrict our discussion to the case of incompressible Ruids.

The stability of parallel shear Bows has an interesting property formulated
by Squire’s theoremthe most unstable disturbances of these Rows are two-
dimensional. This greatly simplipes the analysis of the stability of such Rows.
We shall therefore start by proving this theorem before presenting some famous
examples of shear instabilities.
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6.2.2.1 Squire’s Theorem

StatementTo every unstable disturbance of a parallel shear ow of an incompress-
ible uid there corresponds a more unstable two-dimensional disturbance.

Proof: We begin by proving this theorem in the inviscid case. We assume that the
perturbations are in the following form:

f.r;t/ D f. ZexChkyCt (6.13)

where the Fourier form is in the homogenous directions of the Bow. The perturba-
tions satisfy

8
<@CU.Z/QCVZUO.2/6XD rP
@t @x (6.14)

:r vD O

After substitution by §.13 and projection along the three axes, we bnd

8
- C ikyU/vy Cv,U%Z D kP
C ikxU/vy D ikyP
. CiksU/v, D DP (6.15)
" DV, C ik C ikyw, D O
where we have s&@ D g. We now makesquire’s transformatioand set
9 ———r: IQ
KD k2CkZ KD kew Ckyvy;  FD P
The equations are now
8 k
C ikyU/QC fgvzuo.z/ D iKkp
<
k
CikeUN,D “XDFQ (6.16)
9,
" Dv,C il @D 0

which can again be written as

E.QCH@J/@VZUO.Z/D i 10
.Qci/v,D DM (6.17)
" Dv,CilD 0
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by mtroducmgQD k . Noting the similarity of 6.17) and 6.15 with ky D v, D
0, we conclude that, If the Row is unstable, nameliRd / > 0 , for every three-
dimensional disturbance, we can construct a two- dlmen5|onal disturb@wgdﬁ
that grows faster, sindee Q Re/ .

The case with viscosity is treated in a similar manner. While observing that for
the disturbances$(13), the Laplacian is changed in®»? 12, we rewrite 6.19in
the form

8_ CikgtU D2 B/ wCwUlZD ikP
S_CikyU D2 KvwD ikP

. - CikkU D2 K v,D DP

" DV, C ikeVx C ikyv, D O

(6.18)

We apply SquireOs transformation

EE—an@J QD2 R/ QCvUlzZD iR
 Qcil QD2 K vwD DM (6.19)
" Dv,CilD 0

where Q D k'—Q . Thus, with every three-dimensional disturbances, we can
associate a two-dimensional disturbance, for which the Reynolds number is smaller.
Consequently, the critical Reynolds number, above which a given perturbation
grows exponentially, can be decreased by applying SquireOs transformation to that
perturbation. Hence, the perturbations, which give the lowest critical Reynolds

number of shear Bows, are the two-dimensional ones.

6.2.3 Rayleigh’s Equation

In order to complete our study of parallel shear Bows, we now transférirb)(

into an ordinary differential equation for the stream function of the disturbances,
since, thanks to SquireOs theorem, we can restrict our study to two-dimensional
perturbations only. Accordingly, we set

@ @ .
vXDEDD and v, D @XD ik

wherek D kyx andky D 0. We then transformg.15) into

CikU/k? DD . Ciku/D iku?©
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then pnally into
Ciku/.D?2 k% iku® DO (6.20)

which is RayleighOs equation.

6.2.3.1 Criteria of Stability

We can infer from RayleighOs equation a necessary condition for instability, that is
to say, a condition so th®e / > 0 is possible. We return t&(20 and assume
that the RBuid is bounded by two planes located D a andz D b. By integrating
the equation over this domain after multiplication it by, the complex conjugate
of ,we bnd
z b YA b 00 ;2
D2 Ky dz ik T

dzD 0:
. . Ciku?

Sincev; D 0 on each bounding plane, integration by parts yields
Zy Zy

) JD jcC k4 j9dzC ik . ¢ ikUdzD 0 (6.21)
The imaginary part of this equation leads to
Re /k “r ﬂdzD 0 (6.22)
a | Cikuj2 '

which shows that a necessary condition for the existence of an instability is that
the integral be zero. This condition implies thaf°changes sign at least once in
the interval-a; b. Reciprocally, this condition shows that if a velocity proble has no
point of inBexion, theRe / D 0and the Bow is stable with respect to inbPnitesimal
disturbances.

This condition is evidently not sufbcient: everR& / © 0, this quantity is not
necessarily positive!

Rayleigh proved this result in 1880. In 1950 Fj¢ rtoft found a more constraining
version of it. He showed that a necessary condition for instability was that

u®% u/<o

at some point in the Bow wheté is the velocity at the inf3exion point. We propose
the proof of this theorem as part of the exercises.
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6.2.4 The Orr—Sommerfeld Equation

The OrrbSommerfeld equation is the variant of RayleighOs equation including vis-
cosity. We obtain this equation after several manipulation$§ df9, by expressing

vy andv; with the help of the stream function. OrrbSommerfeld equation has the
following form:

CikuU .D?2 k% .D? k2% Diku%® (6.23)

which we complete with the no-slip bourrgaconditions at the walls (planeD 0
andzD d), namely

DD DO at zDO and zD d

We shall not discuss the solutions of teiguation because it would bring us too far,
and refer the interested reader to the book of Drazin and R&®8l1). We shall give
a few comments only.

Shear RBows, like boundary layers, jets, wakes, mixing layers, etc. are usually
the seat of strong turbulence, which is a consequence of shear instabilities. The
OrrbSommerfeld equation offers a nice model to study these instabilities and its
solutions have therefore numerous applications.

Many cases have been studied. The simplest ones are those at low Reynolds num-
ber, which can be investigated by perturbation methods on the diffusion equation.
However, they are not the most interesting since applications usually require the
other extreme: a very high Reynolds number. As we saw in Chalpis implies the
existence of boundary layers, but not only. Indeed, from Rayleigh equation, to which
OrrbSommerfeld reduces at inbnite Reynolds number, we observe that something
special must occur when

Cikubo

or whenc D 'r D U. This equality means that the phase velocity of the
perturbations is equal and opposite to tha@d3velocity; the phase perturbation
stands still in the reference frame. At this place, the coefpbcient of the second
derivatives of vanishes. A singularity of the perturbed Row shows up: thi is
critical layer. In such a layer, viscosity smooths out the singularity, which usually
consists in a discontinuity of the parallel component of the velocity beld (see
Sect6.3.3for instance). Critical layer are also callddtached shear layersheir
thickness, like the one of boundary layers, scales like some fractional power of the
viscosity (13 and '** are the most common cases). They are important in the
global dynamics of a Ruid layer as they are strong dissipative structures.

Ending the chapter, we shall use B8ommerfeld equation to introduce
algebraic instabilities that represent another path to turbulent Rows.
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6.3 Some Examples of Famous Instabilities

6.3.1 Example: The Kelvin—Helmholtz Instability

The KelvinbHelmholtz instability is a shear instability that appears when two Ruid
layers of different densities, slide one on the other.

In order to analyse this instability, we shall consider the setup of an air 3ow on
top of a water plan€The two uids are assumed to be invisciche air occupies the
z > 0 half-space, while the water blls themaining space. The air is assumed to
be moving at a constant velocitye, with respect to the water. To be complete, we
also take into account the surface tensiobetween the two Ruids. Thus, except
for the air motion, the set-up is exactly the same as the one use irbSeethen
studying surface waves.

As in Sect5.3, we assume the perturbations of the velocity beld to be irrotational,
namelySv D r 5. We thus rewrite the second equation 26) directly as:

@ a @4 . SPa .
“2cv=2c 22 CgsD cst 6.24
at @x 5 g (6.24)

Since the potential 5 still satisPes LaplaceOs equati@n29 is always satisbed
because we are still looking for solutions in the form 5fX7). On the other hand
the boundary conditiorb(30) is modibed on the air side, indeed

@s @ .., @

Vzwater D — and Vzair D @tc V@X

@t

Fig. 6.2 The great red spot of Jupiter as viewed bg Galileo pobe. Note the vortices around it.
They come from the shear instabilities forced by this Row (Credit NASA)
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(5.32 is therefore replaced by
K water0/ D il z and k ,.0/Di.! kV/iz
Since we take surface tension into account we have
8Py D 3P, C k %z
according to (5.40). Finally, we deghe following dispersion relation
12, ,C af 2! kv . algk k3C .k?v2DO (6.25)
The temporal branches can be easily extracted:

p—
kv
! D a— and D . WC a/_k3 C - W a/gk k2V2 a w

w C a
(6.26)

The expression df  shows that the instability arises wher O , that is when

WC ah gl

V2> k C. w a/E

a w

Since the term in brackets has a minimum wkeD ki, D P . w  alg= ,we
see that the Row will be unstable if, and only if, the velocity V is greater than the

critical velocity given by:

2 2 i}
Vet D —C — -0 w al 1=4

w a

(6.27)

With typical values of a water-air interface, namely D 1;000kg/m®, , D
1:2kg/m*®, g D 9:81m/$ and D 0:072N/m, we bndVy D 6:4m/s. The
wavelength of the most unstable mode, namely that for wikictD Kk, is

ait D 1:7 cm, which is the length where the capillary effects are of the same
order of magnitude as those of gravity (see Se&.2).

6.3.2 Instabilities Related to Kelvin—Helmholtz Instability

Formula 6.29 actually contains many interesting cases that we shall discuss
now.
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6.3.2.1 Rayleigh—Taylor Instability

If in (6.25 we setV D 0, we immediately bnd the dispersion relation of gravity or
capillary waves %.43. Now, let us assume that we manage to put the water above
the air. This situation is likely unstable. In fact, since

. /gkC k3
12p 2 w9 : (6.28)
eC a
we see that this is not neﬁessarily the case. In order for the situation to be unstable,
it is necessary that < = ., _a/g= , namely that the perturbations with a
wavelength greater than,i D 2 =. w a/g cangrow.

The foregoing instability, which appears when a layer of Buid covers a layer of
a less dense Ruid in a gravitational bésdknown as RayleighbTaylor instability. It
usually occurs in Nature when a Buid layer is heated from the bottom. The instability
then leads to a Buid Bow known as thermal convection, which we shall study in detail
in Chap.7.

Now, the instability shown byg.28) can be illustrated by a simple experiment.
Taking a bottle blled with water, we turn it upside down, maintaining the cork on the
oribce. Removing it delicately, we observe that if the diameter of the bottleneck is
small enougl?,the water remains in the bottle. If the diameter is too large, however,
the stability of the equilibrium can be restored by increasing artibcially the surface
tension: a piece of paper laid on the interface will do the job.

Finally, let us note that if the surface tension is zero, for example if both Buids
are gases, then the equilibrium is always unstable.

Figure6.3 shows the development of Rayddib Taylor instability in a numerical
simulation of a supernova explosion. This instability plays an important role in the
mixing of elements yielded by this stellar explosion.

6.3.2.2 The Instability of the Mixing Layer

Another example that is easily derived frosZ5) is the one where the two Buids
are identical. Thus,, D D

The conbguration thus obtained is the famous Ovortex sheetO presentei$h Fig.
where the velocity sustains a discontinuity that usually develops into vortices
(see Fig.6.2). From (.25 we see that such a conbguration is unstable for all
wavelengths since

' D.1 i/kv=2:

3We may expect that if the diameter of the bottleneck is smaller than 1.7 cregthiébrium is
stable. However, we should keep in mind that tladue was derived for pure watempurities
decrease the surface tension and lead to a smaller value of the critical wavelength.
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Fig. 6.3 Growth of the
RayleighbTaylpinstability in
the wake of the shock wave
associated with a supernova
explosion. The four quadrants
show the concentration of
helium, oxygen, nickel and
silicium. The numerical
simulation has been made by
Joggerst et al.2010

Ni Si

The growth rate increases with the wavenumber without bounds apparently. This
dispersion relation comes from the discontinuity of the velocity peld. In real
systems, the discontinuity has some thickness (due to viscosity) and the growth rate
reaches a maximum for perturbations withvavelength similar to the thickness of

the vortex sheet.

6.3.3 Disturbances of the Plane Couette Flow

The plane Couette Row is a shear Bow for which the proble is linear:

U.zZDz=T (6.29)
whereT is a constant homogenous to a time. A discussion of the perturbations of
this Bow is interesting. Setting D i! with ! 2 R and substituting&.29 in
RayleighOs equation we bnd

1l CkulD? k% DO (6.30)
If we assume that C kU/ o 0, then is given by

D Ash.kzC Q/

If the RBow takes place between two planes situated & 0 andz D d, at
which the disturbances vanish, thenD 0 throughout. Therefore, in order that
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the perturbations exist, it is necessary tha kz=T D 0in the interval-0;d. In
other words, the disturbances are such that

I 2 - kd=T;0

so that their spectrum is continuous.
The form of the solutions is always given b§.80), but the solutions have a
discontinuity inzD z. D !T=k . Actually, we have

. Z D Ashkz if 0 z =z
. Z7 DBshk.z df if 2 z d

At zD z, iscontinuous because is continuous, which is imposed by mass
conservation. Therefore, we have

shkz

BDA————
shk.zz d/

Let us now calculatex D D on each side of.. We easily verify thavy.z / @

W.Z5 /. The component is discontinuous at this point. This discontinuity illus-
trates a property of linear operators, which connects the existence of a continuous
spectrum to that of discontinuous eigenfunctions.

This discontinuity of the perturbeg means that the plane Couette RBow is likely
unstable to Pnite-amplitude disturbances. Indeed, such a perturbation will contain
a vortex sheet, which is always unstable. This inference has been actually veribed
experimentally and numerically.

6.3.4 Shear and Strati cation

To conclude this section on famous unstable shear Bows, we now study the case
where the Ruid is stably stratibed in the vertical direction. In this way, we can
examine the case where shear instabgitee opposed by a positive temperature
gradient that inhibits vertical motions but allows the propagation of internaltgrav
waves. This situation is often met in natural systems, for instance a lake over which
a wind is blowing. The wind entrains surface water and thus imposes some shear
Bow in the lake. But lake water is often stably stratibed with cold (dense) water
below (light) warmer water. Because of this stratibcation, shear Bow instabilities
may be inhibited, and thus the mixing of waters in the lake.

In order to study the evolution of disturbances in such a system, we return to
(6.14 modibed to take the buoyancy force into account and completed by the
equation of temperaturé 49).
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Staying with the two-dimensional case and using the same notations as before,
we now have:

CikU/vw CU% D ikP
CikU/v,D DPC (¢T
. CikU/T Cv,@ToD O
" Dv,Cikw D O

(6.31)

whereT is the temperature Buctuationthe coefbcient of thermal expansion (see
1.60 andTj is the background temperature prefif the Buid in equilibrium. We
also introduce the BruntbVSisSIS frequemtysuch thatN? D g@,To and the
stream function such thatyy D D andv, D ik . We can then cast the
preceding system into a single equation far

k2N 2

C ikU/-D? k2 iku%® D
! ! CikU

(6.32)

also called th@aylor-Goldstein equatiarf we set the BruntBVSisSIS frequency to
zero, we recover Rayleigh equation. As for this equation, we shall derive a criterion
of stability when the RBow is bounded by two horizontal plates. We could, as for
RayleighOs equation, multiply the equation by the conjugate arfid integratez
between the two boundaries. We would then get

L o kU% j2 N3 j2

.jd j2Ck? j?dzC I—d D k¥ ————d
R N ol Ve . T cikur®
By requiring the cancellation of the imaginary part of this equation, we bPnd the
following necessary condition for the instability of the Bow:

2. | C KU/KN 2

UOOD i
2C. | Cku/?

where we set D r C i . Unfortunately, this equation is not a criterion of the

Row itself, unlike RayleighOs one, since it depends on the eigenvalue. The way to

obtain a true criterion on the Bow was discovered by L. Howard in 1961. It consists

in making use of the function

D p———
C kU

which obeys

U®=4 N2 iku®
D-. CkUD C K=o '2 K2 Ciku/ DO (6.33)
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which we can multiply by and integrate betweemandb. Taking the real part of
the result, we thus bnd

Zy

. . U
R iD j’Ck%j j* K?

®=4 N2
R i cikup !

2 dzD O

In this equation the integral can vanish if, and onlydf?=4 N?2 >0, orif

N2 1
RiD — -
ue 4

(6.34)

Ri is called the Richardson numberEquation 6.34) is generally called the
Richardson’s criterionWe see that it is a necessary condition for instability. For
certain particular Bows it is also sufbcient. This criterion shows that when the
stratibcation is sufbciently large, that is to say when the BruntbVSisSIS frequency
is sufpciently high, the Bow is stable.

This criterion, like RayleighOs criterion, can be recovered on heuristic arguments,
which allow a more physical understanding. To do this, we shall take two uid
elements respectively aandzC Sz In order to exchange them, some work against
the buoyancy force must be provided, namely

WD g8s§z

The energy will be taken from the reservoir of kinetic energy, which stays in the
original Bow. We then make the following transformation:

zC sz C§UC§UI

U C su
z U ' csucCui1

/SU
where is a free number between 0 and 1. We see that this transformation conserves

the mass and momentum at brst order. Let us now calculate the difference of kinetic
energySE. between the initial and bnal states. We have

25E.D U2C. C8/U C8UF U C8U/? . C8/U C.1 /5U/?
D2.1 /38U ?2C2uUssU

We observe that if < 1 then .1 / 1=4 and the maximum is reached at
D 1=2 so that

1
SE. < = .8 sSUS .
28E, < 5 U/ 2C 2U8US 6.35
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Because of these constraints, stability is insured if

1
2 U 2C UsUS 958z
that is to say if the maximum variation of the kinetic energy is smaller than the work
needed to exchange two Buid elements. Finally, there is stability if

We shall see later that in many circumstances, stratibed Bows can be computed
using the Boussinesq approximation, which implies the neglecvafiations while
maintaining constant the produg$ , (buoyancy force must not disappear!). Thus,

the second term of the right-hand side is usually negligible compared to the brst;
in this way, we recover RichardsonOs criterion, which was discovered in 1920 (see
Richardsorl1920.

6.3.5 The Bénard-Marangoni Instability

At the turn of the twentieth century BZnard (1874D1939) discovered that a thin PIm
of liquid heated from below exhibits some vortical cellular motions. For almost
60 years, these Ruid Bows have been interpreted as the result of thermal convection,
an instability driven by the buoyancy force (this is the subject of our next chapter
However, Pearsor1 58 showed that when the Ruid layer is very shallow, buoyancy
effects are dominated by surface tension effects that are able, as we shall see, to
destabilize the Buid at rest.

To understand this phenomenon, we consider a Ruid layer of thickn@ssnite
in thex andy directions. In thez direction, i.e. across the layer, some temperature
gradient is imposed, for instance by kiag the bottom boundary. In the equilibrium
situation, we thus have

for the temperature beld. We assume that the density variations are negligible

altogether, thus perturbations of the velocity beldf the pressure belgph and
of the temperature beKlT, verify

“The name of Carlo Marangoni (Pavia 1840DFirenze 1925) is generally associated with this
instability as he washe brst physicist to describe Ruid Rows driven by surface tension gradients
(with a paper in Annalen der Physik in 1871).
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8

r vDO

<@ 1 .

@tD -rspC v (6.36)
@sST y

@Cv r TegD ST

These equations need to be completetdyndary conditions. On the bottom plane,
we impose no-slip boundary conditions for thocity and a bxed temperature; thus

vD O and STDO on zDO

On the top boundary the Ruid (a liquid) meets another Buid (a gas). Surface
tension is therefore important, and above all its temperature dependence. Since the
temperature Buctuations are assumed very small, a linear law is valid and sufbcient;
we take

T/ D olC 1T/ (6.37)

where gand 1 are given by the nature of the liquid-gas interface. Usuallys< 0
since surface tension decreases with temperature.

We also assume that the deformation of the interface is negligiplés (large
enough), and neglect the effects of gas motion. In these circumstances, the boundary
conditions on the liquid at the interface are that the vertical velocity of the liquid
vanishes there and that no horizontal stress applies on this surface. Eiin i
turns out that:

veDO and —iqg& r / DO (6.39)

SSurface tension comes from the binding energy of molecules due to their mutual interactions in
a liquid. We may expect that at the critical temperature, which is the temperature whemsthe g
and liquid phases are undistinguishable, the surface tension disappears. This remark lead L. EStvSs
(1848D1919) to propose that surface tension varies with temperature like

D kT, T/=VvZ2

Herek is a universal constant for the liquidé, is the volume of one mole ant, is the critical
temperature. This law, which is known as EStvSs rule, is only approximate, but suggests that

decreases linearly with temperature, as actually observed experimentally. For instance, the
following bt

D 7:310 24 0:0023.T 291/ N=m (6.38)

matches rather well the variations of surfacesien of water in the rege 273D373 Kas illustrated
in Fig.6.4.



212 6 Flows Instabilities

0.080 [
0.075 PNy
0.070

0.065

7 in N/m

0.060

0.055 -

0050 o o o1
0 20 40 60 80 100

T in 0C

Fig. 6.4 Temperature variations of the surface tension of pure waterldksbed lineshows the
linear bt given in the text

One condition remains to be specibed: that on the temperature at the interface.
There, we should impose the general dtinds between two conducting materials,
namely (L.66), with the additional point that air is a transparent medium where
energy may be carried out by radiation. Assuming that the liquid radiates like a
black body into the gas, boundary conditions at the interface read:

TTDTy and I—D T/ =

where is Stefan constant. If we now consider the temperature perturbations around
a steady state, these perturbations verify:

. . @sir . g @37
ST, D ST, and ——CggSTybD =2—2=
| g @ gsi | @

Usually, the thermal conductivity of liquids is much higher than the one of gases (see
Tablel.1) so that we can safely neglect the right-hand side of the second condition.
gD 4T ,3: | is a parameter which measures the efpciency with which the heat Bux
permeating the liquid is radiated. If the liquid is a good conductor then the gradient
of temperature Buctuation must be small near the boundary. Hence, we shall take
@—@STC gsTDO on zDd (6.40)
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as the boundary condition on the temperature of the liquid at the interface. The
remaining conditiorsTy D $Ty is useful only in the case we are interested in the
gas temperature Buctuations.

We have now prescribed all the equatiansl boundary conditiong/hich control
the fate of perturbations. We shall rewrite them using non-dimensional variables. We
choose the thickness of the layer as the length scalé&ndas the time scale. The
temperature scale is naturally givendbyy j. Furthermore, as we are making a global
analysis of stability, we impose that disturbances evolve astéxphence we write
the equations of motion:

8

<r uDO
ubD rpCP v (6.41)
T uD T

since we take < 0 . P is the Prandtl number of the liquid. Using the equation of
continuity together with th&t D 0 conditions, we derive the following boundary
conditions on the D 0 plane:

uZD%DO and TDO on zDO (6.42)

On thez D 1 plane, we should brst make the stress condittoB89 more explicit;
it yields

@, . @ @sT_ @; . @y @ST,
e “Te’% @e °Te"? Pt

These conditions are completedigyD 0. Using dimensionless variables, and mass
conservation, the three top boundary conditions give

@, @r . ar

u,D 0; & Ma @c@—? DO (6.43)
where we introduced thilarangoni number
Map o i id® (6.44)
Finally, the boundary condition on temperature & 1 reads
@l BiTDO (6.45)

@



214 6 Flows Instabilities

where Bi is the Biot numbé&r

4T3 d/d
BiD —°9

The system@.41) can be further reduced to two equations controlling the vertical
velocity and the temperature RBuctuations; namely:

ubD P u

T DuCT (6-46)

whereu  u,. Since the Buid layer is inPnite in theandy directions, we may
express the functionfsx;y; Z D f. Z expik«x C ikyy/ and sek? D ki C k7.
Thus,

P.D2 Kk32uD .D 2 k2u

D2 k3T CuD T 647

whereD D @=#This is a system of sixth order, which is completed by the six
boundary conditions:

uDDuDTDO at zDO

. 6.48
uD D?2uC k®MaT DDTCBITDO at zD 1 ( )

The stability of the Buid layer is determined by the set of eigenvaluds may
be shown that the Os are all real negative numbers when the Marangoni number is

zero, hence the system is stable. When this number is increased, the real part of the

least-damped mode vanishes for some critical valug dfithe Marangoni number.

We assume that the associated eigenvalue remains real (the instability is assumed

not to be oscillatory). Thus doing, when MlaMa., D 0, and we can determine
the solutions at the threshold of instability.
The solution ofD 2 k?/?u D 0 verifyingu.0/ D Du.0/ D u.1/ D Ois

u.Zz D AsinhkZ C .k cothk 1/zsinhkzZ kzcoshkh/

6The Biot number is the ratio of two heat transfer coefpcients. The heat transfer coefbcient is a

Bux surface density divided by a temperature; for instanced is the heat transfer coefpcient of
the liquid layer, while T 3 is that of the vacuum.
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We also bnd that

72D 3sc0shkgc KoK _SNMK > shka 2
4 k k sinhk
. .
k2sinitk C .Bi C 1/A.k/ ikt

kZsinhk.k coshk C Bisinhk/ °

sinh kz

Z sinh kz

whereA.k/ D k? C k sinhk coshk C sint? k. This solution veribes the boundary
conditionsT .0/ D 0 andDT.1/ C BiT.1/ D 0. Using these two solutions we can
express the Marangoni number as a function of the wavenuklze:

8k.k  sinhk coshk/.k coshk C Bisinhk/
k3coshk sintPk

Mak; Bi/ D (6.49)

This function, plotted in Figs.5for various values of Bi, determines the minimum
value of Ma beyond which the instability tsein. We note that, in the ideal case
where Bi D 0, the critical value of the Marangoni number is MaD 79:607
reached at a wavenumberlqfi D 1:993

As we mentioned it at the beginning of this section, this instability has long been
confused with the RayleighBBZnard instability, which is driven by the buoyancy

400 [

200 [

Ma

Fig. 6.5 Critical curves for Maangoni-BZnard instély for various valuesof the Biot number
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force. However, as we shall see now, when the thickness of the layer is small enough,
the surface tension instability dominates over the buoyancy driven one.

Anticipating on the following chapter, we note that the RayleighPBZnard insta-
bility is controlled by the Rayleigh number

i iad4
RaD &
which critical value, in similar conditionSis 669.

The dependence of the Rayleigh number with the fourth power of the thickness of
the layer, shows that for increasing valuesliothe supercriticality of the Rayleighb
BZnard instability is growing faster than that of the tension driven instability, which
grows only with the square of the thickness.

We may compute the thickness where the two instabilities are of similar strength.
The critical thickness for the tension driven instability is

dt D Macr—n -
of T
whereas it is
4D ot -
gJ

for the buoyancy driven one. For a given 3uid under a similar temperature gradient,
these two thicknesses are equal at:
S -~
Ra o i
dbt D &iit o) TJ

Magit 9

As a numerical illustration, let us consider the case of pure water arouhd.20
At this temperature D 2:07 10 *K 1, and using the linear bt of the surface
tension 6.38), we bnd that the critical thickness is 2.6 cm. Hence, a water layer a
few millimeters thick is destabilized by surface tension when heated from below.

6.4 Waves Interaction

Another way to tackle instabilities is to interpret their development as the conse-
quence of the interaction of two waves with energies of opposite sign. The total
energy of the system stays constant but the amplitude of the two waves can increase

"This means the same boundary citiotis on the bottom plate aron the top plate, stredgee and
bxed-Rux conditions (this is for the caseBi0).
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indebnitely (in a linear regime, of course!). This approach has been introduced
in Fluids Mechanics by Cairnsl979, who adapted technics devised in plasma
physics.

6.4.1 The Energy of a Wave

There is no universal debnition of the energy of a wave. Following CairnsO work,
we shall debne it as the work needed tdkmis amplitude increase from zero to a
given bnite valué\g. We assume that the passing wave causes a small displacement
of matter, which we denote by

Xt/ D Atle'! ot kox/ . (6.50)

The associated pressure disturbance has a similar form. The furktibnis
assumed to vary slowly: the amplitude of the wave increases very progressively.
We express this OslownessO by claiming that

1dA

—— 1 Pty

A o b 0

In order to debne the work done to raise the wave, we assume that the displace-
ment 6.50 is the result of the action of the pressure forces, which act on both
sides of a surface. As long as the wave is not established, the pressure on both sides

differs; thus the work reads

Z C1
W D P2 pi/ Pdt
1
or, in complex notations,
1 z C1 il 0 z C1l
W D =Re P2 pi/ Pdt DRe — P2 pid dt
2 1 2

In a linear problem, all quantities areqmortional and therefore we can write

p1D D1tk o/At/e ! ot ko

po D Dyl k o/At/e it ot kox/ (6.51)

let

P2 pi/ DD.Lk o/Atle ot ko
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whereD.!;k/ D Dy.!;k/ Di.l;k/ . When the wave is establishgay D p»
andD.!;k/ D Ois the dispersion relation of the waves system.
Let us calculate the Fourier Transform.pf, pi/ ; we have
Z
@/ D D.k o/Atle ot kX't gip DIk o 1/

SinceA varies slowly witht, A2 I o/ differs from zero only at low frequencies,
thatistosay fot ! 0. Inthe neighbourhood dfy, we have
D
D.I;k/ DD. g;ko/ C.1 1yf Q C
@' |,

with D.! q;ko/ D O, therefore
z
P2 pi t/ D AR 1yDlkle Mdl

taking into account our remark abodit this integral is approximated by

Z
D H 1 i1
P2 pd t/D Q' gkox ol g AR L gle POt
@' |,
. @D ; | o dA
D = ikox 1ot/ 27
' e ,C dt
From which we pnd that
Z
lo @D ¢t dA lo @D .,
WDE @ o L ReAF/dtDZ @ IOJA()J
The energy of a wave is therefore debned by
ED — = jAq (6.52)
4 @,

6.4.2 Application to the Keim—Helmholtz Instability

We now apply the preceding calculations to the KelvinbHelmholtz instability
studied previously.

The dispersion relation6(25 shows that two waves corresponding!to are
possible. We easily calculate their energy
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Fig. 6.6 Change of the dispersion relation with the background velocity in a set-up prone to
KelvinBHelmholtz instability. W see that as the background velocity gets close to the critical
velocity, a negative energy branch narrows the positive energy one. In the third plot,Wwheyg,
unstable modes have imaginary frequencies and their wavenumber belongs to the interval limited
by thedotted lines

@D p—

E D! @ D2 . akVI D 2!
"

It therefore follows that for everk > 0,! ¢ > 0 andEc > 0. If V Verit

then! < 0 andE > 0; the energy of the two waves are of the same sign.
However, ifV < Vg, there appears a band of wavenumltkeiar which! >0 and

thus associated with negative energy waves. Moreover, there exists a wavenumber
(k  3), suchthatthe two waves are close to resonancé,g¢.e. ! .Asillustrated

in Fig.6.6c, this resonance is at the origin of the band of unstable waves.

6.5 The Nonlinear Development of an Instability

Up to now we have studied the evolution of disturbances with inbnitesimal
amplitudes and noted their exponential griowvt the case of instability. Obviously,
this growth cannot continue indepPnitelgdause the increasing amplitude inevitably
leads to non-negligible nonlinear terms. Their role might simply be to trigger the
damping of the instability and to insure a new equilibrium: this is the most simple
case that we shall bnd again in thermal convection in Chalm general, the
situation is more complex: for example, it often happens that a group of modes
are unstable because of the set-up. The question we are faced with then is to know
towards which solution the system is evolving: is it systematically towards the mode
with the highest growth rate? or is it that the nonlinear terms will decide the choice
of the bnal solution which, if it exists, should be stable? It is also possible that no
stable solution exists. If the system is chaotic, it wanders indepPnitely witheut e
returning to a point (in the plsa space) previously visited.
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The nonlinear development of instabilities is a vast beld, which would deserve
an entire book. The object of this section is thus more modest: we shall examine a
few of the simplest cases from which we catrape our intuition about the possible
developments of an instability.

6.5.1 Amplitude Equations

When we discussed global instabilities, we expressed the growth of disturbances in
the form:

@tD L.u/

@
by choosing a time dependenceeih. We generalize this approach by writing
u.r;t/ D At/ ug.r/ (6.53)
whereA.t/ is the amplitude of the mods). If A is very small, we always have
At/ uo D At/ L.ug/
but sinceug is an eigenmoded,.ug/ D ug, A thus evolves according to
At/ D At/ (6.54)
Such an equation is called amplitude equationThis one is the simplest and its
solutionA D Age! is already known to us.
Now, let us suppose thait is always in the form .53, but that its growth is
determined by a nonlinear equation that we may write
A%l D f.A (6.55)

But for small amplitudes, we have

f 9%/ f 00Qy/
f.Al Df.O/ Cfl0/AC 5 A%C 5 A3C (6.56)

SinceA is the amplitude of a disturbano®,D 0should be the equilibrium solution
such thaf .A D 0/ D O; thereforef.0/ D 0. Further identibcation shows that
f 00/ D . Hence, we rewrite therpceding equation as:

f %0/ f 90%/

At/ DAC TA2c 5 AsC (6.57)
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We can still progress in the determination of the coefbcients of the Taylor expansion
of f by using the symmetries of the system. Imagine that the system is invariantin
the symmetryA ! A, i.e. if A is a solution, A is also a solution, then it is
obvious thatt. A/ D f.A/ because of the linearity a®. In this way all the

even derivatives df are zero andg.57) shortens to:

00
At/ D AC %A% (6.58)

SettingL D f 9°0/=6, the preceding equation is knownlssndau equation
At DA LA (6.59)

andL is theLandau constanbf the system(cf. Landau and Lifchit©7191989
Sect. 27).

6.5.2 A Short Introduction to Bifurcations

Landau equation describes the behaviour of many systems in Physics, especially
in Fluid Mechanics (we shall meet it agairhen discussing thermal convection in
Chap.7). Thus, it is worth a little study, which will also allow us to introduce the
basic ideas of bifurcation theory. First of all, we shall assumeltira0.

AssumingL > 0, (6.59 is easily solved: after dividing it b3, it is solved for
1=A2, which gives

Ao
1 All=/e 2t CAIL=

At/ D ¢

whereA, is the amplitude at D 0. Figure6.7 shows a plot of this solution.
By writing Landau equation in the form

3—A D. LA%A;

we observe that the solution saturates thanks to the teri®irthe increasing
amplitude causes a reduction of the effective growth rate LA?/. The bnal
amplitude is such that LA?D 0, or

ADAqD (6.60)

We see that this solution exists only i 0 . In the opposite cas#y ! 0. This
situation can be summed up byb#urcation diagram(Fig. 6.8) that outlines the
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1.5 T

1.0 —

0.5 —

A(t)

0.0

Supercritical Bifurcation Sub-critical Bifurcation

Fig. 6.8 Bifurcation diagrams for Landau equation in the supercritical and sub-critical Glas.
linesindicate stable branches whi@shed linesire for unstable ones

equilibrium solutiong namely the values @k such thaf.A/ D 0when the control
parameter is varied. The control parameter is also known asatuker parameter
in reference to phase transitions, where bifurcations are also playing an important
role. In Buid Bows, this parameter is usually a number like the Reynolds one.

We now return to Landau equation and its possible equilibrium solutions.
f.Al D Oleadsto

r

A LA® DO H ADO o AD T

8The equilibrium solutions are also called |Bx@oints in the language of dynamic systems.
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These three solutions constitute the differfernchesof the diagram. It is then
necessary to examine their stability. For this, we perturb Landau equation by writing
A D AeqC 3A; thus,

dsA 2 1
e D. 3LAG/SA

The stability of each branch is given by the sign oD 3LA§q. If Agq D 0,
D :the branch is stable if< 0 and unstable if > 0 . If A,g D = =L, the
system is in the bifurcated state aitelperturbations evolve according to
dsA
e D 23A (6.61)

Therefore, when thibranch exists (if >0 ), itis stable (2 <0).

The bifurcation controlled by Landau equation is callegitahfork bifurcation
WhenL > 0, it is supercritical If passes from negative values to positive ones,
the system bifurcates fror‘B a solution that has become unstag]®( 0) towards a
new stable solutionAeq D "= ). The bifurcation takes pkte at the critical value

D 0.

In some systems, the critical value ofis not zero but purely imaginary D
il : at the bifurcation point the system oscillates with a frequencyhis kind of
bifurcation is called alopf bifurcation The behaviour of the system is very similar
to the Landau one and we propose its study as an exercise.

Let us now return to Landau equation and consider the case where Landau
constant is negative. In this case, non-zero equilibrium solutions exist ordydf .

The bifurcation is called sub-critical and we note frdr(l) that the bifurcated state

is always unstable (Fi@.8). The evolution from these branches cannot be described
by Landau equation (except in an initial phase where the amplitudes are small),
because the nonlinear cubic term streng#hthe instability rather than reducing it.
We should then extend the development ab the next order in amplitude, namely
the one inAS. This brings us to the consideration of a somewhat more complex
system, where we can bPnd a bPnite amplitude instability.

6.5.3 Finite Amplitudes Instabilities

We shall now analyse a system having a sub-critical bifurcatioratO taking into
account the\>-term. The dynamics of the system is assumed to be controlled by the
following equation:

dA
—D A C2LA® A° (6.62)
dt
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where the coefbcient 0&®> has been set to 1 for simplicity (its negative value

is necessary for the instability to saturate). We could also, as we did for Landau

equation, explicitly solve this equation but this is not really necessary because the

drawing of the bifurcation diagram as well as the analysis of the stability of the

different branches allows a good understanding of the dynamics of such a system.
The points of equilibrium are the bve solutions that cancel out the right-lided s

of (6.62, namely

q
I O —
ADO and AD L L2C D A (6.63)

We thus bnd the axi& D 0 plus a fourth-degree curve (see F8g). In order to
Pnd the stability of the different branches, we must determine the sign of the rate of
growth

D Ce6LA? BA?
for each equilibrium solution. The case AfD 0 is immediate. IfA & 0, we can

use the equilibrium equation C 2LA? A* D 0 to eliminate ; recalling the
expressions oA given by 6.63), it turns out that

P
A /D 4A% L2C

eq

-1 ' .
Fig. 6.9 Bifurcation diagram b \ 1
for a system endowed with a H ,
subcritical bifurcation \

obeying 6.62. Dashed lines [ ]
indicate unstable branches, = S A N
solid ones show stables -2 -1 0 1 2
branches (we sét D 1) A
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then .A ¢/ < 0 andAc is stable wherea8 is unstable sinceA /> 0. The
existence of the solutions féxr obviously depends on and we may verify that

Ac exists if L2,
A existsif L2 0.

Several conclusions about the dynamics of the system can now be drawn. If

L2, branchA D 0 is absolutely stable: whatever the disturbance might be, the
system will return to this equilibrium. 1I® > > L2 three stable solutions are
possible: 0 and Ac. The system Owill chooseO according to initial conditions but
henceforth we can note that if the solutidrD 0 is disturbed strongly enough, we
can make it bifurcate towards the other stable branch&g . Although stable with
respect to inbnitesimal perturbations the solu#iob 0 is unstable with respect to
disturbances of bnite amplitude, provided that this amplitude is large enough (the
same applies to the branéty ). We can illustrate this property by noting that the
equation of the dynamical syste® 62 can be written using a potentil .A/ such
that

dA @V.A/

dt @A
The diagram o¥ .A/ for different values of shows the OvalleysO of stabilities and
the OpeaksO of instability (see Bid0).

Finally,if >0 ,A D Ac are the only stable solutions. Figur@® and6.10
summarize the properties of this system.

Al

i
ittt
":"'éé:""""':"'l'lllllll'l"""l':"',""l'l'""ll
g
cassntralt ooty
sttty
N

e,
e
—

v(A)

Fig. 6.10 LeftThe potentiaV .A/ D A 2=2 LA“%=2 AS=6for various values of . Thedashed
line shows a value of such thaD > > L2 where the potential has three local minirfRaght
A view of the surfacev .A; /
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6.6 Optimal Perturbations

6.6.1 Introduction

In the foregoing sections we categorized Row disturbances into two families: those
of inbnitesimal amplitude which are controlled by a linear operator and those of
Pnite amplitude which require the solving of a nonlinear problem. However, on
the latter perturbation we discussed only the possible role of a bnite amplitude
in the context of amplitude equations. We may thus wonder if, like in dynamical
systems of Sec6.5.3 there exist Rows that are stable with respects to inbPnitesimal
perturbations but unstable with respect to some Pnite amplitudes ones and also
wonder how these bnite amplitude pertuibias are generated. These questions lead
us to present a recent progress of Fluiddlanics that bridges the gap between the
two aforementioned categories of disturbances.

Let us brst come back to small amplitude perturbations. We decided of the
stability of the Bow when thesperturbations were exponentially damped, that is to
say when their temporal evolution was controlled bydfefactor with Re/ < 0
the instability criterion being the existence of a perturbation with a positive growth
rate. This condition for instability is sufbcient of course but not necessary as we
shall see. We can indeed imagine the existeof other perturbations that are not
described by the eigenvalues of the disturbances operator, like algebraically growing
disturbances. One may even imagine situations where a Row is stable as far as
perturbations likef. r/let are concerned, but that would be transformed into an
unstable one by some slowly growing disturbances. This is precisely what has been
uncovered in the years 1980: some Rows well known to develop turbulence but
otherwise known to be stable with respect to small amplitude perturbations have
been revealed as the seat of slowly growing perturbations that in the end completely
destabilize them. These perturbations are now knowopéimal perturbationsthe
linear analysis shows that they can be strongly amplibped before disappearing, but
during the course of their growth they might transform the original Bow into another
one that is exponentially unstable.

This scenario shows that bPnite amplitude disturbances may be spontaneously
generated by some small amplitude noise. The existence of optimal perturbations
explains why a Bow like the cylindrical Poiseuille Bow, which is stable linearly for
any Reynolds number, shows turbulence bursts when this number is 0¢é¥.

In this section we shall introduce the reader to this new page of Fluid Dynamics, a
page that has started being written 25 years ago.

6.6.2 Plane-Parallel Flows

Squire theorem told us that two-dimensional perturbations of plane-parallel Bows
were the most unstable. But three-dimensional ones have other properties, unnoticed
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for a long time, that might also efbciently control the stability of RBows as we shall
see.

Let us reconsider the disturbancesattimight affect a plane-parallel Bow D
V.Zle, and let us assume that the Buid is bounded only iretbigection. We are
now considering perturbations of the same shapé 48 (but we do not impose an
exponential time dependance. Thus we write:

f.r;t/ D f. zt/eM*xCikyy (6.64)

for the general form of the perturbations. Systé&l8 has now the more general
shape:

8 _@ikU D2 KUvCwUZD kP
S_@ikU D2 Kk¥vD ikP

. -@ikU D2 k¥v,D DP

" DV, C ikeVy C ikyvy D O

(6.65)

wherek? D k7 C k7 andD D @. Eliminating pressure and the componentand
vy we re-derive OrrbSommerfeld equation for the vertical velogity

-@ ikyU.Zz D? k%¥.D? Kk3v, ikyU%, DO (6.66)

We may check that this new form of OrrbSommerfeld equation gives I6a28 (
which we derived previously. Since we now consider three-dimensional perturba-
tions, it is necessary to complete it with an equation for the spangisemponent

of the velocity. Following tradition, we write the equation veribed by the vertical
componentofthe vorticity , D @vy, @Vx. Using the brst two equations &.65),

we easily bnd that

-@C ikU.Zz D 2% k%! ,CU°Zikyv,D 0 (6.67)

also calledSquire equationThese two equations form a coupled system whose cou-
pling coefbcientis proportional tg, which represents the variation of perturbations
in the third spanwise dimension.

Let us now write Squire and OrrbSommerfeld equations in the following
symbolic form:

@VZCD4O A

= DO 6.68
@t !, ~ ikU°D, I, (6.68)

where we introduced the differential operators

DD? k% D,DikU.Zz .D? k% DsDD,D? k%
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In order to understand the properties of the solutions of this system, it is useful to
study a much simpler problem but which shares many of the propertiésca (

6.6.3 A Simpli ed Model

System 6.68) is a differential system where space and time coordinates are coupled.
We shall uncouple these variables by fdtoey space variations and focusing on
time evolution. For that, we consider the following simple system:

d x "0 x
@y P o1y (6.69)

where" is the model parameter. We look for the temporal evolutiox.tf andy .t/
whose initial values are; yo/ . The resolution of these two differential equations
is straightforward and we bnd the general solution:

x.t/ D xpe
. " 6.70
y.t/ D.yo Xo="le ?'C Xe ™ ( )
We might observe that at long times { C1 ), these solutions vanish for any
initial conditions. The shottime evolution, that is wheht 1is on the contrary
sensitive to initial conditions. An expansion of the solution to brst ordégines

x.t/ D xo.1 "t CO."?

3
y.t/ D Xo.t E"t2 CO."?%/ Cygl 2"'tCO."?

These expressions show that/ starts decreasing and thssindeed what says the
general solution. However, this is not the caseyfdf . The brst order expansion
shows that ifxq Yo, the solutiony brst increases at a rate controlledqy
Obviously, if initial conditions are such thagy  yo theny.t/ also decreases.

Let us now consider initial conditions wheyet/ is increasing with time and
search the tim&, wherey is maximum. Using the general solution, we easily bnd
that the maximum of is reached at time

1 1C'yo=
wp tin 1€V

aslong asyo=xo > 1. Ifwe assumethaty yoand" 1, we see that

, In2

" =
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so that the growing ofy lasts longer wheri' is smaller.y then reaches the
amplitude

Xo
ym D a
This amplitude is therefore the larger, the longer is the growth. This expression also
shows that even if initial perturbatioase small, they can be strongly amplibed if
they are optimally chosen. We shall note however that this condition is not very
severe: in the simple case that we are studying we just need to avoid thecase
Yo. Figures6.11and6.12illustrate the growth of thg component in the optimal
case for various values of
In general the amplibcation is measured by the energy gain, that is to say by a
quadratic function of the amplitude. In our case this gain is simply

x.t/2Cy.t/?
Gt/ DI =Y (6.71)
X5 C Yo
B0 [T T
25 | .
20 | .
=z 15 .
> L
10 | .
57 .
0L eSS =T SR PRI
0 100 200 300 400 500
t
Fig. 6.11 Growth ofy.t/ for the solution §.70 for various values of with 0:1 " 0:01

whenxo D 1andyg D 0. In this case it < In2="the function is strictly increasing with time. It
reaches its maximurb=4"att D In2="



230 6 Flows Instabilities

For our optimal perturbations verifyingy Yo, the gain reaches a maximum
close to

1
GmaxD —
max 16"2

6.6.4 Back to Fluids: Algebraic Instabilities

In view of the foregoing example it is interesting to reconsider sys@B8(. We

note that if perturbations are such thkat 1, ky D 0.1/ and that is small, we
qualitatively retrieve the foregoing system. The two diagonal operators are Osmall®
while the coupling term is of order unity. More rigorouslykif=k, = 1=Re

1 we should expect that perturbations are amplibed with a @aRé/. This is
precisely what is found when one solves the full problem of disturbances verifying
OrrbSommerfeld and Squire equations. Tdbleillustrates the characteristics of
optimal perturbations for a few classical plane-parallel Rows. The analogy with the
simple system is clear if we sétD 1=Re.

The foregoing example shows us the possible existence of perturbations with
shear Rows whose growth is algebraic. If Re 1, the growth is not limited
neither in time neither in amplitude, but like exponentially growing disturbances the
nonlinear terms will stop (or modify) this growth. However, algebraic growth is slow
compared to an exponential growth. Therefore these perturbations are important
when all the eigenmodes are damped. This new type of perturbations redebnes the
concept of Bow stability. Indeed, as soon as these perturbations are able to reach a
nonlinear regime they modify the basic Row and represent a true instability of it.

6.6.5 Non-Normal Operators

This non-trivial property of disturbances originates from the nature of the operators
that govern their time evolution. Such operators like those of OrrbSomnierfeld

Table 6.1 The energy gain of a few classical shear Bows with the characteristics of the associated
optimal disturbances given by the streamwkseand spanwisé, wavenumbers (data are from
Schmid and Henningsa2001)

Flow Gain (10 3) tmax K ky
Plane Poiseuille 0.20 R& 0.076 Re 0 2.04
Plane Couette 1.18 Ré 0.117 Re 36/Re 1.6
Cylindrical Poiseuille 0.07 Ré 0.048 Re 0 1

Blasius 1.51 Ré 0.778 Re 0 0.65
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Fig. 6.12 Time evolution of 25
the solution 6.70 when

"D 0:04, xo D 1and

Yo D 0. Note that the scale in
x is strongly dilated

20
compared to that of

(o]} /AN B I A I A

00 05 10 15 20 25 30

Squire 6.68 are said to benon-normal their eigenfunctions do not make an
orthogonal basis (or not even a basis) of summable functions.

Let us consider again our simpliped model and compute the eigenvectors
associated with the two eigenvalue$ and 2" of the operator. We easily bnd
that these two vectors read:

We note thalX; X, D 1. The two eigenvectors are never orthogonal, whatever the
value of". In addition, wheri' I 0, the two vectors are no longer independent and
the matrix can no longer be diagonalized.

In fact it is precisely because the two eigenvectors are never orthogonal that short
time growth is possible.

To see this property, we briel3y examine the case where the systéf) is
replaced by

d x "0 X
— D
dt vy o 2 y

that is to say when the coupling between components is suppressed. Solutions are
then
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Xt/ D xpe ™t
. 6.72
y.t/ D yoe 2t (6.72)
The energy of these solutions Bt/ D x3e 2 C y2e ' and its temporal
derivative is

Pt/ D 2'xZe 2t 4yZe 4T,

which is strictly negative. These solutions are therefore strictly decreasing. Associ-
ated eigenvectors are obviously orthogonal.

This remark shows that the coupling term is absolutely essential for the transient
growth ofy.t/ to exist.

6.6.6 Spectra, Pseudo-Spectra and the Resolvent
of an Operator

6.6.6.1 Some De nitions

In order to better understand the nature of non-normal operators, it is necessary to
get acquainted with some properties of differential operators.

A brst important characteristic of a differential operator isspectrum.The
spectrum. L/ of the linear operatdr is the set of complex numberssuch that

id L

is not invertible (Id is the identity operator). Its complementary s is called the
resolvent set. L/. Itis the set of numbers where the operator

RD.Id LY

called theresolventof L is debned.

The spectrum is divided in three parts: tipeint spectrum ,.L/ or the
eigenvalue spectruthecontinuous spectrum.. L/ and theresidual spectrumThe
residual spectrum,.L/ is what remains of the spectrum when the point spectrum
and the continuous spectrum have been removed.

The point spectrum is the usual set of eigenvalues. It is debPned as the set of
complex numbers such that

id L
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is not an injection, namely a function in the image set of the operator may have more
than one antecedent by this operator. If gansider the null function, we retrieve
the usual property

Lf/ Df

of an eigenfunction associated with an eigenvalli€he continuous spectrum is the
set of complex numbers wheie L is injective but not surjective (the operator
is not invertible when belongs to the spectrum). The continuous spectrum is not
an eigenvalue spectrum and should not be confused with a continuous spectrum of
eigenvalues like that of the Rayleigh operatér2Q), which is a set of continuous
eigenvalues (i.e. belonging to the point spectrum).

Besides the spectrum, another useful concept is that of the norm of an operator.
It is based on the norm of the functions at hands. In Fluid Mechanics, interesting
functions are square-integrable functions, namely such that

Zy
f.x/ 2dx

a

exists.—a; b is the interval of dePnition of the function. Such an integral is usually

related to the kinetic energy of the system. We thus introduce the norm

Sz b

kf kD jif.x/ j2dx
a

of a functionf . The norm of an operator is debned as

kL.f/ k
kf k

kLk D n’:ax

Mathematics show the following property: for complex numtzmst belonging to
the spectrum ok

1

1 —_—
kz LIk Sstz L

(6.73)

Namely, the norm of the resolvent is larger than the inverse of the distance to the
spectrum.

We can now introduce theseudo-spectrum:.L/ of the operatok , or rather the
"-pseudospectrum, which is the set of complex numbsth that

kz L/ %k "1 (6.74)
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6.6.6.2 Physical Interpretition of the Pseudospectrum

Let us consider an operator whose spectrum is only composed of eigenvalues.
The norm of its resolveniR; goes to inPnity wherz approaches an eigenvalue.

z enters the"-pseudospectrum when the resolvent norm gets tvér The "-
pseudospectrum of an operatoiis therefore a part of the complex plane limited

by a contour debned Byand which surrounds the eigenvalues (see&:ity3).

Normal operators have a pseudospectrum that is in a neighbourhood of the
eigenvalues while non-normal operators have a pseudospectrum that extends far
away from the eigenvalues.

To give a picture, we may say that non-normal operators have an ill-debPned
spectrum in the sense that high values of the resolvent occupy large parts of the
complex plane. On the contrary a normal operator has a pseudo-spectrum that
remains in the neighbourhood of the eigenvalues.

Let us now examine the relation between the non-normality of an operator and
the amplibcation of some disturbances. In order to do so, we consider the following
problem:

@f.x;t/
ot

D L.f/ and f Dfgx/ at tDO

Im(z)

Fig. 6.13 Isocontours of the
distance to the eigenvalue
spectrum of the Davies
operator%zz C.a hx,
witha D 3C 3i and

b D 1=16 Thisis a
Schrsdinger equation with a
complex potential. As
indicated by 6.73), the
"-pseudospectrum is inside a
contour associated with the 100 s o 1o oo 0
valuel=" Re(z)
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We shall use the Laplace transform on tirh®,of functionf :
Z,
fQ;p/ D f.x;t/le Pldt
0

Applying Laplace transform to the equation determinfingve get

z, z
Xt/ 1

O XU wyp  Lfle Pt
0 @t 0

so that
fQD p L/ Yo (6.75)

The solution forf is then derived from the inverse MellinBFourier transform,
namely

1 z cCil
fx;t/ D — fQ; ple Pdp
2i c il
wherec is real and larger than the largest real part of the eigenvalues of

The foregoing formula shows that the transient response is controlled by the
resolvent ofL applied to the initial condition§,. If the long time evolution of
f is a damping, that is if the eigenvalueslofare all in the half-plan®ez/ < 0,
the transient response can nevertheless be large if the operator is non-normal and
the initial conditions chosen properly. Indee@l, 15 shows that the non-normality
of the operator is not sufpcient. Adapteglare also needed, @aning an optimal
choice.

Before ending this section it is interesting to consider another property of the
pseudo-spectrum in relation with the st of Rows. Indeed, the pseudospectrum
might also be viewed as the union of the spectra of all the operht@<€ where
kEk ".Inotherwords, if we consider all the possible perturbations of the operator
L by any operator of norm less th&nthe union of all the spectra of these operators
debnes a part of the complex plane that is identical to"tpseudospectrum of
L (Trefethen and Embre2009. It may well be that. C E has unstable modes,
namely that perturbing the operator generates exponentially growing modes. This
is to say that non-normal operators are sensitive operators: a small change may
strongly modify their spectrum.

We here touch Pnite amplitude perturloas: the small change of the operator (of
order" for its norm) may be viewed as a bnite-amplitude disturbance that slightly
modibes the background RBow. If the operassnormal, nothing happens, but if it is
non-normal the new Row may be prone to some exponentially growing modes.

The concept of pseudo-spectrum has many other implications, especially in the
numerical calculation of the eigenvaludswatrices where it is associated with the
inBuence of round-off errors (e.g. Valdettaro et2007). We shall stop here the
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discussion of this subject which would turn into pure mathematics and refer the
reader to specialized literature (e.g. Trefethen and Enttp6§).

6.6.7 Examples of Optimal Perturbations in Flows

After this mathematical digression, it is time to reconsider Buid Bows. One may
wonder if these perturbations actually exist and if they have been observed. As
may be guessed from Tabel, plane-parallel shear Rows are the best candidates
for showing such perturbations. The most remarkable example is certainly that of
streaks that appear in a boundary layer Row of Blasius type. F&jtidshows the
formation of these structures. We note that the Row varies rapidly in the spanwise
directiony and slowly in the streamwise direction This is just the condition
ke=ky 1.

We may understand the appearance of streaks if we go back to OrrbSommerfeld
and Squire§.66and6.67). If we set D Oandky D Othen we get

@ux D U°Zu, (6.76)
D? Kki/@u,D O (6.77)

the solution of which are of the form

@u, D Ae k2 C Bdv?

Fig. 6.14 Streaks as a
consequence of the lift-up
effect in a Blasius boundary
layer. The Bow is fromeft to
right. Note that the
disturbance generating the
streaks is characterized by a
spatial periodicity in the
spanwise direction and that
the streaks are themselves
unstable at some downstream
position (Photo by Elofsson
and Matsubara, in Elofsson
1998
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but boundary conditions at inbnity andzabD 0 (namely on the bounding plane)
imply thatu, D 0 at these two places so thgu, D 0, or thatu, D CstD u,t D
0/ D . The brst equatiors(76) gives us the time evolution af:

U D UCZule™ t (6.78)

Hence a disturbance of the vertical velocity, characterized by the wavenilber
generates a local increase of the velocity of the Bow in the streamwise direction.
This effect is now known as thiit-up effect We indeed observe thag may be
written

u DU%Z zeky

where z D Ut is the displacement of matter in tlzedirection induced by the
initial perturbationue’yY. U%z zis just the Prst variation ia of the background
Bow:

U.zC ZDU.ZCU%%Z =z

The initial perturbation has therefore lifted by the background Row and yielded
inzC zthe Row beldJ.Z C uy with ux D U%Zu2t kY. This disturbance thus
generates streaks of high and small speed whose wavelength is determined by the
condition of optimal growth. If the initial conditions are that of a Bow disturbed by
some white noise, these perturbations emerge in the end.

The lift-up effect has been brst described by the work of Ellingsen and Palm
(1979. This is the brst mechanism that has been recognized as being associated with
optimal perturbations. However, thereigbother mechanismigke Orr mechanism
where a vorticity disturbance controls the dynamics (see Farrell and lod93&u

6.7 Exercises

1. The interstellar cloudWe consider a sphere of radiRrlled with an ideal gas of
constant density and constant temperature. Establish the condition on the radius
which governs the stability of the sphesecording to Jeans criterion. Propose
a physical interpretation of this criterion. Make a numerical application for an
interstellar cloud composed of molecular hydrogen, with a mass of 10@ii
a temperature of 50 K. What is the stability of this cloud if its diameter is 1 or 10
light-years?

2. Let us consider the Bow of an inviscid and incompressible Buid such that

vDs s/ e
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a) Recall the condition, ons/ , of the stability of this Bow with respect to
axisymmetric disturbances.
b) We now study the stability of the following Bow:

8

< DO s
D A C B=¢? s 1 (6.79)
D Q=S2 s 1

where the constan®s andB are such that.s/ is continuous in the whole
domain occupied by the Ruid.

We are interested in the non-axisymmetric two-dimensional disturbances.
The pressure and the velocity perturbations are of the form

f.slemCt
while v, D 0.
Give the linearized equations controlling the evolution of disturbances.

¢) What boundary conditions are met byethisturbances at the interfaces at

sD andsD1?
d) Show that the radial velocityof the perturbations verify the same differential

equation in the three regions and that it can be written

d.su
IS 5 2

d
ds ds

u (6.80)

Note that in each domah@‘—gé D 2aswherea is either zero or equal tA.

e) Give the expression ofs/ in each subdomain (one should look for solutions
of the types ).

f) Determine the form of the pssure perturbations in each domain.

g) Show that the eigenmodes verify the following dispersion relation

; 2 2m 2
im o 1 m m
D § ——=:C17 = & (6.81)

h) Show that the moden D 1 andm D 2 are always stable.

3. Fjgrtoft TheoremExtract the real part of§(21) and show, using€.22), that
equation
Z b oo o KUY A/
) JjD j°CKk4 j°C | CiKUf2

dzD 0 (6.82)

must be veribed for an. Deduce Fj¢ rtoft theorem.
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Further Reading

There are two well-known monographs on RBow stability. The one of Drazin
and Reid 1981), Hydrodynamic stabilityand the one of Chandrasekhd©6l),
Hydrodynamic and hydromagnetic stabilirazin and ReidOs one is more modern
and pedagogical in its presentation. It also discusses the question of nonlinear
stability. However, the one of Chandrasekhar is very complete, especially detailed
in the derivation and makes a large use of variational principles. For a very recent
introduction to instabilitiesthe reader may also constiydrodynamic Instabilities
by Charru 2011).

On the applications of dynamical systems to Fluid Mechanics, we suQgest
within chaosby BergZ et al. 1984, and alsdnstabilities,Chaos And Turbulence:
An Introduction To Nonlinear Dynamics And Complex SystdmsManneville
(2009. As far as optimal perturbations are concerned, the reader may deepen the
subject with the monograph of Schmid and Henning2®0() and the recent review
of Schmid @007).
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Chapter 7
Thermal Convection

7.1 Introduction

Thermal convection is the transport of internal energy by the motion of a Ruid.
Two types of convection are usually distinguished: free or natural convection and
forced convection. Natural conveatias a RBuid Row whose origin is always a
thermal imbalance: it disappears when temperature gradients vanish. In forced
convection, on the other hand, the Row persists even if the temperature gradients
are eliminated. In this chapter we shall centrate on natural thermal convection,
which we simply call thermal convection. To begin with let us give some examples.

The most familiar example is doubtlessat of the motion of water in a
container heated from below. Well before boiling (i.e. before the appearance of
steam bubbles), one may notice upward and downward motions in the liquid. These
motions are easily interpreted in a qualitative manner. The water heated at the
bottom of the container is lighter and rises to the surface, where it cools, falls down,
reheats and ascends again etc. In tlyisleg the water carries the heat from the
bottom to the top of the layer. This is the phenomenon of natural thermal convection.
With this example, we understand that convection plays an important role in heat
exchanges realized or experienced by thi&l8, in particular because it turns out to
be much more effective than thermal conduction.

Convection occurs at various scales, but it is mostly at the largest scales that it
easily arises. We shall see that, in many cases, an imposed temperature gradient
triggers Ruid motion if the size of the Buid domain is large enough. In other words,
Buid motion is more efbcient to transport heat on the large scale than on the small
scales where conduction dominates. This is why insulating materials that use air
as the insulating component (because ositgll conductivity), are made of bbers

1present wording tends to replace the terminology Oforced convectiamVdmnyion In this case,
temperature is more like a passive scalar and does not, or little,ficBuke Ruid Row.
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242 7 Thermal Convection

(like glass wool for instance). Fibres reduce the scale of Buid Bows and hamper heat
transport.

On much larger scales, like in the Earth atmosphere, thermal convection is very
common: clouds (like cumulus) keep themoglets of water because of rising Rows
of thermal convection. Thermals, so praised by sail plane RBight amateurs are also
an example of Buid Bows generated by temperature gradients. At still larger scales,
thermal convection is the main heat carrier in the core of massive stars or in the
envelope of solar type stars. In giant planets, like Jupiter, the radial heat Row is
mainly insured by convectively driven Buid Bows.

In the following we brst retrieve basieqperties of hydrostatic equilibrium of a
Buid submitted to vertical temperature dient. Then, we introduce the Boussinesq
and anelastic approximations that much simplify the analysis. We complete the
case of equilibria by examining the so-called baroclinic situation which renders
equilibrium impossible. We proceed with the heart of thermal convection, namely
the RayleighbBZnard instability and its tinear development. As an illustration of
large-scale instabilities, we present the case of bxed-Bux convection (a section that
may be skipped at brst reading). Finally, the route to turbulent convection is brieRRy
discussed.

7.2 The Conductive Equilibrium

7.2.1 Equilibrium of an Ideal Gas Between Two Horizontal
Plates

In Chap2 we saw that a Ruid in hydrostatic and thermal equilibrium veripes:

8

<r PC gbOo

r .rT7T/CQDO (7.2)
P P.;T/ and T

In order to simplify the derivation as much as possible, we shall consider an ideal
gas with no heat sourc&E0), and for which we can neglect the variations of
thermal conductivity. Furthermore, we suppose that the uid is contained between
two horizontal plates at a distandeapart. The upper plate has a temperaiyrand
the lower on€T, (see Fig7.1).

The temperature beld veribes:
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Fig. 7.1 A schematic view of z

the system - Cold plate

at temperature Ty

/_ Hot plate
at temperature T

z=d

z=0

Assuming that the equilibrium conbguration is independent of the horizontal
coordinatex andy, we have

2
d—TDO z TDazCh
dZ

The boundary conditions.0/ D T, andT .d/ D T, determine the two constards
andb whence
which can also be written:

TeqZ D 1.1 z=20/ where D d=1 T,=T/ (7.3)

7y is the temperature scale height. The hydrostatit) (and the ideal gas equation
of stateP D R T lead to the expressions Bf and , namely

PeqZ D P11 z=2p/™ (7.4)
eqZ D 1.1 z=g/™? (7.5)
where the exponem is given by:

gd

mD ——
R.T) T«

7.2.2 The Adiabatic Gradient

The solution 7.2) shows that in adjusting the temperature of the plates, we can
choose the temperature gradient in the Buid. Among all the possible gradients, there
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is one which plays a special role: namely that for which the Ruid is isentropic. It
may be derived from the thermodynamic relation:

dhD TdsC dP=

wheres andh are respectively the specibc entropy and specibc enthalpy. If the gas
is isentropic, themlsD 0 anddhD dP= sothatr hD r P D g. For the ideal
gas,h D ¢, T and thus

FrTD 2 ¢ Tl (7.6)
G

which is calledhe adiabatic gradientlts name is due to the fact that a Buid particle
moved adiabatically of zexperiences a temperature change of

daT
dz 4

We shall see below that the adiabatic gradient is tightly related to the threshold of
the RayleighBBZnard instability.

7.2.3 The Potential Temperature

In atmospheric sciences the concept ofgmbial temperature is often used. This
temperature is debned as follows

Py R =%
Tot D T FO (7.7)

We note that if the gas is isentropic, this new temperature is constant. In fact, for an
ideal gas (see Sedt.7.7), we have

T Pp "%
sDc,In  — — C
P, P %0
whence
Tpot D Toe® /= (7.8)

The potential temperature thus only depends on the entropy of the Buid. This shows
that for a perfect Ruid
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Ds DT pot

—DO0 H D

DO
Dt

so that the potential temperature is conserfor each Buid particle when diffusion
phenomena are neglected. A little manipulation of the foregoing expressions sho
that

T
F TootD 220 T 1 Tad (7.9)
TT

The potential temperature gradient measuhe gap between the actual temperature
gradient and the adiabatic gradient.

7.3 Two Approximations

The dynamics of a RBuid whose motion is controlled by the temperature beld is
governed by three partial differential equations. Its analysis is therefore much
more involved than the OsimpleO Row of an incompressible Ruid. However, all
the additional physics connected to the temperature peld does not have the same
importance in the dynamics of the system. Very often, notably when one deals
with liquids, equations can be much simpliped. These simplibcations come out
of approximations derived from asymptotic expansions. The most popular one
is the Boussinesq approximation, which was introduced qualitatively by Joseph
Boussinesq at the beginning of the twentieth century in a trediismrie analytique

de la chaleuy (1903). Another one, called ttenelastic approximatiaris slightly

less restrictive and very useful in Astrophysics and Geophysics. Since we shall try
to keep our analysis as simple as possible, these approximations will be extremely
useful to us. We thus present them both.

7.3.1 The Boussinesq Approximation: A Qualitative
Presentation

When studying thermal convection in liquids, one is tempted to neglect the
variations of density. Liquids are indeed weakly compressible. However, such a
simplibcation cannot be done blindly becausmsity variations are important in

the buoyancy force, which may drive the Bow. Hence, J. Boussinesq suggested
to neglect all the density variations except in the buoyancy term. Thus, according
to this simplibcation, the grturbations of a hydrostatic and thermal equilibrium
described by7.1) should be controlled by
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8Dv

—Dr SPCSgC
Dt g% v

DST

(7.10)

r vDO

Using the thickness of the layer as the length scale and the associated diffusion
time for the time scale, i.@?= , these equations are often written in the following
dimensionless form

8

r uDO

< Du

D—Dr pCPRaegCP u (7.11)
. D

D— UZD

where andp are the dimensionless disturbances of temperature and predare.
the Prandtl number (see 1.36) and we introdubedRayleigh numbedebned by

RaD JTu Tllgd3

where is the coefbcient of thermal expansion. In fact, the Rayleigh number
measures the temperature gradient imposed by the boundary conditions.

As proposed by Boussinesq, the density Ructuations appear only in the buoyancy
term. Moreover, they only depend on the temperature RBuctuations (not on the
pressure ones). We also note that the diffusion coefbcients are assumed to be
constant.

If these simplibcations seem to be reasonable for a liquid, we may wonder to
what extent they can be applied to a gas. To answer this question, we need a more
rigorous derivation of {.10 starting from the complete equations.
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7.3.2 The Asymptotic Expansions

Let us return to the equations of motion (1.13), (1.32) and (1.37), assuming that the
transport coefbcients, viscosity and conductivity are constant.
We thus assume that the 3uid is governed by the following equations:

@cr vDO

< 2Dpr PC gC vC ir.r v/
(7.12)
2D T Pr vCD

D D
T5D 5CPr v
whereD is the viscous dissipation. We shall also write this quanity Wv/? to
emphasize its quadratic nature and its dependence on velocity gradieh.ig

also completed by the equations of state of an ideal gas:

PDR T

7.13
eD ¢ T ( )

First of all, we rewrite the equationg.(L2 by subtracting the equilibrium solution
(7.3), (7.4), (7.5 and by introducing the Buctuations ¢P; T associated with the
Buid motion. The new equations are:
8 @s .
@Cr —eqCS8/vDO
. eqC3/2YDr 3PC3gC vCir.r v
. eqC38/cy BLCV rTeg D 8T  .PgC3P/r vC 5.r Wv/2

T2D c,2ICPr v

" &P DR Te C oSTCSET/
(7.14)

As usual, we move to dimensionless variables. We thus introduce the following
scales:

2Taking into account their variations with thermodynamic variables would not change the results
or the method, but would make the whole derivation more obscure. For this very reason, we shall
also neglect the second viscosity
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Length scale . ... e d....
VeloCity SCale. . ..o V...
TiIMe Scale. . ... d=V.
Temperature SCale . . ... ... oo T....
Density SCale . . ...
ENtropy SCale. . ... Co...
We write

vDVu;, 8PD V?%g; STDT 4, §D 1
D , D Co D o C 1

and then obtain

Du 1 gd 1
D— D =r pl —V—eZC V_d u C érr u/
<
D, . 1/PeC M @p; M@ 2
Bicur oD —WPCM oy yo MZorwu?  (7.15)

bsp B c—YPoC M ?pyr u

M2p1D 01C 01C 11
where

\VL V32 VL
2 @ 2
M“D _02 D —— and M>*D _Cp D. 1/M

In these expressions, is the speed of sound at temperatlireandM is therefore
a Mach number. From these equations, we note that in order to reco%6y, (ve
need:

o = Cst,
1 0
ME  1;
1D 0.1/

We now deduce under which conditiottee equations of Buid motion at the
Boussinesq approximation can be derived.
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Condition  will be satisbed if the equilibrium conbguration is such that the
variations in temperature are equally small. Equatiaf)(eads to

jTu le 7 -

D 1 ;
oD oo T,

with gD T|=T

We therefore require that

jTu le
T

"D

Choosing D ;, we bnd from {.5) that

oD1CO.
Condition requires the choice of the temperature schleto be such that the
temperature BuctuatiorssT are of order unity and therefore of the order of the
imposed temperature differenck, T,j. We therefore choose

T DjTy Tij

which immediately implies that

oo D 0.1="/
but that

r oD 0.1/

In order that the Buctuations of denditg controlled solely by temperatur&,{5d)
requires that

10D0O. 01 BH 1D O
and that
M2 1

In this way we recover conditions and and we see that a second inPnitesimal
parameteiM 2, appears. In this case

D fcory
00
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and the Ruid velocity must be small compared to that of sound. We notethgtD
0."/ is the coefbcient of isobaric expansion of the Rid.

Let us now rewrite 7.15 at leading order for each equation:

8

r ubDO

Bup irp; 1%eC . uCilr uf

<

Bicur oD ¢ 1 (7.16)
D D
DSD_D_

"0D 01C o1

We note that the velocity scale is still arbitrary. If we choose, ag.ihfj, V D =d ,
the buoyancy term i©." gd® D O.RaP¥.

Finally, we observe that we did not pay attention to trle diffusion tegmsu
andg; . These terms are in fact retained in BoussinesqOs approximation and their
presence or absence can only result from new approximations. We can now rewrite
(7.16 as

8

-

uDO

lw)

<2¢Dr p;CPRa;CP u

°

(7.17)

lw)

1 u,D 1

N

1C 00 1DO

which is identical to 7.11]) if we recall that for liquids 1.

The foregoing analysis shows that thermal convection of an ideal gas will be like
that of a liquid if () the velocities stay small compared to that of sound @ndf (
the scale height of the equilibrium conbguration is large compared to the vertical
size of the volume occupied by the Ruid.

Mathematically, the equations of matiat the Boussinesq approximation come

from a series expansion using two small quantities: the square of the Mach number
and the relative density variation across the layer, i€, Tj.

3We can make the connection with the coefbciernintroduced for the liquids: we have= D
ST, let 1=oD T 1D 1= 00, therefore D 1= ool D 1=T,.
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7.3.3 Anelastic Approximation

When one deals with thermal convection in stars or in the atmosphere of a planet,
the Boussinesq approximation is toostrictive because its second hypothesis

is usually not veribped. The scale height is not large compared to the vertical
dimension of the system. However, the conditions of subsonic Bows are still
realized. The approximation, which consists in allowing only the condition of very
subsonic motions, is calldthe anelastic approximationn this approximation, as

in BoussinesqOs one, the sound waves are bltered out. The term anelastic means that
the OelasticityO of the Buid, which allows the propagation of sound waves, has been
neglected.

Working out the equations of Buid motion within this approximation is basically
simpler than the foregoing one; we just need to expand the solutions into powers of
the Mach number. Assuming D Mc , we observe from7.15 that the buoyancy
term reads

1 gd d 2
V22 D zMZDO'M /
where we noticed that the thickness and the scale heigbt the layer are of the
same order of magnitude. Since the buoyancy term should be of order unity, it turns
out that

<1poM%  p;DO.Y

The equation of state results in
1DOM¥
At zeroth order, the heat equation leads to
our oD . 1/Por u (7.18)
while the equations of continuity and momentum, at the same order, yield
r —ouDO (7.19)
Du ! —gg—gezcm uC%r.r u/

where we set; D M2 2.
This system needs to be completed by @Vl 2/ term, either of the energy
equation

Fo

D o . U .
()D—D W 1 . 1/p1r ucC TV—erU/ .
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or, of the entropy equation

0
Ds;y
o—21

.y
D — 9c
D vd !

2
“vd . Wu/

The equation of state is also necessary:
p1D o{C o9

where we set? D ;=M ? ands? D 5;=M2. Combining 7.18 and (.19 leads to
an interesting result, namely

ursbDO z @D 0 (7.20)

It means that the equilibrium solution must be quasi-isentropic, or that the tempe
ature gradient of the equilibrium must be close to the adiabatic gradient. Thi resu
may be understood if we realize that our hypothesis (low Mach number) means
that the velocity stays small with regard to that of sound, which means that the
forcing of the Row is weak. Thus, when convection arises, the temperature gradient
is close to the adiabatic one, according th®arzschildOs criterion (see below
in Sect.7.5.1). The consequence of this result is that we must take the isentropic
solution as the reference solution. This solution is always stable as we shall see
in Sect.7.5.1 When convection appears, the temperature gradient is superadiabatic
and is imposed by the boundary conditions. In order to be able to make use of
the anelastic approximation, we should include within the disturbangges§, the
difference between the (unstable) equilibrium solution and the isentropic solution
(which is certainly a solution to static equations).

Finally, setting ReD Vd= , the equations of the Bow at the anelastic approxima-
tion are:

8
r. ()U/DO
Du 1 9gd 1
—D —r 12 eC— u
<D o P T 2% Re
(7.21)
Ds? 1 1
—1p = 9Oc¢ .r Wu/?
°5 “Pe 17 Re

p1D o 9C o?
where we introduced th€éclet numbeiPe, which is nothing but the Reynolds

number where the kinematic viscosity is replaced by thermal diffusivity. This
number is

PeD V—d D PRe
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(7.21) also show that the pressure Buctuation plays a part in the dynamics, as it
inBuences the buoyancy.

The preceding result has another consequence. If a Bow strongly disturbs a
static solution which is far from the isentropic solution, then the Buid velocity
is necessarily comparable to that of the sound. Indeed, when the mixing due to
convection is important, the entropy distribution tends to be homogeneous. Hence,
if the initial state is far form an isentropic state, variations of the thermodynamic
variables may be of the order of the initial values, nang&ly g ST Teq
andsP Peq- Since pressure variations induced by the Row arev?, it turns
out thatv? Pe R Teq  C2. Hence, the Buids velocity is not small
compared to that of the sound. This argument underlines the restriction of the
anelastic approximation, namely that the variations of the thermodynamic variables
must remain small compared to the values of the static solution. The use of the
anelastic approximation is therefore not always possible: for instance in the surface
layers of the Sun, the mean pressure and density drop to very small values leading
to small values of the sound speed. In tba&se convective velocities get close to
sonic values and reshape the mean density and pressure probles.

In the case where the nonlinear effects are negligible, the anelastic approximation
eliminates the sound waves thus assuming that the density Buctuations are not
modibed by the pressure ones.

7.4 Baroclinicity or the Impossibility of Static Equilibrium

We noted in Chag® that the equilibrium of a Buid in a gravitational beld can only be
achievedifP  P./ , namely when the Ruid is barotropic. Usually, P.;T/

but in some situation3 T./ and thusP P./ . The example of an ideal
gas between two horizontal plates is typical of a non-barotropic RBuid that is in a
barotropic conbguration. Using.@) and (7.5), we see that

m 1

P/ m1 and T/ m1:

Equilibrium is therefore possible.

If this condition is not satisped, a torque density appears and produces vorticity:
the RBuid cannot stay at rest. In order to illustrate this type of situation, called
baroclinic, we now study an example where the static equilibrium does not exist
if the temperature gradient is non-zero.

7.4.1 Thermal Convection Between Two Vertical Plates

Let us consider a system where the RBusccontained between two vertical plates
with different temperatures. This sitien, where the temperature gradient is
perpendicular to the gravity, occurs in a double-paned window: the interior pane is
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warm and the exterior pane is cold (ocetversa). We show below that the captive

air between the two panes develops a Bow that attempts to re-establish thermal
equilibrium between the two panes by transferring the heat from the waentoon

the cold one.

In order to ease the analysis of this system, we consider a set-up where the
Boussinesq approximation can be applied. Furthermore, we assume the bounding
panes to be inpnite in size and of uniform temperatiigeand T,,, respectively.
These temperatures are taken only slightly different so that the Bow is of small
amplitude and may be described by linear equations. This will allow us to write the
solution of the problem as a disturbance of the equilibrium state that exists when
T. D Ty. We further simplify by considering only the steady state.

Considering 7.10, eliminating the time derivatives and the nonlinear terms, we
Pnd

(7.22)

In our caser Teq D O since the temperature is constant at equilibrium. The
temperature PeldT is therefore a solution of LaplaceOs equation.x_ée the
coordinate perpendicular to the plates, we then Bave ST .x/ and the solution

of LaplaceOs equation immediately yields:

STXxXID .Ty Tc/x=d

We have placed the warm platexatD d=2and the cold one at D d=2 The
expression of the temperature gives the expression of the density perturbation:

~ T w Tc/ 0
§ D———X
d
The velocity beld therefore satisbes:
T T/
VoI éPDWTcogxeZ and r vDO

which is just StokesO equation with a forcing term. We look for a solution which
depends only ox; in this case v D 0 implies thatyy, D 0. As a consequence
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@35P=@R 0and@3P=@D G,, G, being a constant. Thecomponent of the
momentum equation gives:

G
V;.xI D AX C 2—"x2 CBxCC (7.23)

whereB andC are two constants of integration aAdD ~T*-1<' ¢ The boundary

conditionsv,. d=2/D 0imply thatB D Ad?=4but no constraint is imposed on
the constant€ andGp. We can lift this degeneracy by imposing that the mass Bux
across a plane D Cst be zero. This condition is, in fact, realized when the domain
occupied by the RBuid is bnite; it expresses as

Z 4=2
V.. x/ dxD O
d=2
which implies thatG, D C D 0. Finally, the velocity Peld has the following form:

T w Tc/ 09 2 2
Vz.xI D o4 d x.d 4%/ (7.24)

The form of this solution is simply that of a parallel shear Row which does not
transfer heat since r ST D 0O (see Fig7.2). In a realistic case, the streamlines
are closed curves and a heat transfer exists. However, if the temperature difference
is large enough the preceding Bow is unstadohd produces turbulence. In this case
the convective heat transfer is quite signibcant. We see that the design of double-
paned windows should achieve a compromise between a great thiclnegdsich
reduces the losses by conduction (by lowering the temperature gradient) and a
small thickness, which inhibits the development of instabilities and losses by Ruid
motions.

Warm Cold

Fig. 7.2 The Row generated
by a horizontal temperature
gradient within the air of a
double-paned window
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7.5 Rayleigh—Bénard Instability

As we pointed it out while introducing the chapter, thermal convection is essentially
the result of an instability that develops thanks to an unstable temperature gradient.
Since this is an important source of Buid motion in Nature, we shall analyse it
in some details. However, before tackjirihe associated mathematics, we Pprst
study a qualitative approach which leads to the Schwarzschild criterion, famous
in Astrophysics for locating the convection zones of stars.

7.5.1 Qualitative Analysis of Stability: Schwarzschild’s
Criterion

Like in Sect.7.2.1, we shall brst consider an ideal gas at rest between two horizontal
plates in a uniform gravity peld. We further assume that

Ty T/=d> g=g (7.25)

namely, that the temperature gradiensub-adiabatic This means that the temper-
ature decreases more slowly with altitude than in the case the gas were isentropic.

Let us now consider a Buid element located at an altinided that we artibcially
displace, by z as it could result from a spontaneous Ructuation of the system.
Assuming that the displacement is sufimtig fast so that no heat exchange with
the surrounding medium takes place, theredat undergoes an adiabatic expansion;
its temperature changes to

T,z C ZD Teq.z/C 2z cg

P

while that of the surrounding medium is

Tu TI
d

Tenv.z C 2/ D Tenv.z/ C  z
Noting thatTe.z/ D Ten.z/ and using 7.25, we bnd that

Z>0 |_D Te|.Z|C z/<Tenv.ziC Z/

Z<0 |_D Te|.Z|C Z/>Tenv.ZiC Z/
In other words, if a Buid element is artiladly raised (alternatively, moved down),

it will be colder (alternatively, warmer), than its environment. During this motion
the Buid particle is always in pressure balance with its environment. Thus a colder
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element is denser than the environment while a warmer one is less dense. The
foregoing inequalities show that the buoyancy force pulls the Ruid elebaak
to its original equilibrium positionThe uid’s equilibrium is stable.

Let us now consider the opposite case where

Tu TilFd < g=g (7.26)

The temperature gradient is now termed ager-adiabatic The temperature
decreases faster with altitude than if controlled by the adiabatic gradient. The
difference in temperature between the Ruid element and the surrounding medium
is now reversed with respect to the preceding case:

This time an element which is displaced wpas will be warmer than the ambient
medium and the buoyancy force will enhartbis motion. Similarly, a displacement

downwards is also amplibed by the buoyancy force. Disturbances are thus amplibed
and the equilibrium of the Ruid is now unstable (see Fig).

a b
z z
T
Tad T Tad
d \
T d
| . T~
N AT .0
S NG i
/A ‘x‘ B
B
T T

Fig. 7.3 An illustration of SchwarzschildOs criterion) the sub-adiabatic case: a Ruid element
moved from A to B (pward$ becomes colder than the surrounding Buid which is at temperature
BO (according to the orientation of the temperature &xiis, belowB9). It is brought back to

its initial position by the buoyancy force. Similarly, a Ruid element movednfiC to D (thus
downward) is hotter than the surrounding RBuid and is pushed upwards by the buoyancy force. Thus,
this temperature proble is stablb) The super-adiabatic case: a Buid element moded/ward}

from A to B becomes colder than its environment whose temperature is that of BO. The buoyancy
now helps this motion and the Buid element continues downwards. Similarigjtal rise from

C to D let the RBuid element warmer than its environment and the buoyancy force also helps this
motion. The Ruid equilibrium is now unstable
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The foregoing analysis shows the crucial role played by the adiabatic gradient.
When the temperature gradient is equal to the adiabatic gradient the equilibrium is
neutral; disturbances are neither damped nor amplibed. The criterion

@T @/ O 2 stability (7.27)

is called Schwarzschild’s criterionNote that if we use the potential temperature
(7.7), SchwarzschildOs criterion reads

@Tpot O z stability (7.28)
or, since potential temperature only depends on entropy,
@ 0 Z stability (7.29)

SchwarzschildOs criterion determines the stability of the equilibrium of a perfect
Buid. Indeed, in the preceding discussiag neglected thermal conductivity and
viscosity. The thermal conductivity, by reducing the differences in temperature,
and the viscosity, by inhibiting the displacement, both contribute to the damping
of perturbations. However, taking into ammt, quantitatively, these effects is not a
simple game: a conventional stability analysis, as those of Gh#pneeded and

this is our next step in the study of convection.

7.5.2 Evolution of Disturbances

Our brst effort will be to derive the equations governing the evolution of perturba-
tions under the inBuence of diffusion but in a simplibed set-up where the Boussinesq
approximation is valid with the further assumption (to be removed later) of a two-
dimensional velocity peld. We thus return t6.X1) and consider a 2D velocity

like:

Uy.X; Z t/
uo
uzx; zt/

This allows us to introduce the stream functiorsuch that

@ . @

uy D —; uD —
) @ 7 @x

(7.30)
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observing that
ubDr . ¢/Dr e, r ubD e

and taking the curl of the momentum equation, we obtain the system

8
@ @ .
<@ PRa@X P DJ-;
(7.31)
@ @
— = DJ-;
@ @x
where we note that the nonlinear terms appear in the form of a Jacobian, namely
@ @g @gar
Jfig D ——" ——
PV exe o@

At brst, we consider disturbances of inbnitesimal amplitude; their evolution is
governed by linear equations

(7.32)

To solve such a system we develop the solutions in Fourier modes as follows:
D (.ze™Cct: D y.ze"Ct (7.33)

If we observe that

: @
Iik; — !
@
then (7.32 becomes
8
<.D? Kk?.P.D? k% | (CikPRaxDO

. (7.34)
" D2 k2 /| (Cik ¢DO
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7.5.3 Expression of the Solutions

The vertical proble of the perturbationy.z/ and .7, is therefore given by the
solutions of the sixth order linear differential systef34). These solutions are in
the form:

x p
D A, " en? (7.35)
nD1 Ghn

wheref ,0p1.6 are the roots of the polynomial
.2 K2 . %2 KPP I. % K CK?®PRaDO (7.36)

The solutions of this third degree equation thgive the expressions of the roots as
a function of . We then require that the solution satisfy the boundary conditions.
CoefbcientdAn, being non-zero, the determinant of e 6 system thus formed
must be zero. This yields the dispersion equatikh of the modes of the system.
By examining the dependency of as a function ok and Ra, we can bnd the
condition of existence of unstable modes for whité/ > 0 . This method is the
general one. It is quite arduous as we easily imagine.

We shall avoid momentarily these difpculties by considering a case where we can
shortcut this general way. This is possible when the Ruid meets stress-free boundary
conditions on both bounding plates. This conbguration is certainly not the most
realistic but it is very educationl.

We recall that for such conditions, the two surfaces are bxed planes and
disturbances satisfy:

8
<Vv,DO
at zDO0;zDd (7.37)
2D DO
for the velocity. We further assume that the bounding plates are perfect conduc-
tors so that their temperature is bxed and no perturbation is allowed there (see
Sectl1.8.2. Thus
DO at zDO;zDd (7.38)

for the temperature.

4We could, however, approach such a set-up by conbning, for example, an oil layer between a layer
of mercury inz< 0, and a layer of liquid sodium in>d !
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Noting that y, D 0 at a bxedz implies that@ 4, D 0 on the same plane, using
mass conservation v D 0, we bnd tha@vZ @vZ D 0 at the bounding plate.
Sincev; D Othere, the stress-free boundary conditions imply that

@v,
@

We can now derive the boundary conditions satisbed byn the planeg D 0,
zD d. According to .30 we bnd

DO at zDO;zDd (7.39)

«DD?2 DO at zDO;zDd (7.40)

By using the differential equationg.G34), we bnd that all the even derivatives of
are zero onthe D 0;zD d planes and that the same is true fpr

D2™ . DD?" DO at zDO0;zDd (7.41)

forallm 2 N. Recalling that ¢ and  are linear combinations of exponentials, we
note that {.41) imposes a severe constraint on the solution. Actually, the functions

sinn zZ; n2N

are the only linear combination of exparigls that verify these conditions.
Therefore we have no choicey and ¢ must be written like

X X
k.2l D Axnsinn 7/ and k.2l D Bknsinn 7/

n n

wheren is a (positive) non vanishing integer.

7.5.4 Criterion of Stability

The foregoing results give the value ofvithout solving {.36). Actually, setting the
value D n in(7.36 yields an equation for, the frequency of the eigenmodes.
Setting

2D 2p2C k?
(7.36 is changed into

k’Ra .,

2c?pc1 P = DO
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whose solutions are

2PpCcu 4p k?Ra
D————— 1 1C 4 7.42
2 4pPC12 2 ( )

We observe that the eigenmode associated withis always damped since
Re /<0.On the other hand, the other mode can be amplibed. If

k2Ra

4
>
= 0

then,Re ¢/ > 0. Thisinequality shows the existence of a critical Rayleigh number
Ra; which is such that if R& Ra. some perturbations grow. This critical Rayleigh
number depends on the wavenumber of the perturbation and we easily get from the
previous inequality that

-6
Ra..k;n/ D P2
In Fig.7.4, we plot Ra.k; n/ for the brst values af, thus showing a few critical
curves. Among them, the D 1 is the most important, since its minimum gives
the true critical Rayleigh number below which every disturbance is damped out. We
shall evaluate this minimum from the function

2 2/3
Ra.k:n D 1/ D %k/

A simple calculation shows that its minum value occurs at the wavenumber

ke D p (7.43)

108

105

103

102 I !
0.1 1.0 10.0 100.0
k

Fig. 7.4 Critical curves of the most unstable modes
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which is thecritical wavenumberThe value of the Rayleigh number is:

27 4
Ra. D 7 ' 65751

Thus if Ra< Ra. all modes are damped and the Ruid layer is in stable equilibrium,
while if Ra> Ra, there is at least one growing mode starting thermal convection.

7.5.5 The Other Boundary Conditions

What happens if we apply more realisboundary conditions to the velocity beld?
For example those existing in a laboratory experiment where the Ruid is conbPned
between two solid plates on which the velocity vanishes? In this ca8d) (is
replaced by

wDwDv,DO at zDO; zD d (7.44)
These conditions lead, like the preceding ones, to two conditions on
v.D@,DO at zDO; zDd (7.45)

We have seen before thatis a linear combination of exponentials; in the present
case, there is no simple Bar combination that satisbes these boundary conditions.
We must, therefore return t& 36) and its general solution. Equation.86) is a

third degree polynomial equation irf, which solutions have no simple expressions

in general. However, we just wish to determine the effects of the new boundary
conditions on the critical Rayleigh number. For this, we seftRRa. and D 0.

It may be shown indeed that vanishes at the stability threshold. This property,
which we demonstrate in the box below, is known asptieciple of the exchange

of stability (Chandrasekhat961). The three roots in ? of (7.36) are then easily
found.

D kR 1, %,Dk%1CRe '7/ (7.46)

where we have s&®® D Ra™k 473 Let us assume th& is greater than unity and
therefore that all are complex. Noting that; is the complex conjugate of;, we
write

1D ia; oD ; e 3D (7.47)

The general solution of the problem is thus

D p eiaz C p e iaz C
q q
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that we can also write as

D AjcosazC A;sinazC Azch zC Az;ch zC Assh zCA,sh z
(7.48)

In this expression we grouped the complex conjugate terms since the solution is
real.

We now require that this solution sdtighe boundary conditions on the planes
z D 0Oandz D 1. It is advantageous to shift the boundariezt® 1=2so
that we can benebt from the symmetries of the functions of expres&i®®.(The
cosine part of the solutions is symmetric with respect ©» 0 while the sine part
is antisymmetric. If we wite the boundary conditions mD  1=2 by adding and
subtracting the equations, the symmetrigatl antisymmetrical parts separate. For
the symmetrical part, let us write

D p: 1 cosazC p; 1 ch zC p3 1 ch z:
01 02 Oz

The boundary conditions then letalthe following equations:

8

< ppcosa=2C p,ch =2 C pzch =2D 0

. p1gicosa=2C pog2ch =2 C psgzch =2D 0 (7.49)
" piasina=2C p, sh=2Cps sh =2DO0

This system has a non-trivial solution if and only if its determinant is zero, namely

1 1 1

(o} 02 O3 DO
atana=2 th =2 th =2

after some simple rearrangements. We get the expression af thith (7.34),
namely
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which allows us to simplify the determinant as

1 p L o 1
1 i 3 1/=2 i 3C1/=2 DO (7.50)
atana=2 th =2 th =2

Note thata and are two functions of Raandk. By using the preceding equation
we can determine for each valuelothe corresponding value of RaVe can then
draw the critical curve Rak/ whose form is similar to that of Fig.4. Of course
the solution of 7.50 can only be found numerically.

The critical curve Rak/ goes through a minimum when

k D ke D 3:11632355 and Ra D 1707:76178 (7.51)

We note that the critical Rayleigh numbertigher than in the preceding case: this
agrees with intuition since the friction on the walls demands a greater forcing in
order to start the Row. We also observe that the streamlines are quasi-circular since
=2 D =k. 1(see Sect.6).

In the foregoing calculation we focused on the modes which are symmetric
with respect to the mid-layer plane. To be complete we should now examine the
antisymmetric modes. The equation giving the critical Rayleigh number of these
modes as a function &fis of the same form ag§ (50 where it sufbces to replace the
tangents with cotangents. Its solution shows that the curve&Rhave an absolute
minimum atk. D 5:365where Ra D 17610:39 Clearly, antisymmetric modes
are more difbcult to destabilize and the true critical Rayleigh number is therefore
Ra. D 1707:76178

The calculation of antisymmetric modes is, however, not denied of interest
because it allows us to obtain the critical Rayleigh number when one of the
boundaries is no-slip and the other is stress-free. Indeed, we showed that on a
bounding plane with stress-free condits all the even derivative of are zero.

This is precisely the property of an antisymmetric solution at mid-layer,[at0.

Thus the antisymmetric mode betweed 1=2andz D 0 is the same as the
solution meeting a no-slip boundary at the bottom and a stress-free one at the top.
Conversely, if we know the solution meeting no-slip boundary conditions on the
bottom and stress-free one on the top, we may obtain the antisymmetric solution
by antisymmetrizing it. Thus the critical Rayleigh number associated with mixed-
type boundary conditions will lead to ehone associated with no-slip boundary
conditions and anti-symmetric modes if we double the thickness of the layer and
the temperature difference (so as to preserve the temperature gradient). Therefore

2Tlg.2d/ 3 T g

Ra..antisymy D 17610D D 16

D 16Ra.no slip=stress freed
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which gives Ra no-slip/stress-frdeD 1100:65 an intermediate value between the

two preceding cases. The critical wavenumber is half of the antisymmetric modes.
Indeed, the dimensional wavenumber is the same as the one of antisymmetric modes
but the nondimensional one is scaled with a thickness which is half-size. Thus,

k¢.antisym/=d k¢.antisym/

1=d=2/ 2 D 2:68

kc.no  slip=stress free D

which is also intermediate between the no-slip and stress-free values.

The principle of the exchange of stabilities

The idea of an exchange of stability at a critical value of a parameter,thi&eRayleig
number, is due to PoincarZ. It has been popularized by Chandrasekhar in his monogph on
hydrodynamic stabty. The principle is of course a theorem. It says that at the thresho@ of
stability pertirbations are stationaryel non-oscillatory so that Ra./ D 0.

To show this result, we start fron7.34 and set D .D? k2 . Itturns out that:

8 .

<.D2 k¥ CikRa D &

_ (7.52)
" D2 k¥ Cik D

We complete this system byeHollowing boundary conditions:
DO; D DO or D? DO; DO

From the dePnition of , we get
z 1 z 1 z 1
D2 dzD j j2dzC k? dz
0 0 0

We then multiply the brst equation o6f.62 by and integrate over the thickness; using fhe
preceding equdy we now get:
z 1 z 1 z 1
j j?dzC ikRa dzC — .jD j2Ck? j¥dzD 0
0 0 P o
Similarly, using the equation of temperature, we get
z 1 z 1 z 1
D j2C k% jidz ik dzC j j?dzD 0
0 0 0
We now multiply this equation by Ra and add it to the foregoing one; we obtain:
z 1 z 1

RajD j2Ck?% j%Cj j> dz 2kRa Im. /dz
0
Zl
c; D j?Ck? j?C RaPj j?/dzD 0 (7.53)
0

This last equality shows that when Ra is positive then/ImQ since every term of7(53 is
real except and the coefbcient of cannot be zero. Thus if Ra Ra, then D 0.
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7.6 Convection Patterns

In the foregoing section, we presedtthe physical conditions which lead to the
development of thermal convection. We may now wonder about the shape of the
Bows that replace the unstable hydrosteatiilibrium. Thus after discussing the
eigenvalues of the problem (i.e. the growth rate of the instability), we shall now
focus on the eigenmodes. Actually, since we are still dealing with linear quantities,
we may easily, for a while, consider three-dimensional perturbations.

7.6.1 Three-Dimensional Disturbances

Let us assume that the disturbances have the form
uD Uo.Z/e CikxxCikyy

Equation 7.11), when linearized, read

8
uy D ikyp CP.D2 k2 u
< uD ikpCP.D?2 k%uy,
w,D DpCRa& CP.D?2 k%u, (7.54)
~ Du; C ikeux C ikyuy D O
D2 k2 | D u

q ~
wherewesek D k2 C kg. If we use SquireOs transformation (see Gbathen
we set

K@D kyuy C kyuy
and we easily show that thegreding system leads to

@D ikp CP.D?2 kIQ
wD Dp CR&P CP.D2 k2u,

: 7.55
. Du,Cik@D 0 ( )
" .D?2 k¥ | D u
By eliminating@ we Pnd the two following equations
2 2 N2 2 2
P.D° k4 D k= u, D k*PRa (7.56)

D2 k2 | D u

which are strictly identical toq.34) if we replaceu, by ik .
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The conclusion of these little calculations is that the three-dimensional distur-
bances have exactly the same critical Rayleigh number as their two-dimensional
counterpartThis number does not depend on the orientation of the wavevector

If then we increase the Rayleigh number beyond critical value, we destabilize
all the modes which have a wavevector of modkysThe Bow which appears,
depends on the wavevectors selected in the bPnal solution. This selection depends on
the horizontal boundary conditions and on #itebility of various possible solutions.

We shall not discuss this thorny and wide subject, and will restrict ourselves to
describing several solutions that are observed in Nature.

7.6.2 Convection Rolls

Convection rolls are nothing but the two-dimensional solutions. Let us write the
temperature perturbation as

X; ZI D Asin zcoskcx

From this expression and the last equationfo5€) we deriveu, and theruy from
the equation of continuity. Hence, it follows

2
sin  zcosk¢x

3A 2 .
uy D —p?cos zsinkcx and u, D

This solution is illustrated in Fig..5.

7.6.3 Other Patterns of Convection

In order to get other patterns of convection, it is sufbcient to combine in a linear
manner several wave vectors of different directions. Let us consider a temperature
disturbance of the form:

ST D A.coskcx C coskey/ sin z

1.0
0.8

0.6
0.4

0.2
0.0

Fig. 7.5 Shape of isotherms for roll convectiorar the threshold of dbdity. Boundary condi-
tions are stress-free for the velocity and bxed temperature
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6 8 10 12 o 2 4 6
X X

Fig. 7.6 Square &) or hexagonallf) convection cells viewed with their isotherni3otted lines
are forST < 0 andsolid linesfor ST >0

This is the linear combination of two perpendicular waves of the same amplitude. If
we look for the points of the maximum &fT, these are

2m 2n

Yam D

Xnm D
nm kc kc

wherem and n are integers. These maxima draw a network of squares. The
convection Row thus appears as a set of square cells covering the horizontal plane
(see Fig7.6a). Another pattern is however possible, if we use a symmetry frequently
found in Nature, namely the invariance by rotations witl2 &3 angle. This
symmetry indeed leads to hexagonal patterns. We retrieve a convection Bow with
this symmetry by superimposing three waves whose wave vectors make an angle of
2 =3 between them:

cos% cosi-

1
. 3
kaC O, kc Sin% ] C

.4
sin-5-

This leads to the following Peld for the temperature Buctuations:
h p_ p_ i
8T D Asin z coskex C coske. x=2Cy 3=2//C coskc.x=2Cy 3=2//
(7.57)

As expected, the isotherms of this solution, taken in a plane at corzstdisplay
hexagonal cells as shown in Figab.
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7.7 The Weakly Nonlinear Amplitude Range

When we impose a Rayleigh number greater than the critical value, all the
disturbances belonging to the unstable band grow exponentially. But those of
wavelength . grow the fastest. Therefore, we may expect that these modes control
the dynamics of the system. Thus if we wish to have a brst view on the dynamics of
thermal convection we may focus our attention on these modes and try to determine
how their amplitude saturates at a Pnite value. For this we should take into account
the nonlinear terms that we have overlooked until now.

7.7.1 Periodic Boundary Conditions

In order to simplify as much as possible the following analysis, we again restrict
ourselves to the two-dimensional case, with which we are now well acquainted. In
addition, we also OisolateO the mode of wavelengtly imposing to our system
periodic horizontal boundanpaditions. Indeed, in this case all the functions satisfy
fx/ D fx C L/, wherelL is the length of our periodic OboxO. FrahBg) this
implies that

e D1 or sz%; m2 N

so that the possible horizontal wavenumber®w form a discrete set. Itis then easy
to choose a box length and ﬁBaerigh number so that only one mode is unstable.
For example, iflyv_e take D 2° 2and RaD 1:5.27 “=4/the mode corresponding
tok D ke D =" 2isthe only unstable one.

These boundary conditions may seem eatértibcial, butnore realistic bound-
ary conditions would not change the situation dramatically. The form of the
horizontal base functions would no longer B&*, but some other functions
adapted to the horizontal boundary corulis, and also characterized by a typical
wavenumber similar t&. The periodic boundary conditns are the most convenient
for taking into account the Pnite horizontal size of a physical system.

Finally, we note that if the size of the system grows, the number of modes in the
unstable spatial frequency band also grows. Thus, for a given Rayleigh number, the
number of unstable modes grows with the size of the system (seé. Big.

7.7.2 Small Amplitudes

Solving the nonlinear equations is usually feasible only numerically. However, much
can be learnt from the weakly nonlinear eashich is accessible to analytic work.
Here, we shall focus on this latter case and introduce two restrictions:
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Ra Ra

\ \
D N

k k

Fig. 7.7 (a) The case of a small-size system: for the imposed Rayleigh number, a single mode is
unstable.lf) The case of a system of larger size. For the same imposed Rayleigh number now nine
modes are unstable

¥ The Rayleigh number is slightly supercritical Bal C "/ Ra
¥ The amplitudes of the perturbations are small@rid .

At brst, the small parametetsand”® seem to be independent, but we shall see
below that the consistency of the solutions imposes a relation between them.

Recalling the results of the linear analysis42), we bnd that the two eigenvalues
have now the following form:

~2

PC1

cDh" C0."? (7.58)

D “2pcCc1/CO." (7.59)

Thus, near the threshold, the growth rate of the instability is proportional to Ra
R&, or

‘2p Ra Ra
PC1l Ra

C

The brst approximation implies that the instability grows orCat !/ time scale,
which is large compared to unity.
Let us write the instable mode as follows:

X; zt/ D 11t/ sin zsinkx

X; zt/ D 11.t/ sin z coskx (7.60)

We shall denote it also 11; 11/. k D ke D 2 =L is its wavenumber. We aim at
obtaining the differential equations veribed by the amplitudgst/ and 11.t/.
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Let us start by computing the nonlinear terms witt6Q). We pnd
J—; D J—qt/sin zcoskx 1.t/ sin zsinkxD 11t/ 11.t/k =2 sin2 z
J—; D J— 11.t/ sin zsinkx . 11.t/ sin zsink¥ DO

We see that the brst nonlinear role played by,(t/; 11.t/) is to excite the
harmonic characterized b, D 0;k, D 2/, or, in our notations op; o2/. Using
(7.31), we bnd that the evolution of this harmonic is governed by:

8 d
< 5 C4 *P DO
(7.61)

. d

. d—02C4 2 02D k =2/ 11 11
We should notice here thaty; is always damped very quickly and it would just be
the same for o if the nonlinear forcing were absent. If the forcing term evolves
on a time scale large compared to unity, the derivative,=d is always small

compared tat ? o,; thus we may write

k
02D g uun (7.62)

In this case the mode o2; o2/ is said to be aslaved modelt closely follows the
evolution imposed by the mode 1;; 11/ as long as this evolution is slowe thus
understand the reason why we chose a slightigercritical Rayleigh number: the
growth of the unstable mode last on a long time scale compared to unity. Finally, we
also observe thaty, is O." /. Moreover, since o, is rapidly damped, we can set it
to zero hereatter.

We may seek for other nonlinear effectthe most important comes from the
interaction between 1;; 11/ and (0, o2). This interaction modibes the evolution
of 171. Indeed,

J— 02Sin2 z 11sin zsinkx Dk o2 11.SiNn3 z sin Z coskx (7.63)

d '

Moreover, .63 shows that the mode{s; 13/ is excited as well, and thus interact
with other modes, etc. Hence, we see that a whole chain of mode is excited.
However, this chain can be truncated thanks to the small amplitude hypothesis. At
this stage of the analysis, it is necessary to evaluate the order of magnitude of each
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term. Each nonlinear interign increases the order of the term, and if we keep only
terms up to the third order itf, three equations are necessary:

d
dll PRd(=\2 11C P‘Z 11DO
<d
d_ll k 1C 211D k 02 11 (7.64)
d
: d—OZC4 20D k=2 1111

7.7.3 Derivation of the Amplitude Equation

The three equationg (64 are those which control the dynamics of the system just
above the threshold of instability. They contain three modes: two are stable and one
is unstable. The following manipulations aim at isolating the amplitude equation
controlling the amplitudéA. / of the unstable mode. The two other modes are
slaved to the unstable one.

We Prst insert the solutior? (62 into the second equation of .64). The system
changes into

8 d
< dll PRd(=\2 11C P‘z 11D0
(7.65)
. d .
: d—ll k 1C%2 13D k%4, =8
We now write this new system in a compact form like:
dX
T D-LXCN (7.66)
where
N2 =2 k2
xp *; 4p P PR"%(Z , ND — 02
11 k 8 1u 1

For the moment, we leave aside the nonlinear teMiiEhe solution of the remaining
linear system may be written as

1 b Aec C Be (7.67)
11 Qc q
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where ql and ql are two eigenvectors associated with the eigenvalues
c

and ¢ of the matrix-L . SettingA./ D Ae ¢ andB./ D Be , (7.67) looks
like

1 11 Al
D : 7.68
1 ac g B./ (7.68)
where
K K k k "

Equation 7.68) is just a change of the projection base. Let

mp T 1 7 Mip_*t a1l
e 9 G 9 dc 1

If we setA D 2 , (7.66) has the following shape

—Mz—AD—L—MACN

Multiplying by the inverse ofM , we transform-L into its diagonal form. Hence,
we get
d
da A D c )
d B 0 B 8 111

which may be rewritten more explicitly as

8
dA P2k
g cA m.ACB/Z.qCACq B/
, (7.69)
dB P2k
: d—D ch.ACB/Z.chCq B/

To solve this system, some remarks are in order. First, we have assumed a slightly
supercritical Rayleigh number so that isO."/ and isO.1/. If B were alone,
it would be damped very quickly, but the slow growth/Aflet B OsurviveO. Now,
sinceA evolves slowly we may assume (and check later) Bhdbes soB changes
on the same time scale as therefore? is negligible compared to B. Just as
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02 above B is a slave mode. We are now left with a polynomial equation of cubic
order inB, still difbcult to solve. However, if we assume that the amplitudB aé
very small compared to that &, the solution is straightforward:

B D Pk? A3D O
8.P C 1/2°2 ‘

Such a solution is consistent with our hypothdsis A, which turns out to be the
right one® Finally, A( ) veribes the differential equation

dA

e D cA LA3: (7.70)
This isLandau equatiotthat we introduced in Chap. The Landau constant can be
computed explicitely, namely

Pk2

LD — >
8.1C P/

0

It is positive, showing that the bifurcation is supercritical. The diagram of this
bifurcation is given in Fig7.8.

Let us now come back to the relation betwéemd" . For consistency, each term
in (7.70 needs to be of the same order of magnitude (otherwise one of them could

Aeq

Fig. 7.8 The bifurcation
diagram

5Other solutions may exist wheR: is not small compared tA, but they are uninteresting for us
as we are focusing on the case whArgrows prst and8 follows.
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be suppressed); recalling thatis O." ¥ and that it evolves on a time scale1="/,
S—A and cA are bothO." 9 wheread A% is O." ®/. Hence, in order that all terms
be of the same order (in thg" “expansion), it is necessary tH&D O." ™. This
relation enlights the link between the smallness of the growth rate and that of the
amplitude.

Using the asymptotic amplitude, we have

AeqD Por (7.71)

From which we derive the amplitude of the slave mogle

0.2l D —sin2 z

This mode gives the modibcation of the temperature proble when thermal convec-
tion sets in. This new proble has a steeper gradient near the boundaries and a weaker
one in the middle of the layer. As shown in Fig9, thermal layers appear near the
walls. We now understand the mechanism thich the instability saturates. On the

one hand the Row reduces the temperature gradient in the central part of the layer,
thus locally lowering the Rayleigh number, on the other hand, a stronger gradient
near the wall arises but it is not destabilizing since it applies to a thinner layer (recall
that Ra varies likel %).

1‘0 N T T T

0.8 - —

0.6 - 8

&l N

Fig. 7.9 The temperature 04 I nmo 11 4
proble above the threshold; L AN ]
the amplitude' D 0:5has L : ]
been strongly exaggerated so | AN i
as to clearly show the three 0z L AN i
layers appearing in the “l AN i
convecting Ruid. The I and Ill | B i
zones show the thermal | S\
Oboundary layersO whilethe g |, | & | N
middle layer Il is a region 0.0 0.2 0.4 0.6 0.8 1.0

with a quasi-adiabatic proble z
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7.7.4 Heat Transport: The Nusselt Number

We can now compute the heat Rux betwéles two plates and compare it to the
situation where the Ruid is at rest. The ratio of these two Buxes is callédubselt
number Following this debnition, we write

Z
_ _ .CpTv rT/ dS
Heat Bux with convection -

Nu D : ~ 7 NuD —3Z
Heat Rux without convection

r Tef dS
S/

Let us compute this number when the Rayleigh number is slightly supercritical.
SinceTeq is solely a function of, the Nusselt number depends only on horizontal
means which we debne as:
z
f dS
Hip-Z2—

ds
St

Using dimensionless quantities and noting tihatq D 1, then

NuD . C ¢fu; @ C of (7.72)
so that
NuD 1C h u,i @ o2
but
2A2
huiDKe 11 11.1 cos2 zZ=4D 2\2 .1 cos2 7
Finally,
NuD 1C 2" (7.73)

Showing that, near the threshold of instability, the Nusselt number increases linearly
with " or equivalently with the difference RaR&..
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7.8 Fixed Flux Convection

7.8.1 Introduction

In all the foregoing matter, we considered that the plates limiting the Buid are
perfect heat conductors, so that their temperature remained constant (Pxed by a
thermostat). Hence, we demanded that the temperature Buctuations vanished on the
boundaries.

In the case of a laboratory experintethe boundary conditions are not so
simple. As mentioned in Sed.8.2the only conditions that have to be satisbed
are

dT; dTs
e D e Ts D Ts
where the indexX refers to the Ruid and the indexto the solid. However, the
temperature Peld in the solid is not known and needs to be computed as well. The
general case is thus quite tedious and we refer the reader to the work of Hurle et al.
(1966 for a detailed study.

Here, we shall concentrate on the limig= s ! 0 which is the case where the
solid is a very poor heat conductor compared to the uid. This case corresponds to
the ideal insulator. Hence, after studying the ideal conductor case, we now explore
the other extreme. From a physical point of view, it means that the temperature
Peld in the solid is bxed (or evolve on a very long time scale compared to that of
the RBuid). Thus, the temperature gradient, and therefore the energy Rux, is bxed in
the solid and the temperature RBuctuations at the interface do not propagate inside
the solid. Hence, one imposes that the temperature gradient does not 3uctuate,
or that

@
—DO 7.74
) (7.74)
onz D 0; 1. We note that in such conditions the Nusselt number remains bxed to

unity.

The interesting point of this system is that the convective instability occurs
with a vanishing critical wavenumber. Hurle et al966 indeed noticed that as

=t ! Othenk; ! 0. Convection sets in at a scale all the larger that the

solid is less conductive. It is then possible to bnd out a weakly nonlinear solution
taking advantage of the fact that the lzontal scale is very large compared to
the height. The resolution of this problem is a typical example @hulti-scale
analysis.
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7.8.2 Formulation

We start again from the equation of motiah31) and introduce the small parameter
" such that:

D"; @D"@; @Db"'@ RaDRaC 2'?
where measures the rate of supercriticality. Thus doing, we rescaled the horizontal
lengths, introducing the scaled variableD "x of order unity. We also rescaled the
time and introduced the new time variableD "#t. Hence, we can focus on very
large horizontal scales and very long time scales. The choice df*tfector in

the time scale is justibed a posteriori by the consistency of the solutions. The two
equations of7.31) now read:

@@ c" @’ c@@&b @b c"@b?® @D’D D
P .Ra;,C 2?/@ CD* Cc2?@D? Cc"@

“@ C"2.@D @D/ D">@ C.D2C"@/

Here, the functions depends on the three variabje§ z/. The boundary condi-
tionsatzD } aré

D DO
for the temperature and
u,D"?’@ DO and «wDO0Z D? DO

for the velocity. Note that we chose teress-free boundary conditions; for no-slip
conditions we would ask, D OorD D 0.
7.8.3 The Chapman—Proctor Equation

We now develop the solution in powers of the small parameter up to the fourth order,

D oC"?,C"*,C D ,C"?,C"*,C

6We place the boundaries aD % rather than az D 0;1so as to be able to use the symmetry
or the anti-symmetry of the functions with respect tozH# 0 plane.
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Note that with the choice made on the amplitudes and the horizontal scales, the
velocity peld isO."/ , or

@ @ 2
D —e&C—eD "D c"
u @ex @Xez e)( @ eZ

whereas the temperature beld remang/.
At zeroth order, the equations of motion reduce to

D2,D0 and Ra@ oCD* (DO
which lead to the following type of solution
oD f.X; / and oD RaP.zf °X; /

whereD*P.Z D 1. f.X; / is an unknown function which needs to be
determinedf °X; / is its derivative with respect t& . We note that the boundary
conditions on ¢ are automatically satisbed whereas those on the velocity demand
thatP. 1/ D 0andP® %/ D Ofor no-slip conditionsoP® 1/ D Ofor stress-

free ones. These last two conditions and the differential equation allow us to specify
completely the functiof® .z . In the no-slip case

éiDiZZ

1
P.ZD ZLZ4C48 384 24

N

while in the stress-free one

2 5

1
P.Z D le“cm 384

Let us now consider th&-order of the temperature equation. We have
D2 ,D RaDPf® .RaP C1/f @ (7.75)

This equation is interesting as it has a solution only if the right-hand side veribes
a solvability condition. Indeedf ive integrate the equation anthen the left-hand
side is zero whereas the right-hand side implies:

I
Zcio 1

Ra D P.zdz
1=2

giving the value of the critical Rayleigh number. This expression leads to the
numerical values R&720 in the no-slip case and Rd20 in the free-slip one,
values which were brst derived by Hurle et 4966).
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The equation{.75 can now be solved. We bnd
2Df2X; 1 CW.azf BCcQ.zf ©
where we introduceW .z andQ. Z/ such that
W% RaP°D0 and Q%% RaPC1DO
These new functions vdyithe boundary condition®°. %/ D W° %/ D Osince
D D Oon the boundaries. We infer that°D Ra.P.
The"?-order of the momentum equation leads to
D*,D %° Ra fPCW.f %°C.Q C2P%f 0
c Rp_a@ PPY0 ppO0f § 00
which is solved in the same way as the equation foprwe Pnd
2D 2Pf °C RaPfC Uf 2°C sf & ©
with
DUD Ra.QC2P®% and D*SD 2RaWC Rp—a& PP p0Op 00
The boundary condition, D 0 imposes that
U. 1=2/DS. 1=2/D 0

The last step consists in writing the fourth orti&term of the temperature equation.
Integrating this equation onbetween % we obtain

@ CA 2% g “ccf®°CcD f%¥®po (7.76)

which is the Chapman—Proctor equationt controls the horizontal dynamics
of small-amplitude convection at bxed RBux (Chapman and Prdc86). The
constant®\; B; C; D are given by

1 z 1=2
AD —; BD U CQl/dz
Ra 1=2
z 1=2 z 1=2
CD R# P2dz DD .RaPQ® S 2widz

1=2 1=2
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The evaluation of the foregoing integrals is not straightforward. Let us illustrate
their derivation in the case of streBge conditions on both boundaries. Because of
the symmetry of the set-up D 0. The calculation 0B is a little tedious. We brst
remark that

Z 1=2 z 1=2 z 1=2

UdzD UD*PdzD PD*Udz
1=2 1=2 1=2

Then, the differential equation veribed byimplies that

z 1=2
B D 2Ra..DP/? .DQ/? dz
1=2
Noting that
5 9
DQDZ2 =7C —
Q T
we Pnally obtain
1091,
BD TEaa 0:197

In the same way, one can derive that

155
CD —
126

7.8.4 Properties of the SnleAmplitude Convection

ChapmanbProctorOs equation gives a good description of the dynamics when the
temperature gradient is slightly supercritical.
To start with, let us examine the linear case and search for a solution proportional
to el ; if D 0 (i.e. Ra=Rg), then the growth rate of a disturbance is just
Bk* and the critical wavenumber ks D 0 as expected. If the Rayleigh number
is now slightly supercritical, we may lineariz&.7{6 and bnd the dispersion
relation

D k?A 2 BK (7.77)

which shows that the wavenumber of the fastest growing mode is

km D p=— 7.78
nD PEr (7.78)
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This results shows that the fastest growing mode is not necessarily the one with the
critical wavenumber. In the present case, the mode with the critical wavenumber
(k D 0) has a zero growth rate!

We should also note that the transition from the hydrostatic state to the convective
one is independent of the Prandtl number. The growth rate is real so that convection
is steady (no oscillation).

Let us now examine the nonlinear rZgirti¢he boundary conditions are identical
on the top and bottom plates, the solution is symmetric with respect to the mid-layer
zD Oplane. The integrand debniy is antisymmetric and thus should be zero
in this case. The ChapmanbProctor equation therefore simplibes in this case and
may be written

@gCA 2g®°CBg¥cc ¢g¢®po

where we took tthegerivative of the equation andgsé& f ° Now, introducing the

new variableu D %9 and changing the time scale as well asxhacale, we Pnd
the CahnbHilliard equation:

00
wD u® Bu¥cC u?

(7.79)
whereB D BC'%=A%? 5 This equation was uncovered by John Cahn and
John Hilliard in 1958 when they studied the dynamics of the phase separation
phenomena.

We note that this equation, as the ChapBRroctor one, is richer than Landau
equation which allowed us to study the nonlinear evolution of disturbances leading
to convection rolls. The Landau equation indeed controls the time evolution of the
amplitude of perturbations (whose structure is bxed by the linear analysis), while
the two foregoing equations control both the time evolution and the spatial structure
of the solutions (being partial differential equations). They are much simpler than
the original ones, but still contain a rich variety of solutions. For instancecane
solve the CahnbHilliard equation in a stationary case (the solution is expressed with
elliptic integrals) and then study the bikity of these nonlinear solutions. Chapman
and Proctor have shown that, in a periodic box, the stable RBow is made of very
Rattened contra-rotating rolls.

7Cahn and Hilliard {958.
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7.9 The Route to Turbulent Convection

7.9.1 The Lorenz Model

System (.64 has been derived using the hypothesis of a slightly supercritical
Rayleigh number. However, if we OforgetO this restriction, we have at our disposal a
set of three nonlinear equations which control a very rich variety of solutions, actu-
ally. They may give us interesting informations on the development of convection
when we increase the Rayleigh number, if the modes that are dynamically active
remain limited to these three ones.

In order to show the parameters which control this system, it is useful to make
the following change of variables:

8 P W5
< uDbD " X; 11D—k ZRaY
(7.80)
~6
D —7Z7; D t="2
02 k 2Ra
We thus bnd the equation tife Lorenz system:
8
d—X DP.Y X/
dt
<
dy
—DrX Y Xz (7.81)
dt
: 92 D bzC XY
dt
where we set
Ra 2 2
rD — and bD — 7.82
R \ (7.82)

since Ra D ®=k?. Three parameters control the Lorenz system: the Prandtl
numberP, the reduced Rayleigh numberandb which measures the aspect ratio
of the convection cells (the ratio between their height and their width).

As the Landau equation, this system has one or three bxed points (points of
OequilibriumO), namely

XDYDZDO if r<i
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Fig. 7.10 Three representations of the time evolution of the Lorenz system inagichZgime: &)
X(t) shows the evolution of the X variable, especially the growth of the amplitude due tootbie H
bifurcation and the start of the chaotic rZginte.d) give for the same time interval, the evolution
of the system in the phase space showing evidence of a strange attractor

or

XDYDZDO
or if r 1

XDYD pb.r 1/ and ZDr 1

The brst bxed point{ D Y D Z D 0) turns unstable when the critical value

r D 1is overpassed. The new bxed point is linearly stable in the intefljal—
withre D 24:74 Atr D r¢ there is a subcritical Hopf bifurcation and the system
evolves towards a chaotic state where one bnds the famous Lorenz attractor. This
situation is illustrated in Figi.10 where we clearly see the exponential growth
and the beginning of a chaotic sequence. The subcritical nature of the bifurcation
indicates that one may Bnd a chaotic statbenr < r .. A study of the stability of

the branchX D Y D b.r 1/ shows that the chaotic state disappears when
r <13:926 (if b D 8=3andP D 10).

7.9.2 The Domain of Very Large Rayleigh Numbers

In nature thermal convection usually appears with very large Rayleigh numbers
because of the large size of the systefsr instance, at the SunOs surface, the
convective cells (see Fig.11) are controlled by a Rayleigh number larger than
107°. Hence, many studies have explored the properties of thermal convection when
Ra Ra.

8This is a metastable chaos.
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Fig. 7.11 Convection at the
SunOs surface: the rising gas |4
hot and appears brighter than
the cold downRowing gas.
The temperature difference
between the hot and OcoldO §
gas is about 200 K around an g » "' (."‘ "
average of 5,800 K. This A - ) Q
gives the granular aspect to - . v ¢ ‘j y P
the surface. Solar convection | P84
cells are thus called granules.
Their size is about 1,000 km
and their lifetime less than

10 min (Credit T. Roudier,
Lunette Jean R3sch -
Observatoire Midi-PyrZnZes)

When one progressively increases the Rayleigh number, for instance by increas-
ing the temperature difference, the fgoéng solutions are destabilized and after a
few bifurcations a chaotic rZgime may set in. If the temperature differerstél is
increased, convection reaches a turbulent rZgime: a continuous spectrum of spatial
and temporal scales appears.

Although the turbulent rZgime is very complicated (see Ciagve may expect
that some simple laws govern the mean quantities. For instance, the heat Bux is
a typical quantity of interest when one deals with turbulent convection. We may
wonder whether there exists any asyotjat law governing this quantity when
Ra! 1 . This question is still open, but some simple models may give us a brst
description of this asymptotic state. One of them (see i) considers that the
essential part of the temperature drop across the layer occurs in thin boundary layers
attached to the bounding plates.

The thicknes$ of the boundary layers is such that these layers are stable with
respect to the convection, thus

$gT

but, by depnition R® 29T 5o

R% 1=3

S
d Ra



7.9 The Route to Turbulent Convection 287

Fig. 7.12 Schematic view of 7
turbulent convection between
two plates

Boundary layer

IR

Quasi isothermal
turbulent region

The Nusselt number is proportional to the ratio of the total Bux with convection
and the RBux without convection. We use this number to measure the heat Rux. We
note that the Bux without convection is proportional To=d whereas the Rux

with convection is proportional toT =§ . Indeed, the boundary layers carry by
conduction the whole heat Bux. We thus write

1=3
Nu/ dT Ra
S Ra
which shows that the Nusselt number grows like the one-third power of the Rayleigh
number.

Many experiments have attempted to bPnd out the actual scaling law and
eventually conbrm the foregoing appcch. For instance, Niemela et ak000
explored the relation between Nu and Rsing helium. While varying Ra between
10° and10'’, they found that

Nu' 0:124R&3!

in this range of Rayleigh numbers (see Fid.3. But more recently Ahlers et al.
(2012 using another gas (sulfur hexaRuoride) found this law solely wheh Rat3,
suggesting that beyond this value variations of the Prandtl number (se& Hy.
inBuence the scaling law.
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Fig. 7.13 Nusselt number
versus Rayleigh number in .
the experiment of Niemela 10
et al. 000
10° 4
=
=
10° 4
10: ,I Ll 1 1 1 1 1 1 1 1 T

10° 10" 10® 10° 10 10" 10" 10™ 10" 10" 10"* 10"
Ra

7.10 Exercises

1. a) Using the differential form of the enthalpy, show that for an ideal gas in
equilibrium in a gravity beldj,

T
rT .rT/,gD —rs
Cp

b) Derive (7.9).

2. From the values of the temperature gradient in the stratosphere what can we
say about the convective stability of this layer? Use the values of the standard
atmosphere given in tabke 1

3. In the case of convection betweenotwertical plates described in Seti4.],
compute the Reynolds number of this Bow. Give the numerical values, taking
Tc Tf D20K,d=1cm,.T.C T; /=2 D 283K, D 10 °m?s (case of air)
and g =9.8 m/A What do you conclude?

4. Compute the maximum Reynolds number of thermal convection near the thresh-
old when using stresee boundary conditions.

5. For the Lorenz system, show that the solutdtorD Y D Z D 0 is unstable
whenr > 1.

6. Here is a practical exercise: In a pan with, preferably, a white bottom, dispose a
thin layer of oil (sunfZower for instance) of 2 or 3 mm thick. Add a small amount
of cocoa powder (less than half a tea spoon), an mix vigorously so as to obtain
an homogeneous mixture. Put the pan on a cold electric heater and wait for the
Buid be at complete rest. Then turn on the heater at minimum power, after a few
minutes, a network of (nearly) hexagonal cells appear.
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Further Reading

For all the questions around the problenfisireear convective instability in various
conbguration (with rotation, magnetic Peld or in spherical geometry), one should
consultHydrodynamic and hydromagnetic stability S. Chandrasekhar. To a lesser
extent, this problem is also discussedHydrodynamic stabilitypy Drazin and Reid
(1981). More about the Lorenz attractor may be founddrder within chaosby
BergZ et al. 1984. Another side of thermal convection not discussed in this book,
namely heat transfer associated with Buid Bows, may be fou@nvection Heat
Transferby Bejan (995.
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Chapter 8
Rotating Fluids

8.1 Introduction

The most spectacular effect of rotation on a Ruid Row is certainly the huge
hurricanes surging up in the EarthOs atmosphere when the waters of the ocean are
warm enough. These huge Bows, so typical in pictures of the Earth, would not exist
if the Earth were not rotating. They owe their existence to the Coriolis acceleration.

In this chapter we wish to introduce the reader to the fundamentals of Buid
dynamics in a rotating frame. Rotating Ruids are indeed those Ruids whose motion
is essentially a solid body rotation supplemented by a small velocity beld. Thus,
even if hurricanes generate terribc winds, let say with speeds of 60 m/s, this is still
small compared to the Earth rotation velocity (460 m/s). Such a velocity Peld is thus
conveniently analysed in a rotating frame. As we shall see, all the novelties come
from the Coriolis force, which deeply modibes the dynamics, imposing the quasi-
bidimensionality of steady Rows, geaéing new sorts of waves, new boundary
layers, etc.

8.1.1 The Equation of Motion

The basic change in the equations governing a Buid Row in a rotating frame comes
from the existence of inertial forces associated with the Coriolis and centrifugal
accelerations. Thus, the equation of momoemis the only one to be modibed. Its
expression is easily derived from Newton equation, which controls the motion of a
point mass particle. Latbe the position of the particle; it evolves according to

ar

v D f
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in a galilean frame. When the frame rotates at an angular velocithe same
equation reads

d?r co dr

e dtC . r/l Df

This equation also gives the trajectory daid particle according to the Lagrangian
approach. Going back to the eulerianrfa@lism, the preceding equation is trans-
lated into

Dv

which gives the evolution of the velocity Peld. This expression could have been
derived directly from the one we met in the brst chapter; however, this deriatio
lengthy and left to the reader as an exercise.

8.1.2 New Numbers

The importance of rotation may be appreciated if we use the right non-dimensional
numbers. For this, we brst introduce a length s¢alea velocity scaleV and a
time scale that we relate to rotation. This time scal2ig *. 2 is known as
the Coriolis frequencyln order to concentrate on the effects of rotation, we shall
consider a simple Ruid like the incompressible viscous Ruid.

The momentum and continuity equation read:

%cz VC . t/ D rPC v 8.2)

r vDO (8.3)

where we left aside an eventughvity force. If we observe that
1
r/D r—=. r/?
2

namely, the fact that the centrifugal aceeltion may be derived from a potential,
then, we can rewrite the momentum equation as:

Dv
—C2 D C 8.4
D v r v (8.4)
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where D P= % r/? is called thereduced pressuréWe are now in a
position to use non-dimermial quantities and we bnd:

%Cez UCRouruD rpCE u (8.5)
whereweset D eandp D =2 LV/. Two numbers appeared:
ED and RoD v (8.6)
2L 2 2L '

which are respectively thekman numbeand theRossby numbekVe note that the
Ekman number measures the ratio of the viscous force to the Coriolis one, while the
Rossby number shows the importance of the nonlinear advection terms with respect
to the Coriolis acceleration.

When a Ruid Bow, in some inertial frame, is essentially a solid body rotation, we
should writeV D r Cv wherejjvjj jj rjj. Sincejjvjj is just the magnitude
of the Bow in the rotating frame, we see that Rows dominated by rotation are such
that their Rossby number iew small compared to unity.

We may observe that the Rossby and Ekman numbers decrease when the scale
of the Bow increases. Rotation is therefore expected to be important in the large
scales. Let us consider two examples: a wind of 20 m/s in the Earth atmosphere is
dominated by the Earth rotation when it affects a scale larger than 140 km. For these
scales, the Rossby number is less than unity. An ocean current, like the Gulf Stream,
is even more affected by rotation since its speed is much lower, typically 1 m/s. For
this value, rotation is important for all scales larger than 7 km. This shows that an
oceanic current, spanning thousands of ikikders, is very much dominated by the
effects of rotation.

Now, if we turn to the Ekman number, it is usually extremely small. For instance,
awater Row with a scale of 7 km, has an Ekman number aréQntf. This implies,
as we shall see, the existence of very thin boundary layers.

8.2 The Geostrophic Flow

8.2.1 De nition

The geostrophic Bow is a steady Row where the viscous force and the nonlinear
terms play a negligible part. The momentum equation is therefore reduced to

2 vD rP (8.7)

This is calledthe geostrophic balanc@he pressure gradient balances the Coriolis
force.
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8.2.2 The Taylor-Proudman Theorem

The geostrophic Bow has one remarkalproperty: it is independent of the
coordinate parallel to the rotation axis. Indeed, let us take the cusl. df, (ve Pnd

r 2 viD0O Z . r/ivDo Z @DO (8.8)

@

where we usedl.4]). The velocity beld therefore only depends on the coordinates
in the plane orthogonal to . This result is known a%aylor—Proudman Theorem

8.2.3 The Expression of the Geostrophic Flow

The geostrophicq.7) can easily be solved. One bnds:

vD 21 e rPCF.Xyle (8.9)
In this expressiorF.x;y/ is an arbitrary function to be determined with the
boundary conditions. This solution showstlthe pressure also depends solely on
the plane coordinates. The pressure plays the role of a stream function since isobars
are also streamlines.

To further illustrate the properties oegstrophic Bows, let us consider the case
where the rotating Ruid is bounded by a surface debned by:

z fx;y/ DO if z O

. 8.10
zCgx;y/ DO if z O ( )

The outgoing (unnormalized) normal vector is
NDngpDr.z fx;y// De rf (8.11)

nDnyD r.zCgx;y// D e rg
from which we derive the equality:
Nsup  Ninf C 1 .f g/ D 2e,
However, on the bounding surfang,, v D Oornis v D O, but sincev does not
depend orz, the foregoing equality may be used everywhere. Thus, taking the scalar

product withv, we Pnd

2v,D2F.x;y/ Dv r.f g/
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which we report in8.9). This yields

1 1
vD4—nSup Ning C r .f g/ rPC§vr.f gle,

This new expression may be simpliped if we note that
vrf g/ D.eg rP/ r.f g=2]/ 1|

sincer .f g/ r P is parallel toe,. It turns out that
1

This expression may further be arranged as follows. If we take the scalar product of
(8.12 with njy¢, we Pnd

.nsup nmf/ I'PDO
butnggp N Dr.f Cg/ eCrf rg,sothat
orh e rPDO Z rP rhDO

We introducech D f C g and observed thatf r gandr h r P are along
e,. One should note thdt.x;y/ is just the height of the container at;y/ . The
foregoing relation shows that the pressure only depends d¥oting thatns,, C

Nins D 1 h, (8.12 may be rewritten in its Pnal form:

1 dpP

This solution is valid only if the normal vectors are continuous inxhg-plane. It
may be observed thatis parallel to the curves of constant height since h D 0
becausei;s nsyp D € 1 h. These curves are also callgdostrophic contours
Since they are streamlines they must be closed.

Another property of the geostrophic Bow is that it possesses circulation around

the rotation axis. Indeed, along a geostrophic contour
I I
1 dP . .
.C/v d D > dan .C/”ninf Nsugjdl @ 0 (8.14)

Thus, in general, the geostrophic Row owns angular momentum.
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8.2.4 Examples
8.2.4.1 The Geostrophic Flow in a Sphere

To give a simple illustration of the foregoing results, we now take the case of a
geostrophic Bow in a spherical container, which is typical of planetary or stellar
situations. In this case, geostrophic contoaire just circles of constant latitude and
the velocity is constant on cylinders centered on the rotation axis.

Expliciting the results of the previous section, we note that for a sphere afsradi
R, the equations of the boundary are such that

P
f DgD R2 x2 y2

Lettings? D x2 C y?, the direction of the velocity is

2s
Nint Nsup D F’me

ich conbrms that the velocity is purely azimuthal. If we now observeltHat
2 R2 <2 the solution 8.13 gives

1 @P
vD Z—@Se (8.15)

This relation could have been derived directly frodn7j, of course.

Solution 8.13 is more interesting when one deals with a more complicated
geometry, like a spheroid for instance. One just needs to deawe normal vectors
from the shape of the surface boundary.

Let us note that if the sphere is truncated, like in Bigb, some geostrophic
contours are no longer closed. This ruins the existence of the geostrophic solution
which disappears. As shown by GreenspH#69), no steady state is possible, and
the geostrophic Bow is replaced by a set of Rossby waves, which form a subset of
inertial modes (see below for their detailed presentation).

8.2.4.2 The Vortex of an Emptying Reservoir

When a reservoir like a bath tube is emptied, a strong vortex is often observed above
the exit. The question of whether the rotation of this vortex is controlled by the
Coriolis force due to the Earth rotation is often raised. Should the vortex rotate
in opposite directions when one makes the experiment in the northern or southern
hemisphere?
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Fig. 8.1 (a) Geostrophic contours on a sphet). A truncated sphere: some geostrophic contours
are not closed (like?)

The answer is negative because the Coriolis force imposed by the Earth rotation
is much too weak to be effective compared to other forces. To make things clear,
it is useful to appreciate the orders of magnitude associated with such a Row. First,
we may observe that the scale at which the Rossby number passes below unity for
a Bow whose typical velocity is 10 cm/s, is 700 m. Thus, unless the bath tube is of
the size of a lake, the Rossby number will be very large, lettingthe /v term a
thousand time greater thaime Coriolis acceleration.

Another way of understanding this question is to suppose that the Row is
geostrophic (it is indeed almost steady, and viscous effects are small). In such a
case, the amplitude of the Buid velocity wouldWe jr Pj=2 .We may estimate
the pressure gradient by noting that on the bottom of the bath tube the pressure
varies betweenghC P4y, andPym, far from the exit and at the exit. TakirdD> 10
cm, we bnd a Buid velocity of 20,000 km/s which is absurd.

So whatOs going on in reality? The key point is to be found in the initial
conditions. In general, the Buid is not strictly at rest when one empties a bath tube.
With respect to the exit, the water owns some residual angular momentum. When
the emptying is started, conservation of this momentum implies an amplibcation
of the rotation near the exit. Actually, the convergence of the streamlines on exit
strongly amplibes the vorticity. Thus, a Bow which was not perceptible to the eye
before the reservoir is emptying, shows up neatly when the exit is open. The low
pressure at the vortex centre makigs structure clearly visible.
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8.3 Waves in Rotating Fluids

We continue our exploration of the properties of rotating Buids by focusing on the
waves that are specibc to them.

8.3.1 Inertial Waves

Inertial waves owe their existence to the Coriolis force which is their restoring
force. We recall that the existence of t@eriolis force is the consequence of the
conservation of angular momentum. If this force were absent, the free motion in a
rotating frame would not conserve the angular momentum.

To fully appreciate its effects, it is useful to consider the motion of a particle
which is solely driven by this force. Its velocity veribes

ﬂCZ vDO
dt

This equation is easily solved and yields:
vy D vgcos2 t/ and vy D vpsin2 t/

if we choose thaty, D vp andvy, D Oatt D 0. A further integration gives the
trajectory:

x D xoC 2V—Osin.2 t/ and y D yo 2\/—0 cos2 t/

This shows that particles have a circular motion. The Coriolis force brings the
particles back to their initial position after making a circular trajectory with a radius
V0=2

Let us now focus on the dispersion relation of these waves. We 8aReafd set
E=Ro=0. As needed, we assume that the pressure and velocity perturbations are
plane waves, namely:

.p; VI D .p; vige't k¥

Incompressibility implies that
k vDO (8.16)

which shows that these waves are transversal. The equation of moménhtu@,
2 & uDikP,leadsto
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8 .

<2 & .u k/IDik’P

il v, D ik,P (8.17)
"ilk vD 2Kk v

from which we derive the following dispersion relation:

'2D2/2k22 8.18
! . & (8.18)

This relation shows that the frequency of inertial waves is bounde? bysince
k; k. Inertial waves are thus long period waves whose shortest period is half the
rotation period.

The dispersion relation also shows that these waves propagate in a very
anisotropic way. This is shown by the phase velocity:

! kz
v D—eaD2 —k 8.19
& 3 (8.19)
This expression shows that no propagation is possible if it is restricted to a plane
perpendicular to the rotation axis rotaii Propagation preferentially occurs along
the rotation axis.

Now let us consider the group velocity. We bnd

k .e k/

vgDryl. k/ID 2 e

(8.20)

This expression shows thay k D 0 : like for internal gravity waves, energy
propagates perpendicularly to the phase!

8.3.2 Inertial Modes

If the Buid domain is bounded, the equations of motion need to be completed by the
boundary conditionss n D 0. The inertial modes are the oscillation modes of a
rotating inviscid Buid contained in a reservoir. Settings the mode frequency, the
associated RBow veribes

8

<iluCe uD rP

.r ubDO (8.21)
"unDO on S

which we wrote with non-dimensional variables followir}§). Now, let! , and
! m be two distinct eigenfrequencies, then
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z

Un U, dVDO (8.22)
v/

i.e. inertial modes are orthogonal with respect to this scalar product. This property
is a consequence 0821 when it is written for two different modes of frequency
I hand! . Indeed,

i'sunCe usD r P, (8.23)
i'!mu,Ce u,D rP, '
Taking the scalar product of the Prst equation with the complex conjugasand
the second equation witly,, adding the results and integrating over the whole uid
volume leads to

z z

[ up, u,dvC U, . u,/Cuy . u,/ dvDO
VI Vi

where we used the boundary conditions to eliminate the pressure term. The last two
terms are of opposite sign so that we are left wgt2Q) since! ,, o ! .

Another important property of inertial ades is that, like their wavy counterpart,
their frequency is less that or, for the scaled , less than unity. This result comes
from the momentum equation when projectedionand integrated over the BuidOs
volume. It turns out that

z
Im—u u e dVv
1 p YLz

jujdv

VI

Schwarz inequalitylm-u  u/ &j j u uj j uj? leadsto
Z

jlm—u u/ e jdv
NI 5

juj2dv
v/

it ] 1 (8.24)

For some simple containers, the spectrum, namely all the possible values of
can be computed. In this case, the eigenealare dense in the interval [0,1]. This
means that for any real number in this interval, we may bPnd a frequesyclose
to this number as we wish (see the box OThe inertial modes in the sphereO for a
detailed example).
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8.3.3 The Poincaré Equation

If we now take the divergence oB8@21), the system can be reduced to a single
equation on the pressure, namely

1@pP
I

P @

0 (8.25)

This equation is known a@oincaré’s equatiosince the work of flie Cartan (1922).
This equation is completed by the boundary conditionn D 0, which can be
reexpressed with the pressure as:

'2nrPC.nele rP/Cil.e, nf rPDO (8.26)

The PoincarZ equation completedtiwthe foregoing boundary condition is
peculiar as it constitutes a mathematically ill-posed problem. Indeed, sinde,
this equation is of hyperbolic type, like the wave equation. However, unlike the wave
equation, boundary conditions are imposethtsolutions of the PoincarZ equation.
This makes an ill-posed problem in the sense of Hadamard. In the general case,
solutions own many singularities whie@ndow inertial modes with very unusual
properties as illustrated in Fig.2

Nr=560 L=2000 M=0 E=8.0x10""" #=0.350 CL=if

Fig. 8.2 A singular inertial mode: this bgure shows the kinetic energy of an inertial mode inside a
spherical shell. This meridian cut shows that the mode is concentrated along a periodic path of the
characteristics of the PoincarZ equation (this periodic path is called artaitra¢hen viscosity
decreases (here the Ekman numbé is10 °), the mode gets more focused around the attractor
and becomes singular at a vanishing viscosity (see Rieutord20@i. for more details)



302 8 Rotating Fluids

The inertial modes in the sphere

Let us write the PoincarZ equatidh?5 as x2C y? s b1
a2cog 2 sir?
@ @ 117 @ o
@X @y 12 @ x2C y? 2 b1
(8.27) a2 cost? a2 sint?
The boundarycondtionv n D 0yields where we identify
@P_. 1 @P 1 _@P ) R? . )
S@SCF@C 1 !—ZZ@DO aDW, sif D!
(8.28)

The ellipsoidal coordinates ;' are relate

when cylindrical coordinates are used. It is .
to the cartesian ones by

derived by using

8
< x D acosh cos cos'

1
D p—es ra C 2l .y D acosh cos sin’ (8.32)
" 2D asinh sin
1 . @P_ 10@P
D —— il —C -——; i ;
Vs 1 12 I @s” 5@ and the solutions of the Laplace equation §ge

(8.29) of the form:
X
P.:;'/ D AimPM.sin/

I;m

Rl
il @
The dispersion relation of inertial modes in a F".i sinh /e ™

full sphere has been brst obtained by Bryan
(1889, who proposed to change the

v, D (8.30)

where theP™ are the Legendre polynomial

zcoordinate into Noting that
. p
i! 1 12 .
2D ﬁﬁz zD ———aisinh sin
so that PoincarZ equation turns into Laplace®# canset D isinh and D asin ;then
one. With this new system of coordinates, the 8 p p
bounding sphere of radit® becomes: .sD x2Cy2D .z 21 2/
x2Ccy? 2
z - 2D p——
=~ 5Dl (8.31) =

(8.33)

andaD 1=.1 ! ? ifwesetR D 1. The
solution is therefore:
X .
PD A|;mP|m a P|m./e m

I;m

withB2D 5 R2. This is the equation of a
one sheet axisymmetric hyperboloid. To
solve Laplace equation, we need to use a
coordinate system which is appropriate to
this new geometry. These coordinates are
those of the oblat ellipsoid Angot X D

(1949,197% Z PD AnP™ 1 12ZPMje ™
This coordinate system uses the following '
surfaces:
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The inertial modes in the sphere

The boundary enditions 8.28 need to be dr"

. . . 12—
rewritten with the variables;( ). We bnd 1 d! D mA" (835)
8 @ps. @p a2 vl %z which permits the computation of the
< @s ' @ frequencies of inertial modes in the spherej}If
p we consider the case of axisymmetric modgs,
@p s @p . % a1 . L ) den
@s ) @ m D 0, this relation is now simplyg- D 0

(834) or! D 1 The eigenfrequencies are thus

with D 2 a2 2 Using these relations the roots of the Legendre polynomial

on the sphere, atD ==, we bnally P|l.!/ D 1 ! 2ﬁ. All these roots are
112 dar -
obtain the dispersion relation: between 1and 1 (which meets the

constraint 8.24) and when ! C1 ,
these root form a dense set in this interval.

8.3.4 Rossby Waves

Rossby waves constitute a wave category which is very important in planetary
atmospheres. They are often called planetary waves.

Let us restart the derivation of the dispersion relation for inertial waves but
with the assumption that the Buid is contained in a very thin layer like the Earth
atmosphere. We set thieaxis along the vertical, the-axis towards East (parallel to
the Earth rotation) and the-axis to the North. We look for a purely two-dimensional
wave solution, where vertical motions are negligible compared to the horizontal
ones. The dispersion relation of such waves cannot be derived from the one of
inertial waves since we now impose the conditignD 0. The simplibcation by
vz, which is needed to deriv8(18) is no longer possible. Thus, the derivation needs
to be startedb initio. The equations of the Row are:

itvC2 y/ vD rP
8.36

r vDO ( )

When writing this system, we explicitly mention the dependence .y/ since

the local rotation vector depends on the latitude. We underline that since we restrict

the motions to the horizontal ones, the horizontal part afoes not play any role;

we just need to consider the component oélong thez-axis. We thus write:

i'vC2.y/ e vD rP

1See Longuet-Higginsl@64).
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where.y/ D sin.y/ , being the latitude. We have
8

. P

i'w 2.y wD %x
<

. @P

itwC2.yl wD @y (8.37)
. @ . @y
- —C-—=DO

@x @y

Eliminating the pressure by taking the curl, we bnd the vertical compongfithe
vorticity:

d
it D 25 (8.38)

This equation shows that the relation betweemnd the latitude is essential. Now
a standard approximation, calldte -plane approximationconsists in settin%y

to a constant value. In atmospheric sciences,called the gradient of the planetary
vorticity (2d = dy). With this assumption, we easily bPnd the dispersion relation of
Rossby waves:

2k, d
@ck 4y (8.39)

' D

This relation shows thdk x <0 sincedd—y > 0. Rossby waves thus propagate to the
x <0, that is to say to the West, opposite to the Earth rotation. Theyetiegrade
waves. The group velocity

d
vg D 2d—y k7 kil C 2kekyg, =k

shows that energy has no preferred direction.

The form of the dispersion relation of Rossby waves shows why we could not
have derived it from the one of inertial waves: the variation ofis crucial. In
particular, we note that if the velocity peld of the perturbation is a plane wave,
this is not the case for the pressure Ructuation bec&iser ikyP. In fact,
Rossby waves are rather a class of inertial modes which meet some constraints like
bidimensionality. This is whywhen a container does natimit closed geostrophic
contours, the geostrophic Row is replaced by an inPnite sum of Rossby waves,
namely by inertial modes which are quasi 2D and of very low frequéncy.

2A detailed discussion of this question may be found in Greensp@6e),
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8.3.4.1 Planetary Modes

Let us now generalize the foregoing results by considering the Rossby waves over
the whole sphere. We still consider that they propagate in a very thin GBugd lay
covering a sphere, but we abandon thglane approximation. Such modes are
usually calledplanetary modes

Because the velocity beld is two-dimensional, we may use a stream function to
describe the Bow. We thus introduce'/ , which is such that

vDr . gl
We derive the equation for by applyingthess r  operatorto8.21). We get
ler r .e/Ce&r . ubDO

which leads to

: @
i! C—DO
@l
on a sphere of unit radius. It is natural to decompose the stream functiorthe
set of spherical harmonics, which is a complete base for the functions debned on
the sphere. Thus, setting
X
D mY"

“m

we bnd that an eigenmode is represented by a single spherical harmonic to which
corresponds the eigenfrequency

m
m D7

(8.40)

We derived this dispersion relation using the spherical harmonics differential
equationY mMD .0 C 1/Y." (seel2.3).

The expression of -, shows that the (angular) phase velocity=m D

1="." C 1/ is always negativé. Thus, like Rossby waves, planetary modes
propagate to the West. FiguB3illustrates the wind pattern generated by these
waves in the Earth atmosphere.

3We recall that we set proportional tog'*t €™/
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Fig. 8.3 Rossby waves in the Earth atmosphere: in shaping the interface between cold air and
warm air, Rossby waves have a determining inBuence on the weather at mid-latitudes. Credit: City
University of New York

8.4 The Effects of Viscosity

Until now we neglected the viscosity. We showed, while introducing the ootati
time scale, that viscous terms are controlled by the Ekman number, which value
is usually very small. Hence, the effects of viscosity are important only in places
where the gradient of velocity is strong, namely in boundary (or shear) layers.

As above, we shall consider the limit of vanishing Rossby numbers so as to
(again) neglect the nonlinear terms. Then, boundary layers usually result from a
balance between viscous terms and the Coriolis term. They are E&lledn layers
The boundary layer Row can be formally solved, as we shall see below, because the
equations governing the Row are linear, unlike the general boundary layers that we
studied in Chap4 (like the Blasius Bow for instance).

8.4.1 The Method

In order to simplify the discussion, we shall concentrate on the steady case only,
namely on the geostrophic Row (an example of the unsteady case can be found
in Rieutord 2001). The idea of the method is to divide the solution into small
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subsolutions which are easy F;o_derive. For this, we brst expand the solution into
poyers of the small parameterE, which is the thickness of the layer (just like
1= Rein Chap4). We thus write

uDuOCpEulcEUZC:::; prOCpEplc::: (8.41)

Then, each ordar, is split into two parts: the boundary layer p&tand the interior
partt,. The derivation of each of these terms is much simpler than the full solution.
Summing them together allows us to obtain a solution valid up to the chosen order
(usually one or two).

8.4.2 The Boundary Layer Solution

The boundary layer solution is simpler than the general lmemause the Bow is
along the boundary and the velocity variations are dominated by the gradients along
the normal to the wall (see Cha}).

Letn be the outer normal of the wall, and let us rewres] with Ro D @@ DoO.
We bPnd

e uD rpCE u (8.42)
We now make the decomposition
uD Ty C @; pDpyC 16

Therey is nothing but the geostrophic solutia@.andpg are the corrections to add
to the geostrophic solution so tithe boundary conditions are met. Sirgge Ty D
r pp then

e @D rm@CE @ (8.43)

where we neglected Hij since it isO.E/ while other terms are of order unity.
Let be the coordinate along the normal of the wall directed towards the
containerQOs infer. Projected along (8.43 yields

@Dn . Qo

@

Sincef is a boundary layer quantitits variation along i%v_ery fast. pr Eisthe
thickness of the layer as shown below, ti@@=@ is O.1= E/ butn .e, Quq/ is
0.1/. This implies that the normal derivative @@ is zero. Hencelfg is a constant
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across the boundary layer. We bPnd here again the result derived from the Prandtl
equations, which control general boundary layer (sée37). Since the value of

[ is zero outside the boundary laygg is vanishing everywhere. TBe_pressure
correction in the boundary layer is therefore of the next order, that iIsg&/. We

thus have to write

_ P
pDp,C E.pCIR/
Keeping only theD.1/ terms in 8.43, we have

e, @D Bnc @@ (8.44)

@ @?

where we introduced the stretched coordinagich that D P E . Taking the
cross product of this equation withand observing tha® n D 0, we bnd that

@n Qo
@2

Onthe otherhan@ D .@ n/nC.n @/ nD .n @/ nsince we are dealing
with boundary layequantities. 8.44) may be rewritten as

.n e/ D (8.45)

neln Q e .n QIO/HD%”C%
H .nel.n Qg D % (8.46)

where we identibed the vectors belonging to the tangent plane. Multiplgidg) (
byi and adding it to8.45, we deduce that

%.n @Ci®/Di.n &/.n QxC i@/ (8.47)

This equation is easily solved. We bnd
p_—
.n @Ci®/ D.n @Ci®W poexp i.n &/ (8.48)
The integration constanh QI C i@ pg is given by the Row outside the boundary
layer. For instance, if the boundary conditions aré® 0 on the wall, then, the

solution must be such th& C Ty D 0 on the wall. Hencen Q@ C i®/ po D
.n T C itg/wan, SO that

p__
.n @QCiw D .n U C il wan€Xp i.n &l (8.49)
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The solution 8.48 calls for some comments: First let us note that the velocity
has a changing orientation within the boundary layer. Indeed, let us assume, for
instance, thah D e, andUp D U g, on the wall. Then,&.48 changes into

@D Ue °cos®

8.50
@Q D Ue ’sin © (8.:50)

where we set®D P 2. The OcompleteO solution reads
UDTC @DU .1 cos% “e Csin % 0ey (8.51)

To illustrate the shape of the velocity beld, we draw the velocity vector as a function
of the Odepthd. This yields a spiral known as ttigkman spirasee Fig8.4).
A second comment abouB8.48 concerns the thickness of the Ekman layer
which is
s

eDL

2E
in &

whereL is the length scale. This expression shows that if the wall is parallel to
the rotation axis, the thickness of the Ekman layer is inPnite. In fact, in this very
case, the analysis that led t8.48 is no longer valid. This difbculty arises for
instance when one deals with the geostrophic Bow inside a sphere. At the equator,
the boundary layer is singular: thistise equatorial singularitylt may be shown

that for latitudes within an equatorial band of latitudinal extensiiE=Y, the
thickness of the layer i©.E?=%. Thus, for a development in powers of & the

new thickness of the layer, scaling lik&® appears to be of inbnite size since
limgr oE?*™® *2D 1 . More details may be found in the original paper of Roberts
and Stewartsonl@63.

0.4f

Fig. 8.4 The Ekman spiral:
on the boundary

u. °D 0/ D 0, while outside
the boundary layer

u %1 /D e
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8.4.3 Ekman Pumping and Ekman Circulation

When we derivedg.498), we just solved the momentum equation, leaving aside mass
conservation. It may well be that @ @ 0. Fortunately, we need not throw away
our solution 8.48. Let us be more explicit. Ik andy are the coordinates in the
tangent plane, the projection &.48) on this basis gives

(
D .twcos °CWsin Ye
Q 00 0 (8.52)
@ D .g;sin © wcos Ye
wheret andt® are thex andy-components of the geostrophic Row taken on the
wall. We now compute the divergence@fnoting thatr Ty D 0. We have:
I
o @
@C@D @ 9 sin% "D .nr Tsin %
@x @y @y @x
This derivation is purely formal because did not take into account the curvilinear
nature of the coordinates; however, it keeps the dominant terms. This expression
shows that the divergence is actually proportional to the normal component of the
vorticity of the geostrophic Row.
This divergence is generally non-zero and is compensated by a Rowralbay
us denote this Rowd. It veribes

@C@@C@DO

@x @y @

SettingR.x;y/ D n r  Ugeo then

%ﬁD Rx:y/ sin % °

which is easily integratd, remembering thatD P 2E %t turns out

@D pER.x;y/e ‘cos © 2 (8.53)

The important point shown by this expression is the f%ct_that this new component of
the boundary layer Row is of a higher order in powers &, so that the foregoing
results are still valid, fortunately! We thus write

deEQ
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This new component of the boundary layer Bow is very important for the large-
scale dynamics. We indeed observe that it is non-zero on the boundary a2.

This means that in order for the boundary conditions to be veribed at brst order, the
boundary layer Bow needs to be completed by an interior one of the same order. Let
us call this new interior Bow;. As Ty it veribes the geostrophi8(7) but it meets a
different boundary condition. Indeed, we now demand that

.U CQ@/ nDO (8.54)

on the boundary.

The new component of the boundary layer R@Jyjs called theekman pumping
This OpumpingO is similar to the one we met with the Blasius RBow. It may just be
either positive of negative, meaning that the layer either pumps in or out the matter,
depending on the sign of the local vorticity. This pumping forces the companent
of the interior Bow. This new component is knowntae Ekman circulationWe
shall see below that despite its small amplitude, Ekman circulation is crucial to the
large-scale dynamics.

We have now all the pieces to write dowretBteady solution complete at brst
order. With obvious notations, we may write it:

p—
u D UQeoC %eoc E. Qumpc uCirc/ C O.E/ (8.55)

8.4.4 An Example: The Spin-Up Flow

The spin-up Row is the large-scale Row that arises within a rotating Ruid when an
exterior stress increases the angular velocity. For instance, when a liquid in some
container rotates as a solid body, like the container, at an angular velocity
sudden change of the angular velocity of the container, by will generate a Ruid

Row, that will lead to the new solid body rotation atC . This transient Row

may be split in several steps one of which is quasi-steady and called the spin-up (or
spin-down) Row.

8.4.4.1 Spin-Up Driven by a Solid Plane

The simplest set-up to study a spin-up Bow is to consider a viscous incompressible
Buid in the neighbourhood of a solid plane stayinggzdd 0. The plane rotates
uniformlyat D e, The viscous Ruid is in the half-spaze 0. The rotation of

the plane is increased instantaneously by e,. After a transient of a few rotation
periods, Ekman layers have formand a quasi-steady Bow takes place.
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To study this Bow we use a frame attached to the bounding plane. Far from this
plane the Ruid rotates at the angular velocity e,. In this region, viewed from the
plane, there is a geostrophic Baye, D e, r.Thisis our basic geostrophic
solution that needs to be completed by Ekman layers. Inserting this solution into
(8.49, we get the needed boundary layer corrections sovtitiatd atz D 0. Using
cylindrical coordinatess;'; Z/, we get

usD s sin %

uD s cos% ° 1/ (8.56)

This solution shows that the spin-up RBow is diverging in the boundary layer Q),

which shows that this boundary layer OsucksO the outer Ruid. Since the boundary is
plane we can use(53. Noting thatn D e, and

Rx;y/ Der . 2 e r/ID 2

we deduce that

0

QD2 IOEcos 0 =4 e

This component of the boundary layer Bow induces a pumping of the outer Buid into
the boundary layer becau§g0/ & 0. Thus, in order that the bourp@ry condition

u; D O0be veribed, the outer solution needs to be completed l§y.anE/ solution

of the inviscid equations such that

0 °D0/D Qi °D o/

In Fig.8.5 we show schematically the radial and vertical components of the
boundary layer Row. A solid body rotation should be added in thought.

z

~]

- Rotation axis

Fig. 8.5 Meridian view of a
spin-up RBow in the
neighbourhood of a rotating
plane. The radial component Pumping

of the Bow only existsinthe | R I T O O
boundary layer. To insure
mass conservation the T
boundary layer absorb some “
mass from the interior. In a Radial flow
spin-dow Bow all the Bows
would be reversed
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The radial Bow in the boundary layer is easily observable in a glass of water when
we try to dissolve some sugar by stirring the water with a tea-spoon. When we stop
stirring, we observe that the sugar gathers on the rotation axis of the water on the
bottom of the glass. This is the signature of the radial component of the boundary
layer Bow, which is converging in the spin-down case, gathering the sugar at the
centre.

8.4.4.2 Spin-Up Within a Sphere

As a second example, we now consider a viscous incompressible RBuid inside a
sphere whose angular velocity increases very slowly with time. In this ideal case
the spin-up Row is steady. LeP be the acceleration of the rotation, the natural
scaling of the velocity beld is

vD —u
2

If we choose2 / ! as the time scale and the radius of the splieas the length
scale, the momentum equation written in a frame corotating with the sphere reads

%CRo.ur/uCez uCe rD rpCE u

The acceleration tern r that yields the terme, r is sometimes callethe Euler

force The Rossby number is assumed to be vanishingly small since we focus on
very small accelerations. The nonlinear tsrare therefore neglected and since we
look for steady solutions, weOll have to solve

8

<e uCe rD rpCE u

.r uboO (8.57)
"uDO on rD1

To solve this system, it is convenient to split the solution in the following way:
uD 2ze, s C UgeoS/CQ

where we used the cylindrical coordinatss; z/. The2ze, se;terms representa
particular solution of vanishing divgence, that cancels the forcing teen .

But this particular solution does not meet the boundary conditioru D O.
Unfortunately the geostrophic solution which is parallebt@annot help. The mass

RBux of this particular solution on the bounding sphere needs thus to be compensated
by the boundary layer mass RBux. The particular solution therefore represents the
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Ekman circulation part of the solution. Since this circulatio& $? times smaller
than the geostrophic part, we conclude thgbis O.E 1= 1t means that thatgeo
diverges at zero viscosity, but this is not surprising since the sphere cannot entrains
an inviscid Ruid!

Let us come back to the resolution of our problem. We note that the Ekman
pumping on the wall is such that

®Ce .2z2, se/ DO H Qu D3si? 2

where is the polar angle of the spherical coordinates. On the other Ha8) (
shows thatigeo. s/ D U.s/e and induces a boundary Row given 849

@D U.sin/ sin e

. 8.58
® D U.sin/ cose ( )
where
r
cos
D [
2

Here, weQll assume that cos 0 thus restricting our discussion to the Northern
hemisphere. We note that on the bounding sphddel ands D sin . Finally, the
geostrophic Bow with its boundary layer correction reads

u D U.sin/ sin e

u DU.s/ U.sin/ cos e (8.59)

Mass conservation gives the relation between pumping and the foregoing Row. At
the leading order we have

1
@C ——@.sin @/ DO at rD1

@r sin @

Using the boundary layer variableD .1 r/=p E and the previous expression of
@, we get

p_
@p E . . .
@ D sn @ .sinU.sin/ sine /[

This equation is integrated between 0 & and leads to:

pE @ sin U.sin /
sin @ " 2cos

@. DO/D
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0.0 0.2 0.4 0.8 0.8 1.0

Fig. 8.6 Leftthe analytic solutiong.60 of the geostrophic Row associated with the spin-up Row
in a sphere golid line) and the numerical solution (pluses). The Ekman number is’ 10he
difference between the two curves is less than a percent outside the EkmaRIghiea. meridian
view of the velocity Peld. The Ekman number i$E4 10 “large enough to make the boundary
layer Bow clearly visible

Since we know the expression §f. D 0/, we get the differential equation for
U.sin / . We bnally get

r__
2 -
U.sin/ D Esin 1 sik ¥

valid on the sphere D 1. The geostrophic Row therefore reads

r__
2 =.
UgeoS/ D =S 1 e (8.60)

using the cylindrical coordinateD r sin .

We have plotted this solution together with the full numerical solutiorBd&7)
in Fig.8.6(left) when ED 10 ’. The difference between the analytic and numerical
solution is not noticeable. That would not be the case if we uséd B 10 4
as in Fig8.6(right) to better show the meridian Row. In fact, aDE4 10 * the
boundary layer theory is not performing well (although E is small).

8.4.4.3 Conclusion: The Spin-Up Time

We have summarized in Fif.7 all the components of a spin-up Bow in a spherical
container, including the boundary layer singularity.

One remarkable property of the spin-up Bow is that the Ekman circulation
controls the time scale of the spin-up. Indeed, this circulation insure the transport
of angular momentum from the walls to the interior. We may thus evaluate the time
scale of the process of synchronization between the Ruid and the container. This is
typically the turnover time scale of the Ekman circulatiorL Bs_the characteristic
size of the container, the amplitude of this circulationlis  E. It leads to the
spin-up time scale:
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Fig. 8.7 Schematic view of a 7 Ekman layer
spin-up Row within a sphere. ofthickness E 12
Uy is the geostrophic
azimuthal Bowf is the
meridional Row within the
Ekman layer andg is the
Ekman pumping forcing the
Ekman circulatiortiy

Ekman circulation

Equatorial
singularity
ofthickness E 25

L ! L

This expression shows that the spin-up of the RBuid is realized on a time scale much
shorter than the one imposed by viscous diffusion. Indeed,

L 2 1 1
TviseD — D E -p€
sinceE 1
This new time-scale may be revealed by a simple experiment using a glass of
water. If we make rotating the water within the glass, we can measure the time by
which the water has ceased to rotate after forcing has been stopped. Using a
glass of water of 7cm in diameter, rotating the water at one round per second, we
Pnd that the RBuid Bow has almost vanished 2.5 min after. Computing the diffusion
time scale, we bndl,isc D 0:03%=10 &  20min, which is much larger. This spin-
down Bow has a time scale, which we evaluate fr@61), of 20's, which is much
closer to our observation. Within such an experiment, nonlinear effects are quite
strong since the rotation ends at zero; however, orders of magnitude are correct,
especially if we take a mean rotation of half a round per second.

8.5 Hurricanes
8.5.1 A Qualitative Presentation
In the introduction to this chapter, we mentioned one of the most violent phenomena

in the terrestrial atmosphere, namefgthurricanes. We are now ready to explore
their dynamics in some details.
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First, let us observe that a low pressure region in the Earth atmosphere cannot
be blled up by the geostrophic Bow that it triggers: the winds are orthogonal to
the pressure gradient. Thus, only non-geostrophic effects may Pll up a low pressure
region. Because of their weakness, the lifetime of such a pressure beld is quite long.

In the case of a hurricane, the low pressure beld has an especially long life time
due to the existence of an energy source: the tropical ocean.

The dynamics of a hurricane can be understood with a simple model. One can
then derive the value of the central depression as a function of the temperature of
the ocean and of the upper atmosphere. However, before getting into these details,
we shall brst give a qualitative description of the hurricanes.

Let us consider the air near the surfaafea tropical ocean: the percentage of
water vapour may be quite high there, due to the important evaporation. Such a
mixture is unstable to convection (see Chgp.a rising RBuid element will face
an adiabatic expansion which triggers the condensation of water vapour, releasing
latent heat, which amplibes the rise. This process is at the origin of cloud formation
and is calledvet convection.

The low pressure created by the rising elements forces a geostrophic wind,
which contributes to make the sea more rough. The fraction of water vapour within
the air thus increases. The boundary layer has a radial drift which tries to bll up
the depression. Within the centre of thepdession air is forced to rise, releasing
more and more latent heat and thus making the pressure even lower. Thus, the
phenomenon amplibes. However, we may observe that there is a maximum value
to the fraction of water vapour in the air: this is the saturation.

Thus we understand why hurricanes appear only in the tropics: the hotter the air,
the larger the mass fraction of water vapour. At lower temperatures, the water vapour
content is not enough to maintain the winds. It is also clear that above a continent
a hurricane dies. Finally, computing the resulting Coriolis force on the ascending
air column, we bnd that the depression should drift to the West as usually observed.
This tendency is sometimes counteracted by an anticyclonic air mass.

8.5.2 The Steady State: A Carnot Engine

A hurricane is actually a true Carnot engi running with a heat source, the ocean,
and a cold source, the upper atmosphere. The thermal energy of the ocean is partly
converted into mechanical energy: the wind.

In Fig.8.8 we show the Carnot cycle folleed by a Ruid element. Frov to B
the Buid is heated at constant temperature: its water vapour mass fraction increases.
FromB to C, it follows an adiabatic expansion but during the rise of a Buid parcel
water droplets form: it rains! Fror® to D, the Ruid radiates its heat into space
and cools down. Next, fronD to A the model assumes that the Ruid supports
an adiabatic compression which is nevealized actually. There is no streamline
betweermA andD but this is no problem if the Buid elements have the same entropy
at these two points. This is usually assumed.
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Fig. 8.8 A meridional view

¢ Stratosphere D
of a hurricane

\ rain

‘A

Tropical ocean

Let us now be a little more quantitative. In a steady regime, along a streamline,
we have

d.%VZng/Cd—P f diDO (8.62)

wheref represents the forces due to viscosity. We now integrate this relation along
the cycle that we just described. It turns out that

I I
f dID d—P

For a mixture of air and water vapour, assumed to be an ideal gas, we have
dp
dhD ¢,dTD TdsC — d.Lq/ (8.63)

wherelL , is the latent hgat of vapoyjization ands the mass fraction of water.
Therefore along the cycledP= D Tds and
I I
f dID Tds

which shows that the entropy production is due to the friction (viscous dissipation).
Now, if Tsc andTg; are the temperature of the henid cold sources respectivedy,
andsg the entropy afA andB, then
I I
f diD TdsD .Tsc Tst/.Sg Sa/ (8.64)
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sincesc D sz andsp D sa. Besides, from&§.63 and D P=.R Ts/, we have

L
ss SsaDR InPa=Pg/C T—V.qB aa/ (8.65)

sC

Nqw we have to evaluate the power dissipated by friction. The main contribution
to f dl comes from the led\B which is in the atmospheric boundary layer. The
Row there follows a spiral, namely the azimuthal geostrophic Row combined with a
radial drift of the (turbulent) Ekman layer. Using.62 betweenA andB, we see

that the work of friction forces comes from the pressure (just like for the Pideseu
Bow). It turns out that

! ' ap
f diD C DR TeIn.Pa=Ps/ (8.66)
AB AB

since the temperature is constantABandP D R T . Finally, combining 8.64),
(8.65 and 8.66), we get

R Tsfln.PA=PB/ D "L\/.qB qA/ (867)

where we introduced D .Ty. Tsi/=Tsc Which is nothing but the efpciency of

the Carnot cycle. Equatior8(67) shows that the depression of the hurricane will
be all the stronger thaig be the larger. However, the highest quantity of water
vapour in the air is reached whéime air is saturated. Settirgg to this maximum
value, we obtain the minimum central pressure, that is the strongest hurricane. If
Tscis expressed in Celsius degrees, a very good approximatigmb$aturation is
given by

380:2 17:67 Tsc

D
st ¥ —5— &P 513 5C T

whereP is expressed in Pascals.

Let us take the case of a hurricane blogiin the Northen Atlantic ocean. A
typical temperature in the Caribbean sea i§ @8while that of the stratosphere is
Tss D 603C; usingL y= 2.3 1¢ J/kg and assuming that outside the hurricane the
partial pressure of water vapour is 75 %, we bnd that the PatiePg veribes

In.Pa=Pg/ D 0:256.P,=Pg  0:75/

which solution isPA=Pg ' 1:09 The strongest hurricane has a central pressure
about 930 hPa. For comparison, Emily (R8gQ) had a central pressure at 960 hPa.
However, some hurricanes in the EastBacibc ocean have reached pressures as
low as 870 hPa.
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Fig. 8.9 The hurricane

Emily near the coast of North
Carolina (USA) in September
1993

8.5.3 The Birth of Hurricanes

The foregoing very simplibed model allows us to understand the way hurricanes
work. However, it does not teach us how such vortices arise. Indeed, the conditions
for their existence are realized mosttbé time in tropical oceans. Thus, we would
expect that they would be always present. However, this is by far not the case:
Hurricanes are rather rare features in the@sphere. According to recent studies,
this scarcity seems to be the consequence of the Pnite-amplitude nature of the
instability that leads to a hticane. At the origin of the@henomenon, we mentioned
the wet convection. This convection is usually giving birth to gentle clouds like
cumulus, which extend over a fraction of the troposphere. When a hurricane sets in,
wet convection is able to connect the ocean (the heat source) with the stratosphere
(the cold source), otherwise the Carnot engine does not work. This is like if a
cumulus extends over the whole troposphere. Only, a small fraction of tropical
storms reach such an amplitude and turn into a hurricane.

In fact, many sides of the hurricanes dymas remain obscure because of their
complexity. For instance, only very few tricanes reach the strongest state. Likely,
the storm sweeping the ocean, generate an upwelling of cold water, which cools the
surface water and decreases the water vapour content of the air near the surface.
Hence, a good model needs to take iatzount the dynamic coupling between the
ocean and the atmosphere, and this is not an easy matter.
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8.6 EXxercises

1. Show by a direct transformatio8.(). This demonstration may be done in three
steps: (i) splitting the velocity beld into a solid rotation and a remaining Row,
(ii) noting that this Bow should be expressed using the unit vectors of the rotating
frame and (iii) observing that the time dependence of the velocity changes.

. Show that even with viscosity, the frequency of inertial is suchjthiat 1.

3. Show that the stream function of axisymmetric inertial modes obeys a hyperbolic

equation similar to the PoincarZ one.

4. Explain why hurricanes do not appear on the equator.

N

Further Reading

There is only one monograph dealing entirely with rotating Ruidse theory of
rotating uids by Greenspanl@69, unfortunately out of print. However, some
insights may be found iGeophysical uid dynamicby Pedlosky {979 but in the
context of the ocean and atmosphere dynamics. A recent review of spin-up Bows is
given by Duck and Foste2001). A more detailed presentation of hurricanes may
be found in Emanuell©91).
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Chapter 9
Turbulence

As we pointed it out in the Prst pages of this book, the understanding of turbulence
remains one of the challenges of nowadays physics. The goal of this chapter is to
introduce the reader to the main approaches that are used to deal with this difbcult
problem.

9.1 The Fundamental Problem of Turbulent Flows

9.1.1 How Can We De ne Turbulence?

Debning a turbulent Row is not an easy matter because, to be precise, we need some
notions that we shall develop below. However, if we are satisped with general ideas,
we can make it. First, let us observe that turbulent Bows are quite disordered: a
lot of vortices seem to be constantly appearing and disappearing in an essentially
random way; this seems to be their main feature. To characterize this disorder,
correlations are very useful. Let us introduce this notion in a simple way. If, in

a turbulent Bow, we record one component of the velocity at two distinct points

A and B. The result is like the curves plotted in FgL These curves show an
evolution of the physical quuities that looks like impredictable. To characterize

the nature of this signal, one uses the autocorrelation function, which is the average
over time of the produc¥a.t/V 4.t C T/. The autocorrelation characterizes in some
way the similarity of the function with itself at a different point. If the function
changes nearly randomMy.t C T/ is statistically independent &, .t/ . Of course

T cannot be too small, for the functionsarontinuous. The random nature appears
whenT is much larger than a specibc time interValvhich is called theorrelation

time When this time is Pnite, the Bow has a chaotic evolution. This is the case for

a turbulent Bow, but such a Bow owns an OadditionalO chaos, namely a OspatialO
chaos. Indeed, if we consider two poiftsandB at some large distance from one
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Fig. 9.1 Time evolution of the velocity at two distinct poins andB in a turbulent Bow. No
similarities between the two curves che detected, except their random nature

another, the velocities at these points appear uncorrelated. Only when the distance
is short enough, less thdhe correlation lengthdo the velocities show correlated
values, so thatVaVgi @ hVaihVgi, hibeing a statistical average.

With these ideas in mind, it is easy to debne turbulent RBows: they are these 3ows
where the correlation length is shorter that the size of the Ruid domain and whose
correlation time is shorter than the time scale we focus on. Turbulence thus appears
as a Ruid motion endowed with a Ospagioworal chaosO or a Ospatio-temporal
decorrelationO.

9.1.2 The Closure Problem of the Averaged Equations

The apparent random nature of a turlmil@ow suggests that these 3ows should
be studied using the tools of Statistics. We indeed suspect that only some mean
quantities are really imponta for the understanding of the properties of the Row.
Therefore, the effort should be concentrated on the derivation of the equations
governing these mean quantities. This derivation raises a very difbcult problem that
has still not been circumvented. In order to present it in a simple way, let us eonsid
the turbulent Bow of some incompressible Ruid. We write the equations of motion
in a symbolic way:
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@CawbDr PC v

9.1
r vDO ©-1)
Let us now write the averaged equation. We use the averaging operiattich we
assume to commute with all the derivative operators. Applying this to the foregoing
system, we get:

@vic@wbDr hPIiC hi 9.2)
r viDO '
which governs the evolution of the mean velodity. However, this system is not
closed since the quantityvi is unknown. It is usually different frorwi 2. Thus, we
need a new equation to constrain this quantity. The way to get this new equgation i
through @.1) which is brst multiplied by the velocity and then averaged. It turns out
that we get a new equation like:

@wvi
@t

The important feature of this new equation is that it contains a term using,
which is a triple correlation. Hence, the evolution of double correlationshlilde
is controlled by the triple correlations and we easily guess that the evolution of the
triple correlations depends on the one of fourth order correlationsi etc.

Hence, we always have a set of equations which contains a larger set of
unknowns: this is the famous problem of ttlesureof the mean-peld equations,
for which the general solution is still missing.

C@wwiDr HhPvChv vi

9.2 The Tools

In order to continue this study, we now need to introduce the good tools which will
allow us to deal with the random nature of turbulent Bows. Very naturally, we shall
borrow these tools to Statistical Physics.

9.2.1 Ensemble Averages

An ensemble averadX i of a quantityX is the average derived from N independent
experiments measuring this quantity whHérgoes to inbnity. Thus

1 X
hXiD lim — Xn
N1 N

nD1
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For the velocity beld we have:

1 X
tv.r;t/i D |Iim — Vp.r;t/
N1 N

nD1

Note that the mean Peld remains a function of space and time. We easily verify that
taking the ensemble average of a quantity is an operation that commutes with all
types of differentiation. Hence

@ @vi
@ ° e

9.2.2 Probability Distributions

In the following of the chapter, the notion of probability distribution or thét o
probability density function will be used very often. We thus need to debne the
meaning of these tools.

Let us assume that we are analysing the pressure RBuctuations and are interested
in the probability of Pnding this quantity in the intervall ;x . We denote this
probability Fp .x/ , where the indeX> means thaP is the random variable. The
functionFp is called gprobability distribution functionFrom this debnition it turns
out that

¥ Fp.x/ is not decreasing
¥ Fp.x/ is continuous on right
¥ Fp.1 /D OandFp.C1 /D 1.

If this function is differentiable, thefrJ.x/ is called theprobability density
function often called the OpdfO. Physically, it meansRfat/ dxis the probability
of bndingP in the intervalx;x C dx.

9.2.3 Moments and Cumulants

The moments of a probability distribution are the averages of the powers of the
random variable:
z C1
M, D HP"i D x"FJ.x/ dx (9.3)
1

The brst order moment is jushe average or meamlso calledmathematical
expectation or gpected value
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The moments oP  hPi are said to b&entered The variance is the centered
moment of order two:

P WPl

and the root mean square is the square root of the variance.

The cumulant of ordem of a random variable is the difference between the n-th
order moment of this variable and the same moment of the gaussian distribution that
has the same variance and the same mean as the given random variable.

9.2.4 Correlations and Bucture Functions

In addition to the correlations that we edfidy introduced at the beginning of this
chapter, we shall also need n-points correlations which are the averages of a given
function taken an different points.

H.x /f.x of i f.x pfi

As far as vectorial quantities are concerned, like the velocity, we may mix the
components like in

\ ETAVIN STARR YN oY)

which leads to the debnition of new tensors.
Structure functionare quantities like

S, D hf. I’1/ f. r2//”i

which are easily related to two-points correlations.

9.2.5 Symmetries

The study of turbulent RBows is much simpliPed when some symmetries are veribed.
Unfortunately, real Bows usually own little symmetries or very approximately.
Nevertheless, their use is very handy to reduce a given problem to its essential
features.

Five symmetries may actually be veribed by a turbulent Row:

¥ Homogeneity This is the invariance of the properties of turbulence (all the
moments for instance) with respect to space translations. This is a very strong
hypothesis that is veribed in only small regions. However, it generates important
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simplibcations that are very useful to understand the problems generated by
turbulence.

¥ steadyness/stationarityhis is invariance with respect to time translations. This
is a less constraining hypothesis, but it is often difbcult to really know when the
Bow is really steady on average.

¥ Isotropy. This is the invariance of the turbulence with respect to space rotation
0.3/. It is very useful in homogeneous turbulence in order to simplify the
calculations (of course, it cannot exist in non-homogenous turbulence).

¥ Parity: This is the symmetry with respect to a point or a plane. One may see it
as an invariance with respect to a change of sign of all the vectors. It cannot be
reduced to a combination of rotations. It allows the elimination of quantities like
helicity, which change sign when this symmetry is imposed.

¥ Scale invarianceThis is the invariance with respect to transformations like
v.r;t/ 1 Py, r; 1 Pt/ The solutions of NavierDStokes equation satisfy this
symmetry only ifh D 1. This is just the similarity of Rows at the same
Reynolds number that we studied in ChépNow, if there is no viscosity, then
h is not constrained (as long a$ 0 ). In turbulent Bows, which are usually at
high Reynolds numbers, this symmetry may be veribed in some range of scales.

In many textbooks, isotropic turbulence refers to a case which includes both
isotropy and parity invariance. Here, we shall be more restrictive and always
mention the use of parity invariance.

9.3 Two-Points Correlations

After this short presentation of the problem of turbulence and the basic tools that
are used to deal with it, we shall now facon the two-point correlations because

they play an important role in the analysis of turbulent Bows. To make this study
easier we shall restrict ourselves to the casbamhogeneous turbulendm®cause

this case owns all the universal properties of turbulence. Although more general, the
non-homogeneous case is very dependent on this problem and can be discussed in a
second step.

9.3.1 The Reynolds Stress

Let us come back to the mean-peld equations using as in the introduction the case
of an incompressible Ruid. We now decompose the velocity beld as:

vD hi CV° (9.4)
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whereh i is an ensemble averagThe Buctuation®is necessarily such that% D
0. This decomposition is known d&eynolds decompositiomserting it in NavierDb
Stokes equation, we get

i 0
@C QChvi r v0C V% rhviChvi rhviC V® rv® D
@t @t
r Pir P°C hiC  (9.5)
r hvicr VDO (9.6)
Averaging these equations, we get:

%Chvi thviC W rv® Dr WPIC  hi 9.7)
r hviD O (9.8)

These new equations contain a new quantity, namely r v4 which is related to
theReynolds stress tensor

-RD VO
where denote the tensorial product. The componentshofare
Rj D hVi
Now, (9.6) and @.8) imply
r v°DO (9.9)
so that
vV rv? D @ vV, D @R

if is constant

ILet us note here that the true stress induced by the correlatfon V0 is rather R; since the
momentum equatiord(7) may also be written

Dhvii
o 0@

with 3 D h PiC .@ihvyiC @hvii/ Rj. Note also that the Reynolds tensor is often debned
ashv® V9.
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We observed in the introduction of this chapter that the turbulence problem
comes from our ignorance of how to exprégg as a function of the mean-belds
hvi and HPi. Modeling turbulence is therefore equivalent to bnding a way of
relating these quantities. As we may suspect it, no universal way is known yet.
Understanding the present ones, which are all ad hoc at some level, requires a good
knowledge of the properties of the Reynolds tensor. This demands a study of the
velocity two-point correlations.

9.3.2 The Velocity Two-Point Correlations

The brst step in studying the properties of the Reynolds tensor needs the investiga-
tion of a slightly more general quantity, namely

D E
Qij.l’A;l’B/ D ViO.I’A/VjO.I‘B/ (9.10)

which is thesecond order tensor of the velocity ( uctuations) correlatidalsen at
two points A and B. In order to simplify the study, we assume that there is no mean
Bow, namelhfhvi D 0. Thus, the velocity and its Buctuations are identical.

In full generality, this tensor is a function of six space variables and two time
variables. Again, we simplify the matter by assuming that the velocities are taken
at the same time. Moreover we drop the time variable since we work on the spatial
properties of the tensor. We also sgtD x andrg D x°D x C r. Thus

Q. x;xX¥ D vi.x/v; .xCrl (9.11)
The brst (elementary) property-ef) is that
Qi.x;x¥ D Q;i.x%x/ (9.12)
In addition, since we are working with an incompressible Bd)(is veribed and
@Q;D @Q;DO (9.13)
where@ D @=@x
Let us now assume that the turbulence is homogeneous. Its properties are thus
independent of the point that is considered. Consequédjlyjepends only on the
difference between the two vectorsindx® so thatQ i Qj.r/. We further note
that
Qij.0/DRj

and thatR; D Tr([Q])(0) is just twice the turbulent kinetic energy per unit mass.
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The homogeneity of turbulence allowss to reduce the number of independent
components ofQ . Actually, as we shall see, they are only three. First of allLd
implies that

Qj.r/' D Qji. r/ (9.14)

So that we are left with only six independent components. However, we have to
build up a second order tensor that only depends on the vec®imce second order
tensors are built up from tensor products using tensors of lower orders, the only
possibility is

Qij D A. I’/§ij C B.I’/% CH.r/ ijkrr—k (9.15)

The three function®\.r/;B.r/ andH.r/ are the three independent components.
They are unknown, but if we us8.(L4), we bnd that they verify

A. r/DA.r/; B. r/DB.r/; H. r/DH.r/

FurthermoreH is a pseudo-scaldOne consequence is: if the turbulence is parity-
invariant therH is zero. We shall see below that this quantity is related to helicity.
Now we may further constraint the unknown componentsQgf using the

relation of incompressibility. Equatio® (13 leads to

rACer Beg/CrH DO

Let us further restrict our discussion to thatisétropic turbulenceln this case,
the functions no longer depend on the directionrpfout only onr D jjrjj.
Incompressibility then relates andB

@AC 1 @fB

@r rZz2 @r
We now introduce the longitudinal and transversal velocity correlations. These
quantities may indeed be measured experimentally, and they are usually used instead

of A andB. The longitudinal component of the velocity is the one which is parallel
tor. We call itv-, and thus» D v r=r.

DO

2A pseudo-scalar is a scalar qtisnthe sign of whichdepends on the ori¢ation of the vector
basis. For instance, the determinant of three vectors (in three dimensions) is a pseudo-scalar. In our
case, ifX etY are two vectors, from the debnition-e®, X;Y; Qj; is a true scalar. Thus

AX YI2C .t Xl.r YIB=r2CH XY, re=r

is a true scalar. In this expression we see that the last term is the determinant of three vectors times
H . ThusH is a pseudo-scalar.
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The transversal component is just the remaining vee¢tod v  v-r=r. The
longitudinal and transversal correlations are usually denbtedg. From these
debnitions and using the expressiorild of Qj;, we easily bnd that

f DQjrirj=r> and gD Qj.v'/;.V'/; =kv'k?
so that
f DACB and gDA
Incompressibility allows us to relatgto f , namely

1 @ff
2r @r

Finally, we get the expression @ for the homogeneous isotropic turbulence of
an incompressible Buid:

(9.16)

1 @ff r @rir
—@—éij o — CH.r/
2r @r 2@rr2

We end this discussion with a Pnal remark on the behaviou®.af when the
distance between the point grows without bound. We said in the introduction
that turbulence was also charadéted by a Pnite correlation length.. Hence, if

r L thenthe velocity correlations should begtigible. It is therefore legitimate
to assume:

Qij D Ijk_ (917)

lim Qj.r/ D O (9.18)

9.3.3 \Vorticity and Héicity Correlations

We shall need later another tensor, namely the one of vorticity correlations at two
points:

Just like the velocity correlation tensdhis tensor depends on six independent
variablesx andx®. However,! | D ;i @V, butx andx? are independent; we may
thus write:

i D i jmn%&)& Vi XVo. XY D ik jmn @%ﬁan rl
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where we used the homogeneity of turbulence and the relations

@, @  @q, @
@x @' @R ar

sincer D x° x. Now, using (2.1 together with incompressibilityd(13), the
foregoing relation leads to the following expression:

@Qkk

jD —
' @@y

Qi %Q w (9.20)
where is the Laplacian.

Finally, we also need the cross-correlation vorticity-velocity, which is called
helicity correlation or just mean helicity. This is

@« @

! i.X/Vi.XO/ D ijk@—?(vi.XO/ D ijk@—?(h/k.X/Vi.XO/i
0 2H.r/r;
D ijk@é—?( D ijk%(j?( D @(? fj (9.21)

This debnition does not depend on the order of points. Indeed, if we exekhamd
x% we pnd

@Q.x; xY D @Q.r/
@? ijk @jr

!i.XO/Vi.X/ D ijk

sinceQik.x;xO/ D Qik.XO xI D Qik.r/.

9.3.4 The Associated Spectral Correlations

When we analysed instabilities, we founddénvenient to decompose the unknowns
on a basis of orthogonal functions. When we are dealing with turbulent Bows such
a decomposition is also useful. In the simple case of homogeneous turbulence, the
Fourier basis is appropriate. The Fourier transform of the tensors describing the
correlations own interesting properties which give another view of turbulence, in
particular on its energy side.

As a brst step we introduce the Fourier transform that are used to obtain the
spectral quantities. Thus let us depifek/ the Fourier transform of a square
integrable functiori. r/ and the inverse transform. We have

Z Z
fOk/D .2/ % f.rle'™®d3% and f.r/D fOk/e*"d3k
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Let us now introduce the Fourier transform of the two point velocity correlation
tensor, namely:

z
ikl D .2/ 3 Qj.rie 'd3

From 0.14), we easily show that

i.klD . kID .k (9.22)

while incompressibility implies that
ki ij.k/ DO (9.23)

The relation 9.22 implies that the symmetric part of is real while the
antisymmetric part is purely imaginary. Indeed, if we set:

1 1

D5 w/C5 4C il DA CSH

then @.22 gives

LD A D FH (9.24)

i
Thus quite generally, we may write

where a is an unspecibed real vector. However, incompressibility implies that
kiAQ D Oandthusa k D 0. Hence, we can setD h.k/k and

A)D i jjnknh.k/ (9.25)
The functionh.k/ is a pseudo-scalar related, as we may guess, to the helicity of
turbulence. Let us indeed take the Fourier transforril of/. One can show (see
exercises) that(2]) yields

Using ©.25), we also getP D 2k2h.k/. Thus the antisymmetric part ofj is just
proportional to the Fourier transform of helicity correlations. We thus write

i k/
A“i? D W ijnkn
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We can treat in a similar way the symmetric part gf sinceé} is a symmetric
tensor that depends only &nlts most general form is therefore

$).k/ D @k/5; C @k/kik;
Again, incompressibility can be used to simplify the expression and we obtain

. kik;
$) D ekl § % (9.26)
We shall see below that the functi@k/ is related to the kinetic energy spectrum

of the turbulence. Finally, we may write the general form pfs:

ij D @.k/Pij C ”-Zka/ ijnkn (9.27)

In this latter expression we introducBgl D §; kik; =k also called the@rojection
tensor. Indeed, ifa is some vectorPja; is a vector which lies in a plane
perpendicular tk sincek;Pja; D 0. This tensor often appears when one deals
with incompressible RBuids, since the continuity equation implies that the Fourier
transform of the velocity belongs to this plane.

In the same way we dealt with velocity correlations, we can consider vorticity
correlations. LeZ ;. k/ be the Fourier transform of ;. Using ©.20), Z;.k/ can be
expressed as a function of . k/, namely

ZijD Pjk? nn K? j (9.28)

9.3.5 Spectra

We alluded above to the relation between the kinetic energy density and the
Reynolds stress tensor which trace is just twice this quantity. Now, we may focus
on the spectral energy density per unit mass, that is on the kinetic energy which is
contained in the wavenumber intervad; k C dk. This quantity isE.k/ and it is
debned by

1 z C1l
Ewrb D 5 v D E.k/ dk (9.29)
0

We shall now relate this quantity tg;. Indeed,
z Z Z

1 1
EwbD =Q;i.0/ D =  i.k/id3k D k2dk ikld
2 2 0 4l

NI -

H E.k/D%kz Ckid (9.30)
4

whered  is the elementary solid angle in the Fourier space.
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In a similar way, we can debne the enstrophy speci#uch writing

1 ZC1
ZD=-12D Z.k/ dkl
2 0

where we see that enstrophy is analogous to turbulent kinetic energy, but using
vorticity instead of the velocity beld. Similarly as for kinetic energy, we write
z

1
Zkl D ZKk? Zi.kid
2 4y

Using 0.29 we deduce thaZ ; D k? ;. This allows us to relate the enstrophy and
kinetic energy spectra by

Z.k/ D k?E.k/ (9.31)

Finally, we may also introduce the helicity spectrithk/ such that

ZCl

H viD H.k/ dk (9.32)
0

9.3.6 The Isotropic Case

We shall specialize a little more our discussion by focusing on the important case of
isotropic turbulence.

In this case the tenseQ depends only on the distancéetween the two points.
We introduce the functioR.r/ D %Q“.r/ which is just half the trace 6fQ. Let
us note that the value & atr D 0 is just the local mean kinetic energy per unit
massR.0/ D Eyp.

If the turbulence is isotropic, then the Fourier transforn@gfis independent of
the direction of the wavevectdr, thus

E.k/ D2k 2 .kl D4k 2@k/ (9.33)

following (9.30). If we observe thai.k/ D 4 k 2Hk/ , then

E.k/ iH.k/

TR TE

ijn kn (9 . 34)
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The expression dR.r/ with respect tde.k/ may be derived using the expression
of ji. Indeed,

1Z 1Z
R.r/ D 5 i.kle’®rd3k D 5 i .k/ekcos k2dksin d d

from which it turns out that, after integration on the angular variables and use of
(9.33,
z 1

R.r/ D E.k/
0

ink
S'”r " dk (9.35)

Another property oR is its symmetry with respect to the origit. r/ D R.r/
(see 0.14). The values of its (even) derivatives at the origin are also related to
E.k/ . Namely

Z . Z
"R 1 n k oy 1
@R 5 e @ sk b K2'E K/ dk
where we used that
d2" sinx Soam

d@" X ,po 2nC1
In particular, the second order derivative veribes

z
@R 171 z

- D = k°E.k/ dkD = 9.36
@? rDO 3 0 3 ( )

which shows that it is related to the local enstroghylt also emphasizes the fact
that velocity correlations ar as expected, maximummatD O since the derivative
is zero and the second derivative is negative.
Relation 9.35 can be inverted (cf exercises) and yields the following relation:
z 1

2
Ek/I D — krsinkr R.r/ dr (9.37)
0

which shows that if the wavelength of the Fourier mode is much larger than the
correlation length, then
z
2k2 1
Ek/ D — r’R.r/ dr
0

since for all the values where.r/ is non-zerokr 1 and thus sitkr ~ kr.



338 9 Turbulence

This result shows that whatever the dynamics, the infrared behaviour of a three-
dimensional kinetic energy spectrum followska-law. As may be guessed, the
exponent depends on the dimension of space (see%S8@ct.

9.3.7 Triple Correlations

The next step in our investigation of turbulence leads us to how examine the triple
correlations since we know that they control the evolution of double correlations.
As for these correlations, we consider the triple correlations in two points. A priori,
we expect two types of triple correlations, namely

Sik D Vi . x/Vj .X/Vi.x C 1/ and S D Vvi.x/V;.XCr/ve.xCr/
(9.38)

However, when the turbulence is homogeneous, these two quantities are related by
Si?k.r/ D Sjki- r/

Thus, only one type of triple correlations exists for homogenous turbulence.

The tensorS has some interesting properties that deserve some discussion. Itis
obviously symmetric with respect to the brst two indices. If the turbulence is parity
invariant, then it should be invariant if we inverse all the axis of coordinates.

Sik.r/ D v . x/v XIv.xC r/
D . vi. xtl. vi. xtl. w. x rll D Sy. r/ (9.39)

The third equality comes from the homogeneity of turbulence. ThusSjheare
anti-symmetric with respect to the origin, and

Sik.0/D 0 (9.40)

As expected the one-point triple correlations are zero in a homogeneous and parity-
invariant turbulence. It would not be the case with helical turbulence.

As for the double correlations, we shall reduce the expressie®sdb a single
scalar function: the longitudinal triple correlation:

k.r/ D v.x/?v.xCr/ (9.41)

We Prst expresS;. r/ with the tensors$; andr;, taking into account the symmetry
with respect to the brst two indices. Thus

Sijk.l'/ D Arlr i Nk CBurlr i§jk C Fj §ik/ C C.r/éijrk
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The three function®\;B and C can be expressed witk.r/ if we assume the
isotropy of turbulence and the RuidOs incompressibility. Isotropy implies:

SxDO0O 7 r2AC2BC3CD 0 (9.42)

sinceS;k is the average of a vector which therefore cannot indicate any privileged
direction. Thus it is zero. Incompressibility implies:

@S DO (9.43)

A short manipulation leads to
0 2B° 0 &
.TA"C 5AC T/rir,- C.2BCrC°C3C/5DO0:
Thus, with 0.42), we get three relations:

8 0
rA°C5AC 2D 0
<
2BCrc°C3CDO (9.44)

“r2AC2BC3CDO
According to its debnition,
kr/ DrACr.2B C C/

This equation combined with9(42 leads toC D k=2r, while the last two
equations of 9.44 give A D C%r. Thus, it turns out thaf D .k  rk%=2r3
andB D .2k C rk%=4r. Finally,

rk® 2k C rk°

Si,-k.r/ D W Fifj rg C

. . k
TSk C f Sik/ Esijrk (9.45)

We easily show fromq.39) that the functiork is antisymmetrick.r/ D k. r/
and thusk.0/ D 0; in additionk®0/ D 0. This result may be shown as follows:

@k D V2.x/ @@v\.xCr/ D v?.xCr/@@v‘.xCr/

@r po r rDO r rDO

D} @v?.xcr/ D} @v?'.xcr/ D}@v? DO
3 @r oo 3 @X oo 3@X

since V2 is independent af because of the homogeneity of turbulence.
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9.4 Length Scales in Turbulent Flows

In order to characterize more completely turbulent Bows, we need to precise the
various spatial scales which control their dynamics.

9.4.1 Taylor and Integral Scales

The largest scale is the correlation lengthtor integral scalelt is debned by
z 1

oD R.r/dr=R.0/ (9.46)
0

. Ry :
Using (9_.33 and the fact that ; *3*dx D =2, we Pnd the other following
expression:

R
. ok TE.K/ dk
oD —= : (9.47)
2, Ek/dk
It shows that the integral scale is the mean wavelength weighted by the spectral
density of kinetic energy. This scales therefore points to the most energetic
structures of a turbulent Bow. We shall come back to it in the next section.

Another scale, also very useful to characterize turbulent Bows, afier scale

It is debned by:

r S
E _ he
D 2D (9.48)
or
R ! =
\ L EKdk
. (9.49)
T K2E K/ dk

Using 0.36), we see that this scale is related to the second derivative of the
velocity autocorrelation since

. R.0/
3R%%/

The debPnition of this scale shows that it characterizes the velocity gradients: broadly
speaking, this scale shows the mean size of vortices.
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9.4.2 The Dissipation Scale

Let us brst consider a chunk of RBuid of unit mass, within a turbulent Zow.
Without any forcing, the turbulence wouléchy thanks to viscous dissipation. After
some time, it would disappear altogether, the kinetic energy (of turbulence) being
transformed into internal energy. In a&atly state, turbulence is stationary because
some energy is injected and compensates the losses by viscous dissipation. We shall
denote byh'i the power injected per unit mass into the turbulence (i.e. into the
random like Buctuations of the Row). In a homogeneous and stationary turbulence,
this quantity is a constant and because of the conservation of energy, this is also the
power dissipated by unit mass.

If we observe that in the spectral spattes viscous force is proportional k3@,
we easily guess that the small scales (lskyeare the scales where most of the
dissipation occurs. Let us how assume that this dissipation comes from a single
wavenumbek; . Conservation of energy implies that

Hi  k2B.kp/ (9.50)

for orders of magnitude. However, @k, / is in the dissipative range, its associated
Reynolds number is of order unity, th@k,/ k. We easily derive fromd.50
that

o (9.51)

With the wavenumbek,, one usually associates the scaleD 1=k called the
dissipation scaler the Kolmogorov scaleThis scale separates the spectrum into
two domains: the one where viscosity dominates “; and the one where this
force may be neglected ;.

9.5 Universal Turbulence

After the long foregoing presentation of some kinematic aspects of turbulence, we
shall now get closer to the real difbculties associated with turbulent Bows, namely
their dynamics. To get a brst idea of it, we follow the work of Andrei Kolmogorov
which was published in 1941. This pioneering work suggested for the prst time the
idea of a universal turbulence, which would be independent of the instabilities th
maintain it. This ideal state has been investigated by Kolmogorov and his theory is
often referred to as OK410, an acronym that we shall also use below.
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9.5.1 Kolmogorov Theory
9.5.1.1 The Hypothesis

The basic idea of Kolmogorov is that there exist a universal state of turbulence that
may be observed when we consider the Bow in a box much smaller than the scales
where the instabilities are working. In other words, a box following the mean RBow
and much smaller than the integral scale. Within this box, turbulence is characterized
only by H'i according to Kolmogorov who intiduced this quantity. Kolmogorov

also suggested that in this box the turbulence is (almost) homogeneous and isotropic
and so that it should meet two hypothesis:

¥ H1: First similarity hypothesis. The structure functions for the velocity within
an isotropic homogeneous turbulence just depentdioand .

¥ H2: Second similarity hypothesis.If the distance between the points is large
compared to the dissipation scale, then the structure functions just depHhd on

Kolmogorov concentrated on the struatdunctions because of the a priori idea
that they are less sensitive to a large-scale Row hence to some non homogeneity.
A brst consequence of these hypothesikésaxistence of scaling laws when the
distances are large compared to thssghation scale. We shall come back to this

when discussing the idea of intermittency.

9.5.1.2 The Kolmogorov Spectrum

We shall now derive the kinetic energy spectrirk/ under KolmogorovOs second
hypothesis, namely when the effects of viscosity are negligible.

According to H2,E.k/ depends only ok andh'i. We thus need to build a
quantity of the same dimension Bsk/ usingk andHh'i only. Let us brst observe
thath'i is a specibc kinetic energy per unit time. Thus, if we use the velogity
typical of the scald =k, dimensionally speaking

Hi o k3

However, still dimensionallwﬁ KE.k/ . Combining these two expressions, we
Pnd that

E.k/ Dh"iZ=% =%, h'i;k/
wheref is dimensionless. Moreover, the argument afhust be dimensionless too.

But there isnOt any combinationkofndH'i that is dimensionless. Therefdreis
a constanCy which is called thekolmogorov constantScientists have tried very
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hard to determine the value of this constant, but this is a difbcult task. Its3value
seems to be close to 1.6.
Finally, the spectrum reads:

E.k/ D CkHi#%k 53 (9.52)

This is commonly called th&olmogorov spectrugreven if its expression has brst
been given by Obukhov. The foregoing analysis is valid only for some range of
scales: this range is known as timertial range These scales are much smaller
than the integral scale but much larger than the dissipation one. The name Oinertial
rangeO comes from the idea that only inertial terms, \ike /v, and pressure terms

are important in the dynamics of these scales.

The foregoing approach leads to a new view of turbulence through the evolution
of the energy. Let us brst observe that within the inertial range the kinetic energy
is conserved: indeed, if we imagine a volume of Ruid which would not exchange
any mass with its surroundings and whose motion would be due to Fourier modes
within the inertial range, for these modes viscous action is negligible and therefore
the kinetic energy remains constant. On the contrary, the energy of modes with
k >k, is rapidly transformed into heat by viscous friction. In a steady state, such a
loss must be compensated. The energy is provided by the scales of the inertial range,
however there is no energy source there. Thus, we must consider still larger scales,
namely those where the forces driving the turbulence are working. These scales are
generally in the domaik kg, also called thénjection range

Hence, the picture of theirbulent cascadés emerging: Energy injected in the
large scales by the instabilities leading to the turbulent Bow, is progressively carried
through smaller and smaller scales untitéaches the dissipative range where it
is transformed into heat. The physical picture behind this spectral dynamics is the
repeated breaking of vortices. When the size of these structures is small enough,
they are removed by viscosity. In F@2 we show the kinetic energy spectrum in
an ideal view and using real data. In Fig3we illustrate the cascade process in the
real space.

We should however be careful not to take this picture as an exact view of the
reality. This is, unfortunately, only a partial view of it as we shall see below.

Let us now come back to the various scales that we introduc@dtiand let us
plot them in Fig9.2a. Calculating the integral scale fro®.47) with the functions
used to plot Fig9.2a, giveskg D 1="¢g  0:6 which is very close to the maximum
value that we bxed & D 1. As expected this scale is the one of the most energetic
structures.

3First experimental values as those given by Monin and Yaglbd79 are around 1.5. Recent
measurements in the atmospheric boundary layer by Cheng &04l) (give 1.56. Numerical
experiments have long given values around 2 (e.g. Vincent and Meneb®@3), but recently

it has been understood that the numerical resolution was an important issue. The latest results
obtained with the very high resolution numerical simulations are gettingeclwm experimental
values (Kaneda et a2003.
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Fig. 9.2 (a) Idealized view of the different regions of the kinetic energy spectrum of a turbulent
Bow. The dashed line shows the enstrophy spectrhjmA kinetic energy spectrum derived from

an experiment on turbulence with Helium. Note that thellaw=3is visible on almost two decades
(courtesy H. Willaime)

a

Fig. 9.3 (a) An illustration of the cascade of energy towards the small scaletices split into
smaller and smaller pieced)(The vorticity beld as computed by a direct numerical simulation of
isotropic turbulence at Re 1000 from Vincent and Meneguzzi491)

Let us now estimate the Taylor scale. We derive its value frém9 assuming
that the dissipation scale is much smaller than the integral one, ndmnely k.
We may show (see the exercises), that the order of magnitude of this scale is

Lo (9.53)
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The Taylor scale is therefore a kind oégmetric mean between the integral and
dissipation scales with more weight to the latter. The wavenurkpeD 1=

is in the middle of the inertial range as shown in B This scale therefore
characterizes more specibcally the Orsal TurbulenceO. The Reynolds number
associated with this scale is usually taken as

.
Re D =T

(9.54)

Using @.53 andH'i  v3="o, we see that Re D P

Reynolds number associated with the integral scale.

Re where Rg is the

9.5.2 Dynamics in the Spectral Space

The foregoing discussion is essentially qualitative and we may wonder what kind of
constraints are given by the equations of motion as far as the spectral quangities ar
concerned. To investigate this point let us write the NavierbStokes equation and that
of mass conservation in the spectral space. We have

@ocikl b ko k20

k@D 0 (9.55)

where the hat is for the Fourier transform. We then project this equation on the plane
perpendicular ti thanks to the projector tensBy; (see9.27). Thus

, i
.@C k?®D lPijkn\b/nD EPijn\b/n (9.56)

where we sePijn D Pij kn C Pin kj .

These expressions show that the evolution of the Fourier comp@nkhtomes
from the damping by viscosity on a time scdle. k 2/ and a forcing from all the
components verifying:

A
pCqDk; since \b/nD ®.p/@.k p/d3p
Z
D ®.p/®.q/5.pCq kid3pd3q

These terms refRect a local interaction of Fourier modes when
kpk k gk k kk
and a non-local interaction when

kkk k pk k gk
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Fig. 9.4 Interactions q R
between Fourier modes \ q
p

K

local non local

Figure9.4illustrates these two types of interactions.
Let us now focus on the evolution of the turbulence spectrum. We start from
(9.56) and use the result of exercise 1. We easily show that

. D E
. i
@C2k? j.kisk kYD > P”m\bm 4 P, \bmo@
Noting that the right-hand side is also proportiona$te k%, we bnd

.@C 2 kz/ ii-k/ D IMmPim \bm @/

which can be rewritten as
Z
.@C2k? j.k/D Im Pym h®.k/D.p/Gh.q/i 3.k C pC g/dpdq

(9.57)

The evolution of the spectral density of kinetic energy in the isotropic case is now
driven by:

.@C2k?Ek;t/ DTkt (9.58)

whereT .k;t/ is called the transfer term. It comes from the nonlinear terms of
the NavierbStokes equation: it explicits the energy exchange between three Fourier
modes when the wavenumbers of the triad are compatit@zg C q D 0).

We may wonder about the physical meaning of the transfer terms. Of course
this is the spectral translation of the nonlinear interactions: more specibcally, it
expresses the mechanisms that allow one feature at a given scale to pump energy
from structures at other scales. Thigchanism is essenliva non-local because it
is intrinsically the result of instabilities. The mechanisms beliinkl;t/ are very
complex: many instabilities, like the ones we analysed in Cgmump the energy
from the large scales to the small ones. However, in turbulent RBows the other way
round is also possible: some large-scale Rows may grow using the energy available
in the small scales: this is a large-scale instability. When the turbulence is in a steady
state, the transfer between scales idath directions: towards the small scales
and towards the large scales. Of cour$e transfer to the small scales slightly
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dominates, so that the kinetic energy cascades on average from the large scales to
the small scales with a rate equaho.

9.5.3 The Dynamics in Real Space
9.5.3.1 Karman-Howarth Equation

Some years before Kolmogorov proposed his new approach of turbulence, von
K¥rmin and Howarth1©38 derived the brst equation controlling the dynamics of
homogeneous isotropic and symmetric turbulence. This equation relates the double
and triple longitudinal correlatioh andk. We now derive this equation and for that
purpose we write the NavierbStokes equation at two independent points:

%C@Vkv,/D @C v

@
S.C@EWID @r'c W

J

where we simplibed the expressions settifid® v.xY and@D @=@xXWe then
multiply the brst equation by0 and the second by;. We also note tha@V’ D
@vk D 0. Summing the results and taking the average we bnally get:

@Q D E D E D E
L C@ v v /ID@Vp @ wp®C2Q j

where the space derivatives are taken with respect With the depbnition oB;j
we have

% @-S4.r/ Spi. 1/ D2 Q jC@mp.xIvy. xCrli @mp.xIvi.x rli

Using the antisymmetry djx and taking the trace of the equation we get:

@R

@t
becausd&k D Qj=2and because pressure-velocity correlations disappear thanks to
isotropy. However, fromd.45

@.Si/D 2 R (9.59)
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so that

@R 1 @ 1@.fk/ D 2 1 @ rZQR

o warr @ P2raer e (9-60)

If we use longitudinal correlation rather thB) we can make the substitution

1 @
e @r (-61)
Then the equation may be integrated and bnally we get:
o 1@ka2 ef 04@f (9.62)

@t 4 @r @t ra@r
which isthe equation of Karman—Howarth.
When it is used at D O this equation yields some additional informations.

Indeed, we know that.0/ D v2 D :v? D ZE.. However, atr D 0 (9.62
becomes

df.o/ 1 @ ,@f
—— D2 ——=r*= 9.63
dt @l @ pg (9.63)
which leads to
& D 15f %o/
dt

The right-hand side represents the energy dissipation by viscosity, hihiisby
debnition. Hence, we bnd thidi D 15f 290/, but also that, using(36),

HiD2z D 12 (9.64)

meaning thati'i is directly proportional to enstrophy.
This latter equation gives a new interpretation of the Taylor scale. Indeed, we
have:

dE

ot D h"iD ?Ec

namely that the kinetic engy decreases on a time scal® 2= . Thus, it is just

like if turbulence was damped by viscosity but on an effective length-scale equal to

the Taylor scale.
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9.5.3.2 The Kolmogorov Equation

Kolmogorov manipulated furthermore KirmtnbHowarth equation using the struc-
ture functions with longitudinal velocities, namely

S,D .v.xCr/ wv.x/l? and S3D .v-.xCr/ wv.x/I3
These structure functions are easily expressedfwittmdk; indeed,
S, D2f0/ f.rll and S; D 6k.r/

If the turbulence is in a steady state, the viscous dissipation must be compensated
by an energy source, the power of whicliis. In freely decaying turbulence,
dEc . . 2
— D h"i; hile f.0/ D -E
at i; while 3E¢
so thatdf.0/=dt D %H‘i . In a steady state, this loss is compensated by the same
term with opposite sign. Hence,

df.0/ 1 @,@ 2
2 b2 o2 cinipo
dt @ @ o 3

Sinceh'i is a constant, we should bnd this term alsodr6). The steady state
version of the KarmanbHowarth equati®g?), is therefore:

1 @tk @ _ 4@f 2.
iarP? @Ciaer C3M

After simple integrations and use of the structure functions insteddafdk, we
Pnd

.~ 1 @.fsy @s; . 4@8%
which can be integrated after multiplication bY, We obtain

4 . @$
gMircspe "2 (9.65)

which is called thekolmogorov equationThis new equation is quite interesting
since it shows that if o, Nnamely if we are considering a length scale in the
inertial range, the®; veribes the scaling law

SsD gh‘ir (9.66)
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called the Ofour-bfth lawO. This is a remarkable result as it is non-trivial and exact
for universal turbulence (but see Frist@95 for a more thorough discussion).

The Log-Normal theory of Obukhov-Kolmogorov 1962

When we wrote the scaling law®.70 we normal law, while the logarithm symmetriz
only used two quantities: the scaleand the the pointsOan€1 by moving zero tol
mean dissipatioti'i . This lead us to the law The normal law is symmetric with respect
Sp rP=3n'iP=3, However, with the same the mean value, hence we may expect fhat
dimensional arguments we could have writterit applies more precisely to the logarit
Sp rP=3 "p=3 But the two quantities OK62 thus proposed this formulation of t
H'iP=3 and "P=3 are not identical (except for variance, which completely debnes, with fhe
p D 3) because dissipation is a Ructuatingnean, a normal distribution,

uantity. Landau was the brst to point out this
grobler)r/l with the K41 theory. H’;nce, some FDAXt/ C loglL=r/ (9:67)
years later, Obukhov and Kolmogorov (1962)yhere  is a supposed universal constat.
proposed a modibcation of the K41 approachyow we may wonder why a logarithm depel-
This new model is now known as tHe®dg- dence has been chosen for the variaffe.
normal theory This theory may be presentedgssentially, because power laws are expeffed
as follows. for spectra or moments.
First, OK62 debne a dissipatidp, averaged For a log-normal law, one has
over a ball of size, namely

. 22
1 7 -v?23 D ep:3hog"|IC pm’ (968)
"D = " xldV
Voo if we setp D 3in this formula and if we us
I —r/ =2 ghog"iic A=2

Obviously, H';i? is all the more different g%?r?a’twe Pndt,iD .L=r/ =€ ’
from " that the Ructuations df are strong. D E
However, these Ructuations increase when wp=3 L PP 38
the volume decreases. Indeed, let us consider —~DCoxl — :
a Bow with a very high Reynolds number. P~ r

The velocity gradients may be very stron
implying in some places very high values of
viscous dissipation. Actually, we expect from
the Kolmogorov spectrum that the Ructua*

tions of dissipation are not bounded when the p

Reynolds number goes to inbnity. OK62 thus pD 3 Pp 3-8 (9.69)
proposed that the variance of the logarithm of

", is not bounded wheh=r goes to inbnity The brst experimeqtal measurements of

(L is a given large scale). They also assumedbtained for smalpOs, gave ' 0:2 Some|
that this quantity obeys to a normal statisticyears later, Arneodo et all$98 have show
(the probability density function is a gaus-that experimental data (obtained forl0
sian). One may wonder why they considered C 10) are well represented by a quadreic
the logarithm of", ? This is becausg, is normal law with , D mp  2p2=2 with

a positive quantity which cannot follow a mD 0:32and 2D 0:03

e can thus derive a new expression for fhe
exponent , of the structure functions of ord

a8However, this assumption is still approximagchuse there is no good reason that Buctuagbns
towards small values are as probable as those towards high values.

bWe should keep in mind that in 1962, the Kolmogorov spectrum had already been otllerved
experimentally, and thus any new theory should reproduce this result.
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9.5.4 Some Conclusions on Kolmogorov Theory

The foregoing discussion revealed to us some of the important properties of
turbulence which we shall now summarize.

1. We brst noticed that scales are important in a turbulent Bow: the properties
depend on the scale we are considering. Investigating the spectral side of
turbulence, we could discriminate threéferent ranges of length scales: the
integral, inertial and dissipative ranges.

2. We then understood that if a turbulent8is very dependerdf the instabilities
at the integral scale, it may well be that within the inertial and dissipative ranges,
turbulence reaches a universal state wh@réqj is certainly one of the brst laws.

3. However, KolmogorovOs approach assumes rather strong hypothesis: homogene-
ity, isotropy, parity. Among the three assumptions, homogeneity is the strongest.
If it is relaxed, there is some mean Row whose evolution is dictated by the
transport properties of turbulence.

These transport properties appear in the closure of averaged equations. We may
have noticed that the K¥rm¥nbHowarth equation is not closed.

4. The Kolmogorov scenario OforgetsO about the possible role of Ructuations of
which points to another side of turbulence, namely intermittency, to be discussed
below.

9.6 Intermittency

9.6.1 Presentation

The intermittency of turbulence, which is sometimes called internal intermittency,
is one of the ill-known sides of turbulence. We shall brst present this phenomenon
as it appears in the experiments.

Figure9.5shows a random function whose distribution function is gaussian, and
its derivative. It also shows a plot of a record of the velocity of a turbulent w a
well as its derivative. The difference between these two random functions is quite
clear: while we note that the gaussian random function and its derivative are rather
similar, we see that the velocity and its derivative are quite different. In particular,
the derivative of the velocity shows large amplitude Ructuations. Now, if we plot
the probability density function of theelocity and the random function (Fi§.6),
the difference between the gaussian random function and the velocity is even neater.
The large amplitude events in a turbulent velocity bPeld are more likely than if they
were the results of a sum of random, uncorrelated events (which would lead to the
gaussian distribution). We pinpoint here one of the true problem of turbulence: the
phenomenon is really random in nature, but this chance is guided by the Navierb
Stokes equation in a still obscure way.
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Fig. 9.5 Onleft (top) a random function with a gaussian distribution and its derivatdggtom.
Onright (top) the record of a turbulent velocity bPeld and its derivativet{orn)
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Fig. 9.6 The probability density function for the velocity difference between twiotsseparated
by a large scal& or by a small scale; these distributions have been derived using the data shown
in Fig.9.5. The normal, gaussian, distribution is showrdashed lines

It is interesting to compare the random world of turbulence and the one of
atoms and molecules within a gas. Indeed, the distribution of velocities of atoms
or molecules of a gas in usual conditions is gaussian. This is a consequence of
the fact that the velocity of a molecule at a given time results from the huge
number of collisions that are statistically independent. Indeed, the central limit
theorem states that the probability density function of a random variable that
is the sum of an inbPnite number of independent random variable is a gaussian.
Hence, the distribution of molecule velocities follows a normal statistics. We
see that this statistical result is independent of the equation of motion of the
molecules. In a turbulent Bow the velocity at a given point is the combination of the
inBuence of many vortices operating at various scales. In this respect many random
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processes contribute to the build up of the velocity Peld, but these processes are
not independent: we know that long vortices tend to split thanks to instabilities and
therefore correlations between scales are important.

However, intermittency does not only appear in the probability distributions; it
also inBuences the scaling laws of structure functions. This is one aspect of the
universal turbulence that we shall discuss now.

9.6.2 The Scaling Laws of Structure Functions

We already met the structure functions. These are important functions for many
reasons: First they measure the relative velocity of two points of the RBow: if the
turbulence has a universal regime, such quantities will show it. Experimeritésly
difbcult to create homogeneous and isotropic turbulence. The best approximation to
this ideal situation is certainly grid turbulenteyhich, in a frame comoving with
the mean Row, is quasi-homogeneous aadropic but is decaying with time. The
structure functions eliminate the mean [3ow and are measurable quantities.

Using dimensional arguments, the structure function of opderay be written

Sp D hv..xCr/ v.x/[Pi D Cp.Hir/P= (9.70)

since the velocity scale isi'ir/ =3 TheC, Os are constants which likely depend on
the Bow, excepCs since

4
C:D =
*7 5
from (9.66). We should also note th&, is related to the Kolmogorov constant, and
one may show, as an exercise, that wiSeris proportional tor>=3 thenE.k/ is
proportional tok 573,
Let us now focus on variations &, with r. Setting

Sp/ re; (9.71)
we see that the Kolmogorov theory implies that

p
D — 9.72
D3 (9.72)
As shown by Fig9.7, experiments show a clear deviation to this suite of exponents

with respect to the Kolmogorov one. This deviation is all the more markegtrsat

4This is the turbulence which appears in the wake of a grid. It is homogeneous in the directions
parallel to the grid
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Fig. 9.7 The exponents, from various theories compared to some experimental data. Pluses and
triangles are from a numerical simulation of Vincent and Menegu£97) and diamonds are from
Benzi et al. 1993. The good bt of the Log-Poisson law (LP) is now understood as an effect of the
small (not large!) value of the Reynolds number at Taylor scale used by the numerical simulation
of Vincent and Meneguzzil@91). Convergence to the Log-normal law would appear at very much
higher Reynolds numbers. The straight line K41, is from the Kolmogorov theory and the LN curve
shows the log-normal law with D 0:2

high. However, large orders are sensitive to the wings of the probability distihu

that is to rare events. They are thus sensitive to the large amplitude events typical of
the intermittency. The absence of intermittency in the K41 theory was soon noticed
by Landau. Kolmogorov and Obukhov then proposed a modibcation of this theory,
which is now known as theog-Normal Theorysee the box). Unfortunately, this
theory raised new questions and new theories have been developed (see the Log-
Poisson box).

9.6.2.1 Two Properties of the Exponents

The exponents suitg, veriPes two general conditions:

0 and 2pC2 2p (973)
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The brst one comes from a Schwartz inequality veribed by random variables. If A
and B are two random variables, then

mB A2 g2t
takingA D .v-.xCr/ wv.x//PandB D .v-.xCr/ v.x//9 we get
P
Spca  SzpSeg
If Sp D Apr », then

Apcqr Pea P AgpAyqr #C 272 gr 2 Inertial range (9.74)

The Log-Poisson Theory

Making more precise determinations of the exponents of structure functions has sho@in that
neither the Kolmogorov theory, nor its Log-normal improvement could explain the varidflions
of the Os with the ordgr. In 1994, She & LZveque, She & Waymire and Dubrulle propofed
a new approach which seemed to square much better with the experinesodéd available
the time (see Fid.7).
This new approach was based on three hypothesis:

i. The structure function of ordqr veribes the scaling law:

p=3 up=3
SP r r

ii. The moments of the pdf of the energy dissipation obey the induction relation:

|2pClE 0 p 1
P "
Pra—" DAp@—d—EAp EA . and 0< <1 (9.75)
T r nﬂ_ nr

D
whereA, are constants af} D limp;  "P¢' ="P . We shall see thatt is

a quantity specibc to the most intermittent structures. The relai@8)(could be
hidden symmetry of the NavierbStokes equation.
iii. Whenr ! 0,"1 r 23
If we assume that'? veribes the scaling lawf r 0, then, it turns out from the debnitio
that ; D p=3C ,=3. the exponent, measures the distance to the Kolmogorov law. Uging
its debnition and theegond hypothesis, we Bithe new elation

2
pC2 .1C/ pc]_C pC 5.1 / DO

Itis then convenienttosey D 2p C 2C f . Finally,
foca fpc1D f pc1 fpf

which is easily solved as

foDfoCA
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The initial conditions of this suite argiven by the iitial conditions on . By constructio
1 D 0and we assume thag D 0. This latter conditions is equivalent to the assumption fhat
the volume of dissipative structures remains Pnite as viscosity termsdoWe Pnally bnd

2 1 b3
3 1

oD =C

w|T

p
3 (9.76)

The curve which bts the experimental data so well is obtained f& 2=32 What is th
meaning of this new exponent? Qbwsly, it characterizes the degree of intermittencyflof
viscous dissipation. If ! 1then ! p=3: we bnd K41 again.

Dubrulle (1994 has shown that the second hypothesis (ii) could be inferred if the pefoF

was assumed to be the convolution of a Log-Poisson law with another undetermindl law.
The hidden symmetry underlyin®.(’5 is therefore not very stringent. The following w

of Arneodo et al. 1998 has shown that experimental data at very high Reynolds nunfibers
(Re > 2000 contradicted the Log-Poisson theory in favor of the Log-Normal approadh. It
seems that the Log-Poisson theory is more appropriate for*Re00, a range of Reynold|
numbers where the Log-Normal theory does not give very good results. Today (2013, it is
believed that the Log-Normal theory applies when R& , namely only asymptotically.

a8We saw that the exponeni was related to exponent of the energy density spectrum.fiThe
change implied by this new theory compared to the Kolmogorov one is very smallll this

exponentis now: 3  0:03

This inequality implies that

¥ ifr  1then @.79istrueonlyif pcq . 2p C 24/=2, that is to say if the
function .p/ is concave.

¥ ifr lthen @.74 istrue only if y,cq . 2p C 2¢/=2that is to say if the
function .p/ is convex.

Experiments readily show that the suitp/ is convex and therefore the second
case isthe right one. The relevant scale in the inertial domain is such that everywhere
r < 1.We should thus take the integral scale as the unity.

The second condition, which demands that the suite of exponents with the same
parity is non-decreasing was obtained by Frist®q). It comes from the fact that
the velocity is bounded. Indeed \f,axis that bounding value, then

Sepc2D v.xCrl vxl[?PC2 v .xCrl  v.xII?P 4V2,, D 4V2.So

|‘D Azpczr 2pC2 4Vn?|a>AZPr 2

5A functionf is concave, if the following inequaliti—x C y/=2  .f.x/ Cf.y//=2 isveribed.
For a continuous and derivable furanj this inequality is equivalent f0%x/ 0.
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Since this inequality is valid for all D kx x%="g 1, exponents naturally verify

2pC2  2p: (9.77)

9.7 Theories for the Closure of Spectral Equations

Until now, all the dynamical equations of the mean belds have been left OopenO.
Those written in the spectral space lileg7) or those written in the real space like
(9.62. Closing these equations is equivalent to expressing the third order moments
as a function of those of lower order.

Several theoretical approaches have been devised to close the equations in the
spectral space. Here, we shall presentrttaén ideas of these approaches and refer
the reader to the specialized textbooks (Lesi8Q Leslie 1973 McComb1990
for more details.

9.7.1 The EDQNM Theory

EDQNM means OEddy-Damped Quasi-NafiarkovianO which means that the
statistics are assumed to be quasi-normal (close to the gaussian laws), Markovian
(there is no memory effect), and Damped (some terms are purposely damped). This
is probably one of the most popular closun the spectral space. It was elaborated

in the sixties and one of its conceptors, Steven Orszag, has written a masterful
synthesis in the Les Houches Lectures of 1973.

The fundamentals of this approach are the followings: we need to get a closure
of (9.57), which means that we have to relate the third order moments to the second
order ones. However, we know that the evolution of the third order moments depends
on those of the fourth order. At this pij the brst hypothesis of quasi-normality
interrupts the chain of equations. It is assumed indeed, that the statistics of the
Fourier components is quasi-normal and hence obey to the Gaussian law. This law
has the property that fourth order moments can be expressed with the second order
ones. Thus, no hypothesis is made on the third order moments.

The quasi-normality hypothesis is simplee just neglect the cumulants of fourth
order. Unfortunately, this simplibcation has a disastrous consequence: the kinetic
energy spectrum may become negativheTcure of that is to avoid the complete
neglect of fourth order cumulant and to replace them by a damping term; hence
the Eddy-Damped. This improved very niuthe theory, but still did not guarantee
the positiveness of the energy. The Markovian constraint was then added, inferring
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that the turbulence has no memory efféc®ne can then show that if the energy
spectrum is positive at one time, then it is positive at all later times.
The EDQNM theory therefore simplibes turbulence on two crucial aspects:

¥ One assumes that the fourth order cumulants are damping terms for the third
order correlations.
¥ There is no memory effect in the evolution of the spectral quantities.

This approach is interesting since it allows us to compute the evolution of the
various spectral quantities. Hence, thaywthe Kolmogorov spectrum forms from
some given initial conditions can be studied (with no intermittency of course!), and
the relative simplicity of the method allows some generalization to more complex
situation like helical turbulence, or turbulence with a background rotation.

9.7.2 The DIA

DIA means ODirect Interaction ApproximationO. This is another way of attacking
turbulence theory which was developed by Kraichnan at the beginning of the sixties.
Itrelies on a rather severe simplibcation of reality, which is a drawback, but it is self-
consistent. Nevertheless, it allowed the scientists who investigated its consequences,
to understand some important points for the theory of turbulence: for instance, the
fact that the Kolmogorov spectrum is related to the invariance of the theory in
random galilean transform. The book of Lesli9{3 gives a detailed description

of this theory.

9.7.3 The Renormalization Group Approach

To end this short review of the closure theories, we should mention that of the
renormalization group, which was inspired by the technics of statistical physics in
the study of critical phenomena.

Let us assume that we can represent a turbulent Row by a discrete set of Fourier
modesk-bounded from above by which is in the dissipative rangi&d ko).

Now we cut the spectral domain in two parts by introducing a wavenumber
ki slightly smaller tharkg and we consider the Buid motions associated with the
spectral domairk; < k < k ¢. Thus we are considering Buid motions at a scale
slightly larger thanl=ky;. Since this range is in the dissipative range, we may
linearize NavierbStokes equation and solve for the evolution of these modes as
a function of those i® < k  k;. Now, the evolution of the modesth< k  k;

6Markovian processes are such that the probability of an event doeepend on the history of
the process.
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is also a function (but nonlinear) of those of the b&ac k < k ; using the formal
expression of the modésg < k < k ¢ as a function of the modds< k ki, we
can derive an equation where only the mode of the Ilaxadk  kj intervene. Then
the process can be iterated by repladiady a slightly smallek,. Progressively,
the spectral band of the small scales lisnaated; at each iteration the viscosity
is OrenormalizedO, since the elimination of a range increases the dissipation of the
remaining range.

The methodOs principle is quite simplet its setting out is extremely difbcult.
The reader is referred to the textbook of McComi®40 for a more thorough
presentation of this approach.

9.8 Inhomogeneous Turbulence

In the foregoing sections we focused on the homogeneous turbulence case. This
allowed us to be more familiar with the numerous concepts and problems that arise
when studying a turbulent Bow. Of course, turbulence in real Bows is far from
homogeneous and it is time now to make the jump in this new jungle

To bx ideas, we consider the turbulent RBow of an incompressible Ruid thatis in a
statistically steady state. We rewrite the equations of the mean quarfifi¢siid
(9.9):

@h/ii Vi C@RijD @fpiC hvii and @h/iiDO

Contrary to the homogeneous case, the Reynolds stress ®psDr h vf’vf’l
is no longer constant. We need to bPnd a way to relate it to the meanhdow
The methods are called closure models on the Reynolds tensor. These models are
said to be at zero, one or two equations, according to the number of equations
that are solved simultaneously with the evolution of the mean velocity. They might
for instance prescribe the evolution of the turbulent kinetic energy or thelamb
dissipation. We shall also say a word about models using a closure on the second
order moments, where the evolution of all the components of the Reynolds tensor is
computed.

9.8.1 A Short Review of the Closure Models
9.8.1.1 Models with Algebraic Prescriptions: Turbulent Viscosity
Facing the problem of the expression of the Reynolds tensor as a function, of

we may try to adopt the same reasoning that we used to determine the expression of
the viscous stress, assuming that the role of small-scale turbulence is similar to that
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of the molecules of a Newtonian gas. Small scale turbulence is therefore assumed
to diffuse momentum, heat, etc. Thus we write

RiD pwnsiC wbh-@Vv; C@hvi/ (9.78)

This simple closure is due to Joseph Boussinesq who introduced the idea of a turbu-
lent viscosity as soon as 1877. In the foregoing expression, the turbulent pressure,
Pwrb Can be determined after the velocity Peld when the Ruid is incompressible.
Thus, in this case, the crucial part of the model is the OviscousO shape of the tensor
and the expression of the viscosity. We shall present two methods which are rather
popular for the determination of the turbulent viscosity: the mixing-length theory
which was devised by Prandtl, and the Smagorinsky approach devised in 1963.
Prandtl proposed (Prandtb25 that turbulent viscosity be the result of momen-
tum transport by RBuid elements W'Hhﬂelocity typical of the turbulent Buctuations.
Namely, the Buid motion of velocity h/@i at a scalé v , the mixing length, are the
engine of the turbulent diffusion. When the 3uid elements have run this length, they
vanish, releasing the quantities theyrgaOf course this mixing-length is unknown
and should be evaluated for every problem.

b—r7y | i
For a plane-parallel shear Bow, Prandtl proposed that®i D "y d(’j”—yx' SO
that 1 D *2, dg“;xi . This kind of approximation is unfortunately not general since

the turbulent viscosity vanishes where the mean velocity gradient vanishes. This is
obviously not the case for a turbulent jet: on its axis turbulent diffusion is certainly
not vanishing. However, this assumptiaatls to very acceptable results as far as
wall-turbulence is concerned.

Using the same concept, Smagorinsky9§3 proposed to model turbulent
viscosity by a formula like

2q
D Cj Gj

where is alength scale to be precised. We may note the similarity with the Prandtl
approach. However, the idea of Smagorinsky is less ambitious: This expression
is not meant to be used to determined a mean RBow, but just to represent sub-
grid motions in a numerical simulation. Indeed, in numerical simulations of a
turbulent Bow, the small scales are geatigrnot computed because of the implied
computational cost. At the grid scalket Reynolds number is still large, and the
effects of the dismissed scales have tormdeled, namely replaced by something.
This is the role of subgrid models. The Smagorinsky model is one such models.
Therefore, the length scale is taken as the smallest resolved length (usually the
mesh size).

"Let us mention that usually subgrid scale models are not categorized in models of turbulence
since they give a local prescription that can be used only in numerical simulation. However, their
similarity with the mean-beld approach is strong enough that we discuss them here.
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9.8.1.2 The K* Model: A Model with Two Equations

We shall leave aside the models using just one additional equation (like the ones
of turbulent kinetic energy), which are no longer used, and focus on one using two
equations like the celebrated'Kmodel.

The K-' model was proposed by Launder and Spaldit@j/@. The assumption
is that the Reynolds tensor is a function of both the large scale sher @ v; C
@ hvii and the local strength of turbulence characterized by the turbulent kinetic
energyK and the viscous dissipatidn(both taken per unit mass). This dependence
is similar as 9.78), namely

D E 2
Vio\ljQ D §K§ijC r @v; C@hvi (9.79)
where ; D ¢ K2=". This expression reveals the assumptions of this model: brst
the turbulent pressure depends only on the turbulent kinetic energy and is equal to
%K while the turbulent viscosity is determined by both the kinetic energy and thus
the viscous dissipatiort. is a dimensionless coefbcient which is calibrated with
experiments (one usually takes  0:09).
In such a model, the turbulent kinetic energy and the turbulent dissipation play
a crucial role but need to be determined. Thé Krodel proposes to compute them
using equations that model their evolution. Hence, we write:
8 @K ; "
<@tChVI r KD CIc ¢ Cr .. rK/
(9.80)

%{C hvi r "D "2=KC %< ¢j ¢j Cr . «r"/

These equations come from the ones veribed by the velocity RBuctuations. Third
order correlations or velocity-pressure correlations are then approximated to close
the system.

The equation of velocity Buctuations is derived by combinég)(and ©.7):

9 cy @fcwemicier V@b ‘er’c @@ (o8

Taking the dot product witk® and averaging, we Pnd the equation governing the
evolution ofK :

—EE  pkr fet

K¢ vy @K Crj@hic W@w b @PVWC v (9.82)

@t

whererj D R;= . In this equation, the th@e termsél), (I and (111) need to be
modeled. The Pbrst of them can be rewrittevﬁ@v‘EZZ: this is the advection of
kinetic energy by the RBuctuations of the velocity. Following an analogy with a purely
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diffusive process, the K-model assumes that this term can be represented by a
turbulent diffusion, namely:

D E
w@v®=2Dr . rK/

where the turbulent viscosity remains to be determined. If the turbulence is locally
isotropic, we may neglect the cqf)relalt:ions with pressupéy? 0. Similarly,

We can also rewrite V) V' D @ VY ? " and, assuming again local isotropy,

W0 i? 0, we bnd that the power of the viscous force is just the opposite of the

viscous dissipation, as expecteBinally, K veribes the following equation:

@(C vi @K Cry@hiiDr . ,rK/ "
@t
Using 0.79, we bnd again the brst equation 6fg§0).
The equation governing the evolution'dbfs much more difpcult to derive and
we leave the details of the derivation in an appendix of this chapter. It leads to the
following expression:

(9.83)

@ ‘ fEt C_fEr e
G M @ C g cick Ch i ¢ §C cv @ g
et &t fet fEY

Cvi@c{=2C2 ¢).@W/.@v/ D 2 cf@@p°C *cjc

The seven numbered terms need a model. A brst simplibcation is to assume that
the turbulence is locally homogeneous, isotropic and parity invariant. This latter
property with homogeneity eliminates (I1l) while isotropy zeroes terms (Il) and
(VI).° Hence, terms (1), (IV), (V) and (VII) need a more detailed model.

Term (1) is a second order tensor. It may be related to the large-scale ghear
making a Taylor expansion for weak shears (just like we did when dealing with
Newtonian Buids), we get

y 00 2
Cik  CjCi aK gk

wherec; is a dimensionless constant. The turbulent kinetic energy is the quantity
which characterizes turbulené®.

8Wwe noted that /D .@ W C @//.
9See appendix for the demonstration.

1%ndeed, the local properties of turbulence can only be, with this model, characterized by the two
scalarK and". In the present cad¢ is the only one dimensionly correct.
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The fourth term (IV) is modeled is a similar way as the brst term (l) of the K-
equation, namely with a turbulent diffusion. We thus write

w@cf=2 r ..

where - is a new turbulent diffusion, but for dissipation.

Finally, we are left with terms (V) and (VIl). These two terms are slightly
special since they are the only ones to remain in an isotropic homogeneous steady
turbulence. In this latter case they compate exactly. Hence, it is not necessary to
separate their modelling, since their difference is the only important quantityeln t
K-" model these two terms are proportionahto®=K , namely

w2
vV VI CZE

Finally, these equations need to be completed by the expression of the turbulent
diffusions ; and -. Their expression is obtained from the only scalar that has the
same dimension as a diffusivity. This leads to the expressions

K?2 K?2
r € — and O

As before, the non-dimensional coefbdiemre calibrated with experiments and
usually the following values are adopted:

c D0:09; ¢DO0:07; gDO0:126; ¢D 1:92

The K-" model tries to establish a relation between inhomogeneous turbulence
and universal turbulence by assuming that, locally, the Buctuations of the mean Row
are universal. Moreover, this local turlenice is assumed to behave like a Newtonian
RBuid with a variable viscosity.

These hypothesis are obviously very strong and one may wonder whether the
turbulent RBuid can behave as a Newtonian Ruid even with a variable viscosity.
This would mean a separation of scales that is not observed, even approxi-
mately. The local homogeneity also implicitly assumes a separation of the spatial
scales.

In addition to these questions about the physical validity of the model, some
other problems on the internal consistency of the model arise. For instance, the
model allows a computation of the kinetic energy and viscous dissipation. These two
quantities are positive and their evolution shibpteserve this positivity. Presently,
there is no general proof that this is indeed the case. A few demonstrations, applying
to some restricted cases and showing that this is true, may reassure us.
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9.8.1.3 Second Order Closure Models

As we mentioned it previously, a two-equations model like thé &re implies

a very restrictive form to the Reynolds tensor. It is assumed to be like that of
a Newtonian Buid even if its viscosity is not locally determined. However, the
turbulent Buid has no reason to be isotropic, and anisotropy is likely not a local
function as well. It may result from the past time evolution of a RBuid element
(memory effect) or from distant interactions like those coming through the pressure.
It therefore seems simpler, if we wish to get a more realistic description, to directly
compute the evolution d®;j, through equations like:

DR;
—p
Dt

These equations of course introduce the third order correlations, which need a new
modeling. Even if this modelling is coarse, it is hoped that it will give realistic
values of theRjj, just like the turbulent viscosity model is able to give realistic mean
Bows in some cases. Hence, if tR¢ are better, the mean Bow may be much better.
Comparison of the results of these models with experiments seem to comfort this
hope.

9.8.2 Examples: Turbulent Jets and Turbulent Plumes

We end this section with the analysis of two very common turbulent Rows: those of
jets and plumes. As shown in Fi@g18, these Rows have a conical shape outside of

transition zone ————turbulent zone

Fictive source

Entrainment

Fig. 9.8 A schematic view of a turbulent jet. The transition zone is the region whersthtbar
instabilities give birth to the turbulence
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which the turbulence is very low or absent. We shall see that this property, comes
from the self-similarity of the solutions. Self-similarity is likely deeply rooted in
turbulent Bows.

Jets, plumes and wakes are often called free shear Bows. Indeed, turbulence
results from an imposed strong shear, actually a shear layer, which is, as we saw
in Chap, very unstable. The development of turbulence entrains the outer uid
inside the jet and the jet broadens as it progresses.

Let us assume that the Ruid Row is self-similar, so that we may write the velocity
Peld as:

hvi D V.Zlg.r=b. z//

h,i D V.zZff.r=b. 2/ (9.84)

where we additionally assumed the jet axial symmetry. The dependence of the
solutions with respect to D r=b.z/, insures the similarity of the velocity probles

for all z. This proble has always the same shape, giveh lby for v;, but its real
width varies with the distance to the soucé et us now assume incompressibility

so that mass conservation implies:

@i @i . 1d. g/ VOzb.z

hv, i 0 0
@rCrC@DOZ . bzf ./ C V7 f./ DO

where the prime indicates a derivative. The existence of solutionsdikd)(implies
that the variables can be separated. This impliesahatandB D VC%zb.z=V.Z
are constant. This means that the width of the jet grows linearly. Then, noting that
VO z/=V.zZ | 1=z (taking the origin oz whereb is zero), therV .Z/ varies likez .

We need the equation of dynamics to infer Neglecting viscous effects, the
steady mean Bow veribes:

C_fE_t
1@twihvi @i’ 5 1@ @2 CHPi
r @r @ r o @r @

The term (1) is usually neglected in this type of Bow. It is indeed a pressure gradient
which is usually small: this comes from the fact that the ambient pressure where the
jet develops is constant. Indeed, the pressure is almost constant in a section of the
jet, because the mean strdamas are straight lines (recall the results of Ctgp.
Then this equation may be rewritten to show explicitely the Bux of momentum;
integrating over, we bnd

d Z1

5 b.zZ?v.z%./ ?d C-rhwihvi Cr VA2 3 DO

0

The second term is zero singgvanishes at inbPnity andy, is Pnite (see below). The
correlation term is zero outside the turbulent zone. Finally, this equation shows that
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b.z/?V.z/? D P? whereP ? is a constant (the momentum Rux), which characterizes
the jet. Consequently, it turns outaththe jet mean velocity decreaseslaz and
thatB D b°.

Now, we apply the same treatment to the mass conservation equation. We bnd
that

z, z
d-Bv.z !

||ilm rhii D f./d d—D V.Zb.Z b° f./d

: 0 z E 0 .l.x f

]

r

This expression shows that the radial velocity is proportional to the axial velocity
V.z/ and to ; which is called thentrainment constant

The expression of; shows that it depends on the velocity prolpld and
on the aperture angle of the cob@ In fact these two quantities are themselves
dependent on the closure relations or the transport properties of turbulence. Many
models have been proposed to explain the velocity proble of a turbulent jet, but
none is completely satisfactory. Experiments show that in general the proble is a
Gaussian. Thus, takifg/ D exg 2gis a good approximation. Measurements
then give ; D 0:054for the entrainment constant of jets. As an exercise, we may
show that the entrainment constant and the aperture cone angle are functions of the
velocity proble.

The self-similar turbulent jet with a gaussian proble thus obeys two simple
equations:

8
d-Bv.z
(9.85)
d-bz/?V.z/?

DO
dz

which translate respectively the conservation of mass and momentum. Their
solution is obviously given by the proceedinglabwsz D 2 zandV.zZ D P=2 z
We note that the initial mass Bux does not play any role in the solution. Actually, a
short analysis of the solutions shows that tnitial conditions areapidly forgotten
by the solution which quite quickly reaeh the self-similar regime. In the Pnal
steady state the initial mass Rux is a very small part of the actual mass Rux, which
has grown through entrainment of the surrounding Ruid. The jet thus appears as
generated by a pure source of momentum.
Let us now examine the case oftabulent plumeThe most common example is
the smoke plume that raises over a chimney. The hot Buid raises in the atmosphere
thanks to buoyancy which smoke particles render visible as a turbulent mixed R3ow.
The behaviour of the plume is very similar to that of the jet, but in this case, this is
the initial enthalpy Bux which controlsétdynamics of the plume. Indeed, similarly



9.9 Two-Dimensional Turbulence 367

as above, the initial mass Bux and the initial momentum Rux are forgotten by the
Bow. The initial mass Bux disappears because of entrainment as in the turbulent jet,
and the initial momentum Rux also disappears because of the work of buoyancy
that add new momentum to the Bow. Thus the plume is made by a pure source of
enthalpy.

Experiments show that the velocity probles in plumes are close to those of jets.
In addition to the mean velocity beld, the plume is characterized by an Oenthalpy
jumpO Peldh, which measures the difference of enthalpy within the plume and
outside the plume. As for the jets, self-similar solutions also exist and verify:

8
d-ipv

D2 ,bv
< d-Bv?2

e 2g1? (9.86)

. d-B Vv

DO
dz

We derived these equations using the Bsinesq approximation and orienting the
z-axis along the gravity beld. We also note that another entrainment constant has
been used because experiments say thdd 0:083 which is different from the jet
(why?).

The solutions of 9.86) are naturally power laws iz as prescribed by self-
similarity. We easily bnd that:

©1=3
6 p.. 259Fb 1=3
b.z/D?z, V.zZ/ D 24% z
|
5 5F2 °
D= 3 4'°g z 53 (9.87)
p

whereb? V. D Fy is the buoyancy Rux. We also note that the aperture angle of
the plume is quite similar to that of the jet, namely0:1 while the entrainment
constant is somewhat different. This difference is certainly related to the transport
of momentum and the active scafdr.

9.9 Two-Dimensional Turbulence

Two-dimensional turbulence is quite different from its three-dimensional counter-
part. Despite the strong approximation that is made (our world is three dimen-
sional!), the turbulent Bows in two dimensions deserve being studied because they
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enlight us on the dynamics of the Eartlaaosphere or oceans. Indeed, the Ruid
Bows in these two thin layers of the Earth are almost two dimensional as soon
as the scales considered largely excebedsthickness of the layer (10 km for the
atmosphere and 5 km for the oceans).

Two dimensionality implies new conservations law which strongly modify the
dynamics, in particular when we consider the evolution of vorticity. Equa8ofil)
indeed says that:

z

—DfO'/—DO z f.1/ dSD Cst
Dt S/

whereS is a surface advected by the Buid. The main consequence of this peculiarity
is that the picture of the turbulent cascade is completely modibed.

9.9.1 Spectra and Second Order Correlations

As in three dimensions, it is interesting to examine the properties of the homoge-
neous and isotropic turbulence.

The tensor®) and have the same debnition, but just four components. If we
observe that in two dimensions there is no helicity (vorticity being orthogonal to
velocity), then following the same steps as when derivihd@?), we bnd:

Qij D .f/ %ij f O.r/r ifj=r (9.88)
wheref.r/ is the longitudinal correlation. Similarly, as fd®.7), we bnd:

E.k/

=P (9.89)

using expressior®(92 below. Indeed, we still have

1 z C1
Ewb D 5 v D E.k/ dk (9.90)
0
which we relate to jj by
1 1Z 1 Z Z
Ewb D =Q;i.0/ D = i.k/ld& D = kdk i.kid

2 2 2 o 21/

z 2

1
H EK/ D 3k ikid (9.91)
0
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In the isotropic case
Ek/ D k j.k/ (9.92)

The functionR.r/ , debPned as half the trace-e®, now reads,

Z z
1 1 , 1
R.r/ D 5Qii.lr/ D= kle®ds D =

5 5 ke kdid

The integration over the angular variable can easily be realized if we use the general
expression of the zeroth order Bessel function, namely
1 Y4
Jo.Z/ D — coszcos/d :

0

Thus, we bnd
z 1
R.r/ D E.k/J o.kr/dk (9.93)
0

Conversely

1 YA 1 YA C1
ikl D —7  Qi.rle d* D = R.r/J o.kr/dr
: 0

gives the expression of the spectrum

z C1
E.k/ D krdo.kr/R.r/ dr (9.94)
0

As in the three-dimensional case, this expression allows us to derive the behaviour
of the spectrum at the very large scales. In this case
z C1
Ek/I  k rR.ar/dr as k! O
0

showing that the spectral kinetic energy density growsHtike

9.9.2 Enstrophy Conservatioand the Inverse Cascade

In order to understand the implication of enstrophy conservation on the spectral
properties of two-dimensional turbulence, it is convenientto consider a set-up where
there would be only three Fourier modes of wavenumlbgrss k, < ks, and
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energyE; Eo; E3. The modes are assumed to be in nonlinear interactions, in a one-
dimensional Bow. Hence, we det D k; C k. Neglecting furthermore the effects of
viscosity, energy and enstrophy of this system are constant. Thus energy variations
must meet:
SE;CSE,CSE3sDO
kZ8E; C k38E, C k33E3D 0

from which we easily bnd

k? k2 k2 kZ
SE;D > —23E, and 3E;D 2—313F;
k3 I(l k3 I(l

Now let us suppose that the energy of the intermediate mode of wavenkmber
decreases. Then energy of the two others increases, ndkely0 H SE; >0
andSE; >l5)'—|f the modes are now spectrally close, for instandeiD k ; and

<1 C 3 thendE; > 3E3. This means that in this case the energy of the
second mode is preferentially transferred to the brst mode. This illustrate the case
of an inverse cascade of energy. Enstrophy conservation together with nonlinear
interactions tends to transfer energy towards the larger scales. On the other hand
we may observe that simultaneously, enstrophy would rather tend to cascade to the
small scales for, generall§Zz D k§§E3 >87Z1D kféEl.

Let us now focus on the shape of the spacThe evolution of kinetic energy is

guided by

z z
d d C1 C1

Bub [y d Ek:t/dkD 2 k2E k:t/ dk
dt dt o o

ZCl

D 2 Zk;t/ dkD "t/
0

while enstrophy follows

dz dZC1 ZCl

—D— Zk;t/ dkD 2 k2z.k;t/ dk
dt —dt o 0

ZCl

D 2 k*E.k;t/ dkD .t/
0

This equation shows that enstrophy cag only decrease, and thus remain bounded
from above by its initial value. However i]‘oc1 Z.k;t/ dkis bounded, this implies

that" ! Owhen ! 0. This means thdt cannot be used to determine the kinetic
energy spectrum in the inertial range in two dimensions. We are left wtith
namely the dissipation rate of enstroplyssuming that it is the quantity which
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controls the two-dimensional turbulence, then, using similar arguments as in three-
dimensions, we bnd that

Ekit/ | /%% 3 (9.95)

The major consequence of this power law, is that the dissipation of kinetic energy
k?E / k 'occursinthe large scales. Enstrophy dissipation, on the contrary, occurs
in the small scalek@zZ / k).

Two-dimensional turbulence gives us a scenario that is quite different from its
three-dimensional countenpaEnergy tends to accumulate in the large scale while
enstrophy tends to be extracted by the small scales.

Numerical simulations have shown quite clearly what was going on in the
physical space: vortices with similar voriiti¢ (i.e. cyclonic or anti-cyclonic) tend
to merge and form larger structures, signing the inverse cascade, while enstrophy,
which is conserved by any RBuid elemefaces a blamentation producing smaller
and smaller scales which are in the end erased by viscosity.

9.9.3 Turbulence with Rotation or Strati cation

The shape of the container is not the only way to impose two-dimensionality to
a Bow. In Chap8, we saw that rotation, througthe Coriolis acceleration could
make a Bow two-dimensional. In fact, two phenomena may also impose some two-
dimensional dynamics to turbulence, i.e. a background rotation or a stable density
stratibcation.

These two physical constraints can make a Row two-dimensional when the
time-scale of the motion is much larger than those imposed either by rotation or
stratibcation. Comparing time scales leads to the determination of the scale at which
the effects of rotation or sttigcation start to be noticeable.

The turn-over time at a scaleis - D "=v but in Kolmogorov inertial range
v D ./ 178 thus -+ D 273 13 Thijs leads to the scale where the transition
between three-dimensional and two-dimensional motions occurs:

WD =2 o DN 32 (9.96)

for respectively the rotating and stitaed cases. For stably stratiped RBuidss also
known as Ozmidov scale.
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9.10 Some Conclusions on Turbulence

To conclude this rather long chapter, | would like to present to the reader some ideas
in order to better appreciate the way we are from a solution to the problems that we
crossed in the course of this chapter.

The models such as the Kene, try to make a parallel between the Oturbulent
RuidO and a real Buid. Like the real Ruid, the turbulent Ruid would have a OpressureO,
a viscosity, etc. However, if such a way of doing is relevant, the brst step is to
describe correctly the equilibrium statnamely the OthermodynamicsO of such a
material. Such a step is still not accomplished although attempts have Rourished in
the literature (see Castaid®89 1996 Chorin1991, for instance). However, let us
admit that we succeeded. The next step is to derive the transport coefbcients of the
turbulence. As we did for the Newtonian Ruid, one should analyse the response of
the turbulence to weak perturbations. However, this is a formidable task. Indeed,
unlike a standard RBuid, which own just a single (very small) scale (the mean-free
path, see Chapl), the turbulent RBuid owns a very large number of scales that
strongly interact. Pushing this idea to its end, we see that the turbulent Buid should
be compared to some non-Newtonian Buid with and extremely complex, non-local,
rheological law.

Presently, we may hope that the situation be not so dramatic and that among
all the scales which intervene, just a small number are truly important, the others
following the brsts. This possibility is not so unrealistic since in many cases,
turbulent Bows tend to self-similar sitii@ns, emphasizing scale invariance.

9.11 Exercises

1. a) Show that
?.kIp.kY D j.kiEk KY

whereOrepresents the Fourier transform of the velocity RuctuationsSaad
Dirac distribution.
b) Show the following equality:
ZDp E

and then, that this expression leads3®f).
c) Show the reciprocal relation o935, namely
z 1

E.k/ D E krsinkr R.r/ dr
0
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2. Following a similar way as in Se&.4.1, show that the correlation length of the
vorticity may be written as

Rl
& KE.k/ dk

‘D
*7 2 ) k2EK dk

Show that , is also the dissipation scalg.
3. Let us consider the relation linking the energy spectiuky and the scaling
law of the structure functioB,.

a) From 9.35 and .61 show that the two-point correlation of the longitudinal
components of the velocity veribes

z,
kr  krcosk
fr/ p2 AT TCOSE ) gk (9.97)
0 kr/3

b) Retrieve that.0/ D %Eturb and derive that

Z, .
1 sinkr krcoskr
S,r/ D4 . R T E.k/ dk (9.98)

c) Show thatifE.k/ D CxH'i%%k 5*3thenS, D C,H'i%*%2=3and thatC, and
Ck are proportional.

d) Using 0.76), bnd the difference between the She & Leveque exponent and
the Kolmogorov exponent of the energy spectrum.

4. We assume that the energy spectrum of some turbulence is such that:

8
<Ek/ DikI k ko
EKIDK % ko k k (9.99)
"EkI DAk k ke

and that functions andd verify:
ikl k>
dk/ ko T Kk Wl
Show that in these conditions kf ko, then

r
<2p
T

3

ol

S0 2 (9.100)

derive 0.53.
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5. If the distribution of the logarithm of obey to a normal law, show that
xPi D ePhnxiC p2 2=2

where 2 is the variance of the distribution. The Prst step is to show thatsfa
random variable with a normal distribution and zero mean, then

1 ‘o 25 2
—pz—_ y®e ¥=2°dyD 2p 1/—=
1
where2p 1/—8B-1 3 5 7 ::: 2p 1.

6. Turbulent jet.

a) Ifwe measurein Fi@.9, the half-aperture angle of the turbulent jet visualized
by the water vapour (or rather the droplets of the condensing vapour), we bnd
a value around 0.15 rd. What can we infer?

b) A ping-pong ball is placed in a turbulent jet directed upwards. Although the
thrust of the jet is maximum on its axis we observe that the ball remains in the

Fig. 9.9 Steam jet at the
outlet of a pressure cooker.
Note the conical shape of the
jet steam
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Fig. 9.10 Ping-pong ball
sustained by an inclined
turbulent air jet

jet, wandering around. We may even incline the jet abotiv@éhout the ball
fall (see Fig9.10. Explain.

Appendix: Complements for the K-* Model

Let us start from the equation of the velocity Ructuatich81),

%Otc wi @PCvi@hvii cv@w wWa@w D @P°Cc VP
We rewrite it foerQ, and write down the one for the Buctuations of the shear, namely

¢’ D @ C @7. We get

% ¢ hwi @ C @i @ C @i @7
CV@c C @@ C @L@ v (9.101)
C @ C @vwaw C @@y
@@Rik @@Ryx D 2@@p° C c {

D E

Since" D 5 cfcf , we now contract the foregoing equation with{) and take the

average. The brst two terms can be rewritten as

@" -
@tc h/k| @
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Then the four term& hvi @V’ C @hwi @vj0 C @W@hiiC @@ v, give
D E
2 ¢ @i @Y C @i @V

because;l? is symmetric. They are further transformed into
D E
CI? |% h iki C CI(])CJOK h:iki
wherewe set j D @v; @V;. Noting that
W @c) D @cf=2 and ¢ @V@YC @@} D 2¢@V@v

Then we get the equation that we were looking for, namely

@ - _flET D E < &t
glMi@c cy ghiC clgh hiC ¢\ @ g
C W@c’=2C2 c@\@% D 2 Ccé@@_p;c 2qjc

Ay

Let us show now that local isotropy removes terms (1) and (ll1l). s the vorticity,
then

i D k! k
thus (1) also reads

. 0, 0 H 0 0 | . 0 0 ;

D E

incompressibility implies that) D 0 and isotropy thatc®! ° D 0.

iji
Term (Ill) is reshuf3ed as:
§@@p° D @ cf@p° @@’ D @@r° @ @cp°C .@Qc)/p°

Isotropy makes the brst two terms zero, while the last one disappears because
r vOD 0.

Term (II) can be also eliminated if the turbulence is locally homogeneous and
parity-invariant. In this case, we introduCg.r/ D hci(j).x/vﬁ.x C r/i and we show
that like for S, (see9.39 we haveCii.r/ D Cik. r/ so thatCjx.0/ D 0. Noting
thatml?vgi D Cix.0/, the result follows.
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Further Reading

There are numerous textbooks devotedhis very rich subject. A recent thorough
review may be found in Davidsor2Q04). In a slightly more comprehensive
style, we recommend the book of Frisch995 Turbulence: the legacy of A. N.
Kolmogorowvhere the case of intermittency is well discusskdbulence in uids

by Lesieur (990 presents at length the spectral side of turbulence, witile
physics of uid turbulencade McComb 1990 is a monograph focusing on the
renormalization group approach (for more acquainted readers). The Les Houches
lectures of Orszagl@73, is still a very good introduction to turbulence and to
EDQNM in particular. Let us also mention some now classical work like the
monograph of Lesliel973 dealing with the DIA, the two volumes of Monin and
Yaglom, reviewing the knowledge in 1975 or tierbulenceof Hinze (1959,1975)
focused on the engineering approach of turbulence, like Tennekes and Lumley
(1972 or Piquet 2001).
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Chapter 10
Magnetohydrodynamics

Magnetohydrodynamics (MHD for the experts) is often impressive for its complex-
ity. However, it is only the dynamics of electrically conducting Ruids. It is indeed
complicated because of a new vector belt inters the game, namely the magnetic
Peld. The dynamics is different becauseaofiew force: the Laplace force. Since
conducting RBuids support electric currerthat may generate magnetic belds, we
easily imagine that the evolution of both velocity and magnetic belds may be quite
complex. In this chapter we wish to remain introductive and therefore we shall focus
only on the very basis of magnetohydrodynamics.

10.1 Approximations Leading to Magnetohydrodynamics

Magnetohydrodynamics deals with the motions of a conducting Ruid where there is
no free charge. This implies that some approximations are met.

The brst one is that the Buid motion is not relativistic, namely that the RBuid
velocity is much less than that of light i.e.

V=c 1 (10.1)

Two other conditions come from the absence of free charges. If our medium is a
fully ionized plasma made of electrons (of chargg) and ions (of charg&e), then
a brst condition which should be met by e3characterized by a length scélas

L D
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where p is the Debye length. This latter length is the mean distance beyond which
the charge of an ion is screened by electrons. It depends on the temp@ratnde
the electron densitge of the medium, namely

where"q is the vacuum permittivity ank %oltzmann constant. Using international
units this length readsp D 2:8 10 > AT=Z metres, wherd\ is the mass
number of the ions and is the mass density. This scale may invalidate the use of
the MHD equations if the Buid is too hot or too dilute.

Charge separation may also occur if the time frequency of the Buid motion is too
large, i.e. larger than the plasma frequehgy. Thus we should also demand that
the time scales of the Buid RoWw D L=V veribes

S

r —
A
z

Me o
T 1,'D —=D72 101
P Ne€2

seconds
The two foregoing constraints are important in Buids with very low densities.
A typical example is the solar wind. In this Bow the density is very low and a more
rebPned approach from plasma physics is often needed.

Finally, we shall suppose that the electrical conductivity is isotropic, namely that
OhmOs law reads

iD E (10.2)

wherej is the current density, is the electrical conductivity anH is the electric
Peld. A common source of anisotropy of the electrical conductivity is the magnetic
peld which induces cyclotronic motion of the electrons. Here again, dilute plasmas
are more likely to be prone to such anisotropy. Conductivity is indeed much
higher in the direction parallel to the magnetic beld than orthogonally to it. In
dense plasma, however, collision frequency is much higher than the cyctmie

(! ¢yco D eB=m). The mean charge motion itius hardly inBuenced by the
magnetic beld and thus conductivity is a scalar.

lLet us recall that electrons moving in a magnetic Peld, without shocks, follow helicoidal
trajectories around Peld lines. Their rotation frequency is the cyclotron frequency.
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10.2 The Flow Equations

As stated in the introduction the main peculiarity of the dynamics of a conducting
Ruid is the action of the Laplace force

FLDj B
whereB is the local magnetic Peld. The momentum equation is therefore

D .
°Yp rPc vCj B (10.3)

Dt

for an incompressible RBuid. Two other equations are needed to complete the
momentum equation: one should gjvand the otheB. They will be derived from

Maxwell equations and OhmOs law.

10.2.1 j and B Equations

Let us brst recall the Maxwell equations for a medium whosesdigt properties
are similar to those of the vacuum. Hence

8
r EDr BDO

<@
e " F (10.4)
. H " @
oI BD o jC O@t
Following a Ruid particle, OhmOs law reads
i°D E° (10.5)

wherej® andE° are the current and electric beld measured in a frame attached to
the RBuid particle. The motion of this Buid element is supposed to be non-relativistic.

2This force is called the Lorentz (1853D1928) force in the Anglo-Saxon world while this is Laplace
force in the French literature dplace (1749D1827) acliyayave the brst analytic expression of the
force that Biot & Savart measured for the action of a magnetic beld anescarrying an electric
current. It is therefore close to the force that we encounter in MHD. Lorentz force was derived for
the charged particles and leads of course to the same expressibe &mtipbn of a magnetic belds

on an electrically conducting Ruid.
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Thus, the electric Peld viewed by the partid#, is related to the one measured in
the laboratory by

EDE®° v B (10.6)
Since the Ruid does not contain free chargd,j®so that (0.5 now reads
jD .ECv B/ (10.7)

Finally, the fourth Maxwell equation can be simplibed usid®.). This
inequality allows us to estimate the order of magnitude of the displacement term
"o o@=dtcompared to other terms:

. @ _ 1@ E LB V2

~D-— — — —r B r B
00@t c2@t 2T c2T2 2

where we noted thé®  VB. The displacement beld is therefore very small and
will be neglected. The magnetic beld thus veribes:

8
r BDO

<r BD oj

@ (10.8)

®p
@t
"iD .ECv B

r E

The third equation is called theduction equationlt is usually written without the
electric beld, namely as:

@Dr .w B/ r .r B/ (10.9)

@t

where D 1=. o/ is themagnetic diffusivityThis quantity is expressed in’fs
just as the kinematic viscosity. Thus, a new number arises, natmelynagnetic
Prandtl numberwhich is debned as

PmD —

When is a constant, the induction equation reads:

@5, v oBiC B (10.10)

@t
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We observe that this is a linear equationBoUsing non-dimensional variables, we
rewrite this equation as

@ 1
— D . BIC— B 10.11
r u Ren ( )

@

where Rg, D Yt is themagnetic Reynolds number

10.2.2 Boundary Conditions on the Magnetic Field

The partial differential equations that we derived for the magnetic peld need
to be completed by boundary conditions. Basically, the magnetic beld must be
continuous. However, in many situations it is desirable to idealize the medium which
bounds the Bow. This is often a way to avoid the computation of the magnetic beld
outside the Buid domain. Just like temperature, two ideal cases are used: the perfect
conductor or the perfect insulator.

10.2.2.1 Boundary Conditions at an Electrical Insulator

If the Ruid is bounded by an electrical insulator, the current outside the domain is
vanishing, namely is zero. Hence, outside the Ruid domain

r BDO z BDr

SinceB is continuous at the surfacB, must match a potential beld. On the other
hand, no current crosses the boundary so

j nDO z nr BDO

This equation shows that if the beld is continuous, this is not the case for all
its derivatives. The normal component of the curl is the only combination of the
derivatives that is continuous.

10.2.2.2 Boundary Conditions at a Perfect Electrical Conductor

These boundary conditions are debnitelyrendelicate to establish. To be as clear

as possible, we shall consider the case of a Buid meeting a (solid) conductor whose
conductivity will be increased up to inPnity. We then focus on the beld inside the
wall.
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Let us assume that the magnetic Peld includes a time-variatiorefike(this
might just be the Fourier component of a more complex time dependence). In the
solid, we assume thatD 0. HenceB veribes

i'!BD s B

where g is the diffusivity inside the solid. We shall let this quantity vanish. If we
assume the surface separating the RBuid and the solid to be thezolar® (solid

z 0, Buidz < 0), then we might also assume that the variationB @flongz are
much faster that along the other directiolmsother words, we assume the existence
of a boundary layer. In this layeB, veribes

i! BD S%

whose solution is
B D By.x;yle 1CVZS (10.12)

Here, Bo.x;y/ is the beld az D 0 andS is the boundary layer thickness (the

skin depth in electromagnetism). Let us underline the similarityl® 12 with

the Ekman layer: the beld shows an oscillatory damping (but without changing

direction). The thickness of the layer reads:

r S
2 2
|_s D 5

SD

(10.13)
s 0

The foregoing expression shows that thagnetic bPeld does not penetrate into the
solid if the product ¢ goes to inPnity.

Now, if we use the Bux conservation in the solid, namely thatB D O, the
normal component dB may be expressed with the divergence of the tangent beld,
ie.

Bo:D .1 Ci/Sr Bo.x;y/

Again, this equation is very similar to that of the Ekman pump®$38. It shows
that when the thickness of the layer goes to zero, this component vanishes. We thus
Pnd that at the boundary of a perfect conductor

B nDO (10.14)

Namely, that the Peld does not penedratto a perfect conductor. We may also
observe that in the solid the beld is proportionakté™ with § | 0. Thus, the

Peld is zero inside the perfect conductor. However, the tangential component of the
Peld may remain Pnite at the surface, thus having a jump at the surface (note that
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the normal component is continuous though). The gradient of the Peld, and thus the
current density diverges near the surface. Indeed,

. Bo
. 1 ACi/ Y -
j D r BD BOX e ACi/z=8
0 0S 0

Thus, there is always some current at the surface of the conductor. One usually
introduces aurface current densitys debned by

Zc
js D ]dZD n B=g
0
which is Pnite and measures the jump in the tangential components of the magnetic
Peld when one crosses the bounding surface.
Now, let us focus on the electric Peld in the solid. We have
. r
ACil

ED —e, Bge €V=po.
s 0S s

It shows that this Peld disappears as expected when the conductivity is inbnite. Thus
at the interface with a perfect conductor we should write

E nDO (10.15)

namely, the tangential electric Peld vanishes. Using OhmOs law and the f&t that
etj are both tangential to the bounding surface, this condition also reads

j nDO or .r B/ nDO (10.16)

10.2.3 The Energy Equation with a Magnetic Field
10.2.3.1 The Maxwell Tensor

We shall brst note that the Laplace fojce B is also the divergence of a tensorial
Peld. Indeed,

J BLiD@ i

where

1 1 ..
ij D —.BiBj EBZSij/
0

— is the magnetic stress tensor or Maxwell tensor.
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10.2.3.2 Joule Heating

To derive the equation governing the local evolution of internal energy we need to
start with the energy balance that lead us1®§ and to introduce the magnetic
terms.

For that, we consider some volume independent of time because the magnetic
Peld is not attached to the Ruid. The energy balance in this volume reads

z z z

d 1 B2 1
— .=V¥CelC — dVvD .=V Celv dS E B=, dS
da v, 2 20 s/ 2 S/ 0

z z

C f vdvC Vi ijds
v/ .S/
z z
F dScC Qdv
.S/ v/

In this expression the new terms are the magnetic energy density that completes
internal and kinetic energies, and the Poynting Bux B= g that represents the
surface RBux of electromagnetic energy through the boundary. We may be surprised
of the absence of the Laplace force. Thisnatural: the Laplace force does not
modify the energy content of the volume. It just permits exchanges between the
kinetic and magnetic energies reservoirs. To simplify the foregoing energy balance
we need using the magnetic pelti0(9. After a scalar product byB= ¢ and

using (L2.40, we obtain

@BzDr v B r B B=g v.j B .r Bl*= 10.17
@t 2_0 —) =0 .J . -0 ( . )
This expression shows that the power of the Laplace ferce B/ extracts energy
from the magnetic reservoir (and so Plis that of kinetic energy).

Now, combining the magnetic energy equation with that of kinetic endr@8(
(completed with the Laplace force work), we bnally get:

D
E:'\Dr L TT/ ProvC ot WIC .t v2C 1 Bl o (10.18)

This equation shows that the magnetic beld is at the origin of a new source of
internal energy (and entropy) through the term  B/?= ¢ which represents the
Joule heating (see exercises).
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10.3 Some Properties of MHD Flows

10.3.1 The Frozen Field Theorem

When the diffusion time of the magnetic peld= is large compared to the
advection timeL=V , the magnetic Peld is just like OfrozenO in the Ruid. The pbeld
lines are attached to the Ruid particles. Then, we can show the following theorem:

When the magnetic Reynolds number increases to in nity, the magnetic eld ux
through a surface attached to uid particles is constant.

To prove this theorem, we need to show that the integrﬁl dSis constant
whenS is attached to Buid particles. If we use the vector poteAtial the magnetic
peld, the demonstration is quite similar to that of KelvinOs theorem that we studied
in Chap3. Indeed, setting D 0, we have

%tDr .v B/ z %tDv r ACrQ (10.19)
whereQ is an arbitrary function.
Let us call .t/ the magnetic Bux through the surfage/ which leans on the
contourC.t/ carried by the RBuid. We write

4 I

t/ D B dSD A dl (10.20)
S.t/ C.t/

Just like in KelvinOs theorem demonstration, we use reldtia@) @nd bnd
I I
d Q@A

—D — . B/ d;D di DO
dt cu Ot b C.t/@Q l

where we used1(0.19. The RBux ofB through an open surface given by a contour
attached to RBuid particles is therefore a constant.

10.3.2 Magnetic Pressure and Magnetic Tension

The Laplace force may also be written as

1 1 B2
j BD—.or B/ BD—Br/B r —
0 0 2 9
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thanks to {2.43. In this new expression we note that part of the force derives from
a scalar potential which is known as timagnetic pressuréVe set

BZ
PnD — (10.22)
20

The magnetic pressure is therefore identical to the magnetic energy density.
The remaining term,B r /B can be split, just asv r /v in EulerOs equation
(see Cham, 3.12), as

@B B2n
B r/BDB—eC — 10.22
o R ( )

The brst term is called thmagnetic tensiosince it is parallel to the beld line while

the second term is theurvature forcesince it grows as the radius of curvatiRe
decreases. Note that the tension term is equal to the longitudinal component of the
magnetic pressure gradient. This is a consequence of the fact that the Laplace force
has no component aloriy

10.3.3 Force-Free Fields

When the current density is parallel to tm@gnetic beld, the Laplace force vanishes.
Such situations are thought to exist (approximately) in regions where the magnetic
pressure is strong enough to control the distribution of matter, and therefore that of
currents. The most famous example is the atmosphere of the Sun: there the magnetic
beld is dominating and shapes the distribution of matter. The most spectacular
illustration of this situation is given by solar prominences (see Hdl). The
structure of these magnetic features is often approximated using a force-free beld.
Below, we shall also use a force-free beld to get a simple example of a dynamo.

If the Laplace force is vanishing, then the magnetic beld veribes the following
extra-equation

r BDK.r/B (10.23)
The functionK. r/ is unknown, but since B D 0, it must verify:
BrKDO

which means that it is constant along the beld lines.

3The reader may verify that an energy volumic density is dimensionally identical to a pressure.
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Fig. 10.1 Left a modelling of the solar coronal magnetic belds using féree Pbelds by
Tadesseet al. (2013. Right extrapolation of the magnetic peld of the star V374 Pegasi from

spectropolarimetric observations. This star is a red dwarf of 0.28 solar mass with a radius about one
third that of the Sun. Its magnetic Peld is quite strong (0.2 T) and generated by a turbulent dynamo
triggered by the thermal convection that transport heat from the central regions to the surface (see

Morin et al,, 2008. (Picture by M. Jardine & J.-F. Donati)

One example of a force-free beld may be obtained if we asutoee constant.
Then, BD Kr B D K?2B, which means thaB veribes Helmholtz equation,
namely:

CK?BDO

Since we took the curl ofl0.23, the solution of this equation are too general, but
among them, there are some where the cuB &f parallel toB. A simple example
is given by

cosKz
B D By sinKz
0

which is indeed a force-free beld.
There are other solutions in cylindrical or spherical geometry, but they are more
complex (see Moffatt 978for instance).
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10.3.4 The Equipatrtition Solutions and Elsasser Variables

When the Ruid is incompressible and when diffusive effects are neglect&l (
D 0), there exists a simple steady solution to the equations of MHD. The equations
for a steady Row indeed read:

1
vrvD r PCP,W/C—B rB
0

r .v B/DO
r vDr BDO

These equations are satisbed if
B
vD p— and P D Cst Pp (10.24)
0

This is theequipartition solutiorbecause

1,  B?
> v-D 2
The kinetic energy density equals the magnetic energy density. This solution
shows that the quantitB=" "~ ¢ is a velocity. This is theAlfvén speedThe
equipartition solution is a solution of thonlinear equations. It slowly fades with
time when diffusion is included (over a typical diffusion time nhi= ;L °=/).
Chandrasekhafl@61) has shown that this solution is linearly stable.

We shall come back later on the physical meaning of the AlfvZn speed. We
may however notice that it naturally introduces new variables, calleéi$ésser
variables which are debned as:

Combining the momentum and induaticequations (and taking into account
diffusion terms), we can derive this other form of the MHD equations, namely

8 @c
<@Cz rz°D r C ¢ z°C z
(10.26)
:ngCrzDrC 2°C ¢ z
@t
whereweset D.P CPn/= and D % / . The equipartition solutions

are simplyz D O.
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10.4 The Waves

10.4.1 Alfvén Waves

Let us consider an incompressible Buid bathed by a uniform magneticBeld
The RBuid is in equilibrium. Small amplitude perturbations are denbtéaor the
magnetic Peldy for the velocity ang for the pressure. We neglect diffusion. These
perturbations are governed by the following equations:

8
1
O@tD rpC—O.r b/ B
<
%tDr .v B/ (10.27)

“r vDr bDO

We brst derive the dispersion relation of the associated freely propagating waves.
We set

v/ expilt Cik x/ b/ expilt Cik x/

The system0.27 turns into

8
olvD kak b/ B= ¢
<
'bDk .v B/ (10.28)
v kDb kDO
which leads to
8
< bD KBy
(10.29)

so that the dispersion relation is

2
2 B K

(10.30)
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We now introduce the AlfvZn spe&t D B=p o oand the angle between the
wave vectok andB. We get

!
'F D Va cos (10.31)

The AlfvZn speed is therefore the maximum velocity of the waves. These waves
are theAlfvén wavesJust like inertial waves or gravity waves, these waves do not
propagate isotropically. They cannot prgpée in a direction perpendicular to the
Peld, and are the fastest in the direction parallel to the beld lines. These waves may
be thought as the ones propagating along a string, where the magnetic peld lines
play the role of the string. Their group velocity,

B B
VgDril. kKD p—=D Va—=
00 B
shows that the energy only propagates along the beld lines at the AlfvZn speed.
Unlike inertial and gravity waves, the phase and group velocities are not orthogonal.

10.4.2 Magnetosonic Waves

When the compressibility of the Buid cannot be neglected, AlfvZn waves are coupled
with acoustic waves and form the setrofgnetosonic waveshich we now study.

To analyse their properties, we start frob®(27) but now taking into account the
density perturbations. Still considering inbnitesimal amplitudes, mass conservation
now implies:

@ C or vDO
@t

Just like for acoustic waves, the density perturbation is related to the pressure one
by p D c2 , wherecs is the sound speed (sé€el6). As usual, we decompose

the disturbances on the plane waves and get the following relations between the
amplitudes:

8
b kDO

<! C ov kDO
'bDk .v B/ (10.32)
' vD pkC.k b/ B=g

' pDcZ

Eliminating the pressure, the magnetic Peld and the density, we are left with an
equation where there is only the velocity amplitude:

0 o 2D . g o¢2CB?.v k/kC .k B/>v .v Bl.k B/k .k Bl.k viB
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The dispersion relation is conveniently derived if we write this equation in a matrix
form (like 5.8). Then, we set to zero the determinant. Very generally, we may bx
the direction of some vectors. For instance, we may ch&g$e Be, and, using
cylindrical coordinates, sé¢ D kses C kze,. As before, is the angle betweeB
andk. We also seB2D o oVZ2. Thus, the foregoing equation reads

VD —€CV2k v VZk k V2K Vikse
where 2D ! 2 k2VZ2. More explicitly,
2vs D .V2k2/vs C .c2ksk,/ v,
2v. D .VZk ks/Vs C .c2k: K,/ V, (10.33)
2v, D .c2ksk/Vs C .c2 V2IKk2v,

whereVZ D V2C c2. Zeroing the determinant of this system leads to the dispersion
relation:

14 12k2V2C 2l Ck%c2kaVall 2 k2VZ DO (10.34)

This new relation contains three types of waves that are specibed by their phase
velocity =k . The brst one is the pure AlfvZn wave:

|
— D Vacos
k A

For this wave, compressibility does not play any role. Indeed, taking the last two
equations of 10.33, we bnd thaksvs D kv, D 0 andv undetermined. This is
always a transverse wave, namklyw=0, and the density Bugation is always zero.
The velocity beld is perpendicular to the plane formed by the wave vector and the
magnetic peld.

The two other waves have the following phase velocity:

8 %
v q
y DP V2ZCc2C .V2Cc2/2 4cog V2c2
< 2
y . (10.35)
#vicez Vv2Cc2? 4cog V22

> VsD >

They correspond, respectively, the fast magnetosonic waamdthe slow mag-
netosonic waveln general these waves are neitltransverse nor longitudinal.
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Fig. 10.2 Phase velocity of the three magnetosonic waves in polar coordinatessoliidine
denotes the AlfvZn wave, thaotted lineis for the slow magnetosonic wave and theshed line
the fast magnetosonic waveeft The case where the medium is such tfat> cs. Rightwhen
Va < cs (hereVa D 0:9¢)

Two cases deserve some attention: the case when the wave propagates either
perpendicularly ( D =2) to the magnetic beld or along it © 0).

¥ If D O, thenV; D csandvs D v D 0. The wave is longitudinal. This is just
a plain acoustic wave. There is no magnetic beld perturbation. The slow wave
veriPesVs D Va: this is a pure AlfvZn wave.

¥ If D =2,we Dndqonly the fast magnetosonic wave, propagating with the

phase velocityy D V2 C c2. Itis longitudinal. In fact, this is an acoustic

wave which propagates in a Buid whose pressure is increased by the magnetic
pressure.

We show in Fig10.2the phase velocity of all these waves for every angl€his
diagram is sometimes callédiedrich diagram

10.5 The Dynamo Problem

One of the fascinating properties obriducting Ruids is their ability to generate
magnetic belds by the famodgnamo effectThanks to this effect, planets like the
Earth or Jupiter or stars like the Sun own a magnetic beld.

The dynamo problem is also one of the most complex in Fluid Mechanics,
because no simple solution of this problem exists.
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10.5.1 The Kinematic Dynamo

To make a brst step into the dynamo problem, it is convenient to start with the one
of the kinematic dynamo. A kinematic dynamo is a velocity beld that amplibes the
magnetic beld without being perturbed by the Lorentz force. Such a velocity beld
is prescribed and whether the solution of the induction equations grows or not the
velocity beld is considered as a dynamo or not. Thus wegasmd solve:

8

<@Dr v B/C B

@t (10.36)
“r BDO

with boundary conditions. Note ththis problem is linear foB. We may set
B.r;t/ D B.rle'

and the velocity beld is a kinematic dyna if and only if there exist a critical
diffusivity it such that if < 4 then Re/ > 0 . Introducing a length scale
L and a velocity scal® , we may associate with.i a critical magnetic Reynolds
number beyond which the magnetic Peld is amplibed.

The reader may have guessed that bnding a kinematic dynamo is much more
difbcult than determining the stability of a Bow. Indeed, in this new problemiya ve
large number of OparametersO control the stability of the magnetic beld. These are
all the values of the function.r/ in the BuidOs domain. In fact, a kinematic dynamo
is to be found in a function space. In addition, we shall see below that, when a
dynamo exists, it cannot be a simple velocity peld.

Two kinds of kinematic dynamos are usually distinguishedfdlsedynamos and
theslowdynamos. If the time scale which controls the growth of the magnetic beld
is the diffusive one, namely?= then the dynamo is said to be slow. If, on the other
hand, this time scale is the advective one,lieV , then the dynamo is said to be
fast.

Presently, nobody knows a criterion on the velocity Peld that tells whether a
dynamo is slow or fast. We only know that some characteristics of the Bow are
favourable for a fast dynamo. For instance, if the trajectory of the Lagrangian parti-
cles are chaotic or if the velocity Peld owns shear discontinuities, the amplibcation
of the magnetic beld may be fast.

10.5.2 The Ampli cation of the Magnetic Field

As a brst step, we shall examine the ways magnetic belds can be amplibed by a
Bow. This is actually the role of the term .v B/ in the induction equation.
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To show this, let us consider the case where the velocity beld is zero and show that
necessarily the magnetic peld disappeRreeribes

8

@
< @tD B

(10.37)
r BDO

: Boundary conditions

We scalarly multiply the brst equation IB/and integrate it over the whole space.
This gives us the evolution of the magnetic energy (up to théctor):

%1 z
el “R2
G 5B’dvD B Bdv (10.38)

with (12.40 we bnd
r B .r BI/D.x B? Br r B

thus
Z Z Z Z

B BdvD Br r BdvD .B r B/ dS .t B/2dV
Vi Vi S/ AV,

Now we assume that the conducting Buid does not bll the whole space, so tBat
is zero on some sufpbciently large surf&e€eThe magnetic energy veribes:
Z
dEn

— D .r Bl2dv (10.39)
dt Vi

which shows that it decreases with time. If there is some amplibcation, it must come
fromther .v B/-term, which we now study.
Using the equalityX2.41), the induction equation may be rewritten as:

DB -fED * fE
ﬁD.B riv Br vC B (10.40)

Two terms are potentially able to amplify the magnetic beld. The role of the second
one (Il) is easy to understand: when the (compressible) RBuid Bow is convergent
(r v<0)the Peld lines are gathered, the [fensity (namely, the beld) increases
(see Figl0.3). This term disappears when the compressibility of the Buid vanishes.
It remains however the brst term (I) which is also able to increase the iti@aeé.

We see that this phenomenon occurs when the velocity gradient is parallel to the
magnetic beld. In this case the component of the magnetic Peld along the velocity
vector grows. This isillustrated in Fi0.3. There, we see that if the magnetic beld
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a b Created component

= m /

Initial
component

Fig. 10.3 Amplibcation ofB by (a) a converging 3ow: the Bow convergence gathersdlidines
thus increasing but does not change its direction. In) B is amplibed through the raise of a new
component

owns a single component and the velocity beld is in the direction orthogonal to it,
with some shear, then the magnetic beld gets a new component parallehite

the initial component is not affected. Hentlee magnetic energy increases locally.
One may note the analogy with vorticity (see CH)p.

10.5.3 Some Anti-Dynamo Theorem

The dynamo problem is a difbcult one because there is no simple velocity peld
that is able to amplify a magnetic beld. Generally speaking, a dynamo has a low
degree of symmetry. We show below that no purely axisymmetric dynamo exists.
This result is the brst antidynamo theorem. It was bPrst demonstrated by Cowling
(1933 and may be stated as follows:

An axisymmetric magnetic eld cannot be sustained by an axisymmetric velocity eld.

We demonstrate this theorem by showing that if lBthndv are axisymmetric,
thenB necessarily decays. Fthis, we brst writeB in cylindrical coordinates:

1@A

s@
B.s;zt/ D B (10.42)
1@A
s @s

Here B is the toroidal component of the beld whiteis related to the toroidal
component of the vector potential by D sA . A controls the meridional
Peld (also called the poloidal component). We now derive equations governing the
evolution of A andB (details are given in appendix).
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Using the components alorgy and e, of the induction equation, we Pnd the
equation forA:

@ACvrAD 2@

ot rar (10.42)

This equation shows thak is simply advected and diffused. As time passes, it
evolves towards a constant, which means that the meridional magnetic pelds go
to zero.

WhenA is a constant, theB veribes

%?c sv r.B=s/D . 1=¢/B (10.43)

where we assumed here thtat v D 0. This is a similar equation as the one for
and therefor® also converges to a constant, which is necessarily zero (why?).
Thus, no axisymmetric velocity Peld can sustain an axisymmetric magnetic beld.

10.5.3.1 Other Cases

The foregoing theorem is one case among a larger set of theorems which state cases
where a magnetic beld cannot be (re)generated. Here are some examples:

1. No magnetic beld independent of one space coordinate can be sustained by a
velocity peld of the same type.

2. A divergence-free velocity beld without any radial component (namely always
tangent to a sphere) cannot sustain a magnetic beld.

3. A two-dimensional Row cannot sustain a magnetic beld.

4. A purely radial Bow cannot sustain a magnetic beld.

10.5.3.2 Conclusions
All these theorems show that a two-dimensional velocity Peld cannot sustain a two-

dimensional magnetic beld, whatever the surface we work on (plane, cylinder or
sphere). A magnetic beld can be generated only in three dimensions.

10.5.4 An Example: The Ponomarenko Dynamo

According to the foregoing discussion, a simple example of a dynamo Row is not
easy to bnd. The Ponomarenko dynamo is one of them and was found not so
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long ago. The RBow has the following form:

vD!se CUg s<a

vD O s>a

in a RBuid that Plls the whole space. Thisam axisymmetric Row and therefore
only non-axisymmetric magnetic belds can be amplibped. We are thus looking for
solutions of the form:

B D Bo.s/e"™ CkCt

We leave the resolution of this problem to the reader as an exercise. The result is
the following: if the productU is large enough, then there exist unstable magnetic
modes, for whichRe./ > 0 andm =& 0 of course. This RBow can thus amplify
magnetic Pelds. Two ingredients are indeed very favourable to this property: brst, it
is a helical Bow. Helicity

HDvr vD2lU

is non-zero and we note that a critical valof it determines the dynamo action. We
shall see below that this is indeed anpiantant quantity for dynamos. Second, the
Bow owns a very steep (actually inPnite) velocity gradient Bt a. This is a very

useful feature for a dynamo because wéiced that magnetic beld amplibcation
only depends on the velocity gradients. This inPnite gradient implies that all the
scales of magnetic beld are amplibed, and in fact lead to a fast dynamo (see Gilbert
1988.

10.5.5 The Turbulent Dynamo

We learnt that dynamos are necessafllyws of low symmetry. Hence, it is no
surprise that turbulent Bows are very good candidates to be dynamos. Actually,
natural dynamos in stars or planets are all turbulent Bows. Of course, using
turbulence to make magnetic belds is not an obvious way since we have no general
theory of turbulent Bows as we saw in the previous chapter. Nevertheless, the
analysis of equations reveals some general laws that are helpful to understand what
we see on the Sun or planets (including the Earth) as far as magnetic beld are
concerned (see Fig0.4for an illustration of the solar magnetic cycle).

To study the role of turbulence in the generation of magnetic beld it is useful to
split the belds into their (ensemble) average and Buctuating parts. Thus

BDhBIiC B and vDhviC\°
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Fig. 10.4 The magnetic cycle of the Sublp The surface covered by sunspots as a function of
time. BottomThe distribution of sunspots as a function of latitude and time (color itelctoe
importance of the spotted area). This diagram shows that spots appear at a latitude that decreases
with time. When the equator is reached, a new cycle starts with the emergence of newapuds a
latitudes 30% (source: Dr. David Hathaway, NASA)

Reporting this decomposition into the indion equation and taking the average,
we get
@8 r wihB/Cr h BiC B
@t
Correlations between velocity and magnétald Buctuations appear. They generate
a mean electric peld:

EDh® BY;

To go forward, we need to model this correlation. When the mean magnetic peld
is not too strong this may be done rather precisely. Indeed, the magnetic beld
Ructuations verify:

@O H 0 0 H 0 0 0 0

6tDr tvi B°Cv? hBi Cr . B°hv? BY/C B
If the velocity RBuctuations are independent of the mean magnetic beld, which is
expected if this mean beld is weak enough, then the magnetic beld Buctuations
depend linearly ofiBi, as well agv® BY. Thus, we may write:
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h/o qu D ajj I’Bj iC bijk@ Bgi C (10.44)

where the tensorsa and —b are functions of the turbulent velocity beld (not
perturbed by the mean magnetic Peld). We may observe that they are two pseudo-
tensors that are not invariant by parity transformations. For an isotropic turbulence
we can write

ajj D S ij and bijk D ijk -

is a true scalar but is a pseudo-scalar which vanishes if turbulence is parity-
invariant. has the dimension of a diffusivity and is consequently interpreted as the
turbulent diffusivity of the magnetic beld. has the dimension of a velocity and
gives birth to the now famouapha effectwhich we now discuss.

10.5.6 The Alpha Effect

The alpha effect is important in natural dynamo because this is an efbcient way to

generate magnetic belds. To get a more precise idea of the way it works, we take the
example of a mean force-free magnetic beld with an alpha effect. We assume that
the mean velocity beld is zero. Thus, the mean magnetic beld veribes:

@
ot
where we assumed thatand are constants. We also debnggh, D C . Let

us now determine the condition under whithe mean magnetic beld is amplibed
by turbulence. We set

r BC wo B (10.45)

B D Bg.rlet

wherer Bg.r/ D KByg.r/ . Using (L0.49, we bnd the following dispersion relation
of the Fourier modes:

DK wpK? (10.46)

It shows thatif > K, the Peld is amplibed.
Another way to see the amplibcation effect of the new tetm B is to
reconsider Cowling®s antidynamo theorem. Equati®4 9 now reads:

A 2
s @s

ot A (10.47)
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There we see that we no longer have the simple advection-diffusion of the potential
A that leads to the disappearance of the beld. The toroidal component of tHg beld
comes into play and allows the regeneratioofvhich in turn regenerates.

10.6 Exercises

1. Show that the electric current that would result form the presence of free charges
in the non-relativistic Bow of a conducting Buid is always negligible compared
to the induced current. Show that it implies that the force exerted on the Buid by
the electrostatic forces is always very small compared to the Laplace force.

2. Show that the power dissipated by Joule effect in an electric cilgifitwhere
R is the resistance of the circuit ahdhe intensity of the current that circulates)
has the same origin as the magnetic dissipation that appedr@. k8

3. Study the dispersion relation of a plane wave in an homogeneous isotropic
turbulence where the alpha effect is gesand where the mean velocity is zero.

4. The magnetorotational instabilityThis instability is much studied in Astro-
physics since it is thought to be the main source of turbulence in accretion discs
(see Chapp). Here we propose a simplibed study of this instability.

We start with the system made of a differentially rotating incompressible 3uid
contained between two inPnitely long cylinders (see %e2tl). The Ruid is
now bathed by a uniform magnetic beld parallel to the rotation exit et
U D U.ss/le D s .s/ e be the basic differential rotation andthe velocity
perturbation Bpe, the imposed magnetic Peld aéB D Bgb its perturbation.

We assume that all perturbations aresgmimetric, of vanishing amplitude and
proportional to exp!t/ .

(&) Show that

2
iluD2 ue 5—Ue 1 p= CVir b e (10.48)

i'!bDr wu e/ C.br/U Url/b (10.49)
where magnetic diffusion is neglectedis the epicyclic frequency as given

by (6.10. What is the expression of ?
(b) Show that

.br/u .U r/std—bSe
ds

(c) We now assume that disturbances just dependamd are proportional to
exp ikz/. Show that

r .u e/Diku and u,Db,DpDO

(d) and deduce that
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8
il us 2 u D v2ikbs

“il u C ,us D V2ikb
b 5 D iku
" ilb - Diku Cscbs

(10.50)

(e) From the foregoing relations show that the dispersion relation reads
d 2
14 2C 22k 2C Vv2k? VZk2C s4g DO (10.51)

(f) Show that at least one root of this equation may lead to an instability. Derive
the following condition for instability:
d 2 K2
s—— < k 10.52
dS a ( )
What is the general condition on the Row that can be deduced?
(g) We sety D v2k2. Show that the growth rate of the instability is maximum
when

(h) Show that the maximal growth rate is given by
s d
| - -
I max D > ds (10.53)

(i) Show that the keplerian Row / s 372 of an accretion disc of thickness
can be unstable if the background magnetic beld is less than a limiting value.
Give the expression of this upper limit.

Appendix: Equations of the Axisymmetric Field

We start from 10.41) and write the diffusion term and the curl of the electric beld
EDv B:

s ?/ 1@A G
s@ @
B . s 2/B r E @& @&
@ @s
1A 1 @sE

s @s g@
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Thee; ande,-components of the inductioi.10 lead to:

A
o D SE C s. s 2/A=sC f.s/
@t
@@AD @sE S 1@A
@t@s @s s @s
We take thes-derivative of the brst equation and add it to the second equation. We
Pnd:

0 @ 2/ 1@A
ODf "s/C @g. s ?/A=s s s @s
but
—@S S 2/A:S }@A D @ 5_@é _@ é _@ S—@ }@A
@s’ s @s @3 O @ss?2 @s @s s @s

which shows that the terms in parenthesis cancel and that D 0. Noting that

@A @A
s D VS@SC VZ@

we bPnd (0.42 up to a constant.
To derive the equation fd we take thé -component of the induction equation;
hence

@B_ @ @& 2
—D— —C. s “/B
@t @ @s
settingv D s!, then
@A @A
| = | =
EsD Bv, ! @s and E,DBvs ! @

Considering the case whefe! Cst, the equation fd8 now reads

@B @, . @s 2
@thrBD B@C6SC s “/B

usingr v D 0, we rearrange the terms so that

@B @ B @ B
@tc SVS@SE Csvz@ —

from which we bnd 10.43.

s ?/B
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Further Reading

A classical reference to the subject of Buid dynamos is the book of K. Moffatt
Magnetic eld generationin uidg1978) unfortunately out of print. The lectures of

A. Pouquet and P. Roberts in Les Houches voluksophysical Fluid Dynamics
(1992) give another introduction to MHD turbulence and dynamos, but see also
An Introduction to Magnetohydrodynamiby Davidson 2001). One may also
consultLectures on Solar and Planetary Dynan(@soctor & Gilbert Edts, 1994),

or Principles of Magnetohydrodynamics: With Applications to Laboratory and
Astrophysical Plasmalsy Goedbloed & Poedt2004).
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Chapter 11
Beyond Fluid Mechanics: An Introduction
to the Statistical Foundations of Gas Dynamics

11.1 Introduction

While introducing Fluid Mechanics, we had to introduce also the idea of continuous
media, which is the mathematical idealization of real Ruids (or solids). In many
circumstances, the limits of this approach arose: for instance the rheological laws,
which relate strain and stress, are not giby Fluid Mechanics, they need another
model. Fluid Mechanics considers these laws as given. In the prst chapter we
observed that in the limit of small perturbations of the basic thermodynamic
equilibrium by the Bow, we could derive the functional form of the rhgadal laws,
namely that of Newtonian Buids, but the specibcity of the Buid was then condensed
in its viscosity or, more generally, in its transport coefbcients.

Fluid Mechanics does not say anything about transport coefbcients: it is in
the same position as Thermodynamics which does not say anything either on
thermoelastic coefpcients of the various materials. Fluid Mechanics and Thermo-
dynamics are two theories of the macroscopic world. They give the general laws
that are followed by matter independently of its nature. But to be predictive, both
of them need to be completed either by a more detailed approach that includes its
microscopic nature, or by experimental measurements.

In the case of Fluid Mechanics, the dation of the macroscopic rheological
laws from the microscopic properties of Buids is really well developed in the case
of gases. The case of liquids is much more complicated and thus less explored.

The theory of the statistical properties of gases beyond equilibrium, which is
based on their microscopic properties, is usually calledihetic theory of gases
The present chapter offers an introduction to this difbcult but fascinating subject.
We shall discover for instance how the dependence of the viscosity of a gas with

1A taste of this approach may be found in the book of Guyon e28D13.
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respect to temperature gives a constraimthe potential of interaction between its
atoms (or molecules), thus opening another window on the microscopic world.

As the reader may guess, this is a wide subject which would require a whole
book. We wish to remain introductive therefore shall restrict ourselves to one
question: how can we derive NavierbDStokes equation and FourierOs law for a gas
assumed to be a set of interacting particles? In other words, how can one move from
matter described as a set of interacting particles to a continuous medium?

In the following section we try to give a qualitative answer guided by our
intuition. Since this approach may not be fully satisfying to some readers, we pursue
with a more rigorous path, leading us to the NavierbStokes equation. Although more
rigorous, this derivation still simplibes reality, but thus doing the reader will be
acquainted with Boltzmann equation and will uncover how to derive the viscosity
of a gas from its sole microscopic characteristics.

11.2 A Qualitative Approach

11.2.1 Back to the Continuous Medium

Let us imagine the change of the number of gas particles in a voimehen

this volume decreases from a macroscopic value to an inPnitesimal one. Plotting the
particle densityn D SN=8V (SN is the number of particles i§V), as a function of

the scalesV /=3 one obtains a curve like the one drawn in Hif.1 Two values

need to be underlined:y, is a macroscopic scale beyond which density variations
are noticeable because the gas is not at equilibriumlLapc microscopic scale
below which the particle density decreases until vanishing. Approximating the gas
by a continuous medium is assuming that the plateau Bt ny continues until

sV D 0.

N
v

No

Lm L L

Fig. 11.1 A schematic representation of the number density as a function of scale



11.2 A Qualitative Approach 409

Thus, we can build a continuum that represents the average properties of the
plateau appearing at scalg, . For this new medium all the variables are continuous
and derivable functions of space and ¢inexcept, eventually on some surface. Of
course it may well be that this plateau does not exidtif Ly . In this case the
continuous medium model cannot be uselisinodel relies on the assumption that
there exist a separation of scale betwé#s:m macroscopic and microscopic world,
namelyL n, L v . This is this separation of scale that misses when one tries to
build a mean-peld theory of turbulence.

We shall remember that the continuous medium is a model of matter where all
the points of space are gifted of mean Pelds values, nahwely;t/, i .x;t/,

%mv2 .x;t/ etc. WeOll have to give the way to compute the averages, but this is not
necessary for our qualitative discussiorave postpone the precise debnitions for
the next step. Presently, we just need to imagine that we take an average over a small
Buid volume that contains enough particles.

11.2.2 Particles Interactions, @llisions and the Mean Free
Path

To make progress we now need to review some important features of the micro-
scopic nature of the Ruid, in other words we need to describe our model of atoms
or molecules that make the RBuid. As mentioned previously, we restrict ourselves
to gases. At the microscopic level, theme characterized by the fact that their
particles do not permanently interact. drdictions represent a small fraction of
their trajectories and therefore can be calbetlisions The main part of a particle
trajectory is a free Ry at constant speed. This means that we assume an effective
short-range potential for the interactioattveen particles. We easily conceive that
this is valid only for dilute gases. To makiéis argument quantitative we introduce
the van der Waals radiug, of the particles: it can be thought as that of the sphere
where the interaction potential energy is of the same order as the kinetic energy of
the particles. Thus, a gas is dilute when

g 1 (11.1)
wheren is the numeric density of the particle§1(1) means that the volume of the
particles is negligible compared to the volume occupied by the gas or else that

e n 1=

namely that the van der Waals radius &y small compared to the mean distance
between particles.

For such a gas, the brst step to understand its properties is to assume that the
particles are likeslastic hard spheresf radii r,,. For such a model, the interaction
potential is very simple: it is either zero or inbnite. More realistic potentials will be
considered in the second step.
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Fig. 11.2 Collision between
two elastic hard sphere of
diameterd. The exclusion
sphere has a radius

The hard elastic spheres model will serve us as a guide along this chapter. As a
start, it will allow us to debne the mean free path, a crucial concept to understand
the microscopic world.

Let us brst note that the distance between two balls is equal to their diameter
d when they collide (see Fidl.2. Thus, during its motion, a particle sweeps a
cylindrical tube of sectiond 2. Collisions occur when another particle is in this
cylinder when the particle passes.

Letv be the velocity of the particles, the volume swept per unit time is §ugt.

If the number density is, we may consider that D n d v collisions occur per
unit time for a given particle. We here admit that the collided particles are bxed.
We deduce that=N is the time interval between to collisions:N is therefore the
distance swept between two collisions or the mean free path. Thus, we get

1
d 2n

for the mean free path. A more rigorous approach where one takes into account
the motion of the collided spheres gives (see SEL#.3:

1
"D p——— 11.2
2d2n ( )

Our simplibed approach gives a very good order of magnitude.

. P . .
2 The origin of the  2-factor may be understood with a simple argument. We brst observe that the
number of collisions is controlled by the relative velocity of the particlesN.@® n d 2v,. But
Y D v vpwherev, is the velocity of the test particle. If we identify with the rms velocity

2
Vel » W€ get
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11.2.3 The Velocity of Particles

The characteristic velocity of the particles is that of thermal agitatigm if we
write the velocity of a gas particle as the sum of an average veldeityand

a random velocity of zero averagg the microscopic transport is controlled by
this random component. But various choices are possiblef@arindeed, we may
choose

p———

that is to say the average of the norm of the velocity or the root-mean-square
velocity. Other choices are also possible. As we shall see later, the velocity statistical
distribution is close to the equilibrium MaxwellDBoltzmann one. Thus, we have

Z r—
m 327 Cl m2 8kT
UD tkuki D —— ue x4 wduD — 11.3
! 2 kT 0 m ( )
and
7 r
p m 3==2-°C1 m? 3KT
2 - 2a x&T 2 -
Ums D  Hkuk?i D KT . u‘e 14 u“duD - (11.4)

We choose D T, but the other choice is not very different becaugg=u' 1:085

11.2.4 Energy Transport

When we faced the problem of giving an expression to the (surface density of)
heat BuxF, we assumed that the Buid was close to the thermodynamic equilibrium.
We thus expanded this quantity in powers of the temperature gradient takes as t
quantity measuring the distance to equilibrigive thus deduced FourierOs law:

FD T

where is the thermal conductivity.

vZ, D V2 C V3 2N v

The randomness and uncortaa of velocities imply th&tl/ Voi D 0. Since the test particle is
not different from other particle;v% D V2.Thusve D 2w

3Actually, this expansion can be generalized tata physical quatities that neasure the distance

to thermodynamic edlibrium like shear, gradient of concemation, current etc. We touch here
OnsagerOs approach who worked out the general theory of slight deviations from thermodynamic
equilibrium. Our purpose here is not that general and we shalld@nsnly situations where Buxes
depend only on a single quantity, which is correct in the simple cas¢svthare considering.
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Fig. 11.3 The particles of a gas in two layers of thicknesg The upper layerhas a mean
temperatureT.zg C z=2/ and a mean velocitwy.zg C z=2/, resp. T.z z=2/ and
V.2 z=2/ for the lower layer

In order to have more information on this coefpcient, we consider the case
where the imposed temperature gradient is uniform along-izds, namelyF D

@, T e,. Dividing the gas into layers of thicknessz (see Figl1.3, we brst
observe that in a steady state the massawh layer is conserved. The particle Bux
across any planeD z, is zero.

Let n be the number of particles per unit volume antheir typical velocity
(for instance their mean velocitkvki). The number of particles crossing the plane
zD z in the upward direction through the surface elemd$and during the lapse
of timedtis

nvdtdS

where is a dimensionless constant of order unity. Each particle carries some
momentum and kinetic energy. As a brst stepconsider their kinetic energy, which
is a scalar quantity.

Setting to zero their mean velocities, the two layergat z=2andzy C z=2
differ by their temperature$ .z, z=2/ andT.zp C z=2/ respectively. If we
remember that temperature is just a meaf the mean kinetic energy of the gas
particles, each particle of mass moving from one layer to the other carries the
kinetic energy%mvz. On average, the Bux of kinetic energy reads

FD Og hmAvi.zg  z=2/ hmVPvi.zpC z=2/

where Cis another dimensionless constant of order unity. Note that the Rux is
oriented positively with increasing Now, we wish to use temperature rather than
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kinetic energy, so we use the relation (see appendix):
3 1
KTD =m v
2 2

wherek is the Boltzmann constant. Orders of magnitude say that v, hence
mAv, v mV . This allows us to introduce the temperature in the expression of
F and, with the help of an expansion to brst order, to obtain:

3 dT
FD “wokg — z
2 dz ,
where %js again a dimensionless constant of order unity. This result leads to the

following expression of :
3, o
D Ek tv z (11.5)
Now, the relation between density, mass of particles and number density is:

D nm (11.6)

Besides, the heat capacity of such an ideal gas is

3k
D—-——:
2m

In addition, the thickness of the layer should be something like the mean free path
of the particles. Thus, we may rewritel(.5 as

Dcy V (11.7)

where s still a dimensionless constant of order unity. We could have written
this expression directly, just using dimensional arguments from a set of dimensional
quantities describing the microscopical model we are using. However, our analysis
has the advantage to guide us towards this expression and to make us conbdent that
it contains the relevant physics. At this point, two directions are possible. The brst
one is to use experimental results to derive If this coefbcient turns out to be

of order unity, we have likely captured the relevant physics of the process leading
to heat conduction. If this is not the case, an important physical process has been
missed.

The second direction is to dig more into the theory in order to derive the
mathematical expression of as a function of the microscopic characteristics of
the model. This second way is challenging and will be detailed in the following
sections. Before that we examine the other transport coefbcients in a qualitative
way.
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11.2.5 Momentum Transport

We may now redo the same exercise for the momentum and derive an expression of
the shear viscosity of the Ruid. Just as for heat conductivity, we need considering a
one-dimensional conbguration. The easiest way is to consider a plane sheared gas
Row likev D v.Z e,.

We now need to estimate the force exerted by the laygy at z=2on the layer
atzyC z=2 This force comes from the momentum carried by the particles moving
between the layers. Particles moving upwakd> 0) deposit momentum

mhwi .z =2/

in the layer atzy C z=2, while those moving downwards deposithvi .z C

z=2/in the layer atg z=2 The momentum Rux (positive upwards) is also the
tangential force exerted by the layerzat  z=2 on the layer aty C z=2for a
surfaced§ in other words

df, D nvdS-mhwi .z =2/ mhwi.zpC z=2/

D nvm‘% 2dSD v zdh;xlds (11.8)

where is O.1/. Let us now come back to the dePnition of the stress. The force
exerted on the surface eleme is:

dfD - dS

where— is the stress tensor. Here we wish to know the force exerted by the layer at
7 z=2on the upper layer. Hence, we have to consider the pldhe, seen by
the lower layerd Sis oriented towards the 3uid that exert the stresg,.S® dSs,
anddf, D  xdS Assuming the Ruid is Newtonian, for a plane-parallel Zow we
have
dw dw
D — df, D —dSs

X dz H X dz
where is the (dynamic) shear viscosity. Comparing this expressioth Xy, we
Pnd the expression of shear viscosity, namely:

D v z

As for the heat conductivity, we replace zby ° using the mean free pathThe
foregoing expression leads to that of the kinematic viscoslly = ,

D Vv (11.9)
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As for the heat conductivity, we could have derived this expression by a straightfor-
ward dimensional analysis.

11.2.6 The Prandtl Number

The Prandtl number of a Buid is the ratio of its kinematic viscosity its heat
diffusivity D ==c , (see Chapl, 1.46. From the expressions ofand that
we derived previously, this dimensionless number reads

PD —

where D c¢,=g,. For a monatomic gas D 5=3while experimental measurements
show that? ' 2=3(see Tablel1.1). The foregoing relation suggests that '

2=5 Our naive model gives a Prandtl number of order unity, which is quite correct.
We may have thought that ' implying thatP > 1, which is contradicted by
experiments. Observations thus show thak , suggesting that kinetic energy is
more efbciently transported than momentum. A posteriori, this is not so surprising
since particles of high kinetic energy may indeed have a slightly larger mean free
path than those of small mean free path. This remark shows that if we wish to go
beyond simple orders of magnitude we need a more detailed statistical approach.

11.2.7 Comparing with Experimental Results

Let us end this section with a short discussion of experimental values compared to
those of our simplistic model. For that, we focus on the shear viscosity. To be fair
with the rigid elastic sphere model, we set D 0:491as given by the complete
statistical approach (see Sett.7.5. We get

p

D °“vD mkT (11.10)

2
Tz
In this expression the diameter of the particles is a crucial quantity. However it is not
well debned. If we think to an atom of helium, how can we debne its radius? The
only way is to study the potential of interaction between two such atoms and try to
represent it by that of a hard sphere. This is not an easy matter. To circumvent this
difbculty, we may go back to Thermodynamics and remember that a more precise
model than that of ideal gases is the one of van der Waals. In the equation of state of
this model, the volume occupied by the atoms is one parameter of the model. This
is b in the equation of state

PCI/iv b/DRT
\'%



416 11 Beyond Fluid Mechanics: An Introduction to the Statistical Foundations of Gas. . .

Table 11.1 We give the co-volumé associated with the van der Waals equation of state for
various gases and the van der Waals radius derived ftdni ()

Gas b cm?/mole rw (Nm) © (nm) calc( Pas) obs( Pas) Pobs

He 23:7 0:133 132 13:1 20: 0:680
Ne 17:1 0:119 164 36:5 32: 0:661
Ar 32:2 0:147 107 33:7 22: 0:672
Hy 26:6 0:138 122 8:6 9: 0:693
Air 36:4 0:153 99 26:5 18: 0:714

We give the mean free path frorh1(.2) and the dynamic viscosity fromd{.10. The experimentally
observed viscosity is also given as well as the experimental value of the Prandtl number. The
experimental values of co-volumes and viscosities are from Gtayy. All these values are
computed at a temperature of 300 K and a pressure of 1 bar. The Prandtl numbers are measured at
0%C (Chapman and Cowling970

here written for a single molé.is actually an OexclusionO volume, namely a volume
that is not accessible by the atoms. It is also calleccti@olumeof the gas. If we
assume that these atoms are spheres of ragitigen

N 4
b D -3 2r W3 (11.11)

whereN D 6:022 163 is the Avogadro number. The factbr=2 comes from the
fact that we are counting binary collisions only and therefore for the collisions of
two particles, only one volume is excludédhis radius is usually called the van
der Waals radius of the atom (for monatomic gases of course).

We can now calculate the viscosity of a gas from the experimental values of the
co-volumeb. We did this exercise and reported the values in Takl4.

This table shows a brst positive result: our simple model gives the right orders of
magnitude of the viscosities and a very good value for neon and hydrogen. However,
the matching is not that good with two other monatomic gases, helium and argon.

In fact the good results are an illusion. Omodel predicts thathe variations
of viscosity with temperature are like T independently of the nature of the gas,
while experiments show that helium viscosity varies lik&%° (see Fig11.9. We
here reach the limits of our model and if we wish a better comparison between
theory and experiments we need going deeper into the modeling, especially in its
statistical sides.

“Another way of deriving this factor is to count the number of pairs for a st pfrticles. There
areN.N  1/=2 pairs. Thus whemN 1, there are jusN=2 pairs for each particles. Thus the
exclusion volume is that indicated by.17).
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11.3 Concepts and Questions for a Statistical Approach

The curiosity of the reader may remain unsatisbed by the preceding section and
therefore we feel obliged to lead hinr dier in a more detailed discussion of
microscopic transport. However, a full description would need a whole book like
those of Vincenti and Krugef965 or Chapman and Cowlind.070. Our ambition

is necessarily more modest: we wish to show the reader how the equations of Buid
mechanics, which describe a continuous medium emerge from the dynamics of a
set of gas atoms or molecules and how transport coefbcients like viscosity or heat
conductivity may be rigorously derived. Beside this aim, weQll discover also new
questions that immediately come up from the microscopic side of the world.

11.3.1 The Distribution Function
11.3.1.1 Back on the Continuous Medium

When we derived the rheological laws of Newtonian Ruids, we stressed the fact
that their Buid particles are very clso thermodynamic equilibrium. In view of
Fig.11.1, it means that at scalds such thatL, < L < L y, atoms in§V are

very closeto thermodynamic equilibrium. Wenderlined OcloseO because if the
Ruid particles are exactly at equilibrium, we know that no microscopic transport is
possible: viscosity and heat diffusion disappear corresponding to the perfect Ruid
limit. The rest of the chapter aims at showing how a Ruid Bow generates this
deviation from thermodynamic equilibriuend how viscosity and heat conductivity
may be predicted.

To reach this goal, we need introducing a atity that describes the statistical
state of Buid particles for scaldsy, < L < L u. Hence, considering théN
particles that are i8V, we shall sort them according to their velocitytheir spin’,
their excitation state, etc. We therefore assume that particles are numerous enough
so thatSN can be divided into subsets categorizing a class of particles. For instance,
we may sort the gas particles according to their speed and count those whose speed
belongs tev; v C dv. More generally, we introduce a new function, namely

fox;tlv; il (11.12)

called adistribution function This function informs us not only about the number
density of atoms or molecules in space and time, which is the role of mass density
. X;t/, but it also tells us about their disttibon according to a given parameter
specibc to the microscopic constituents of the Buid. Consequently, if we sum over
all the possible values of these parameters we should recover the number density:

Z
nx;t/ D f.xtlv;l;::d3vd® (11.13)
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If all the particles have the same massthen
. X;t/ D mn.x;t/ (11.14)

In what follows we shall restrict us to a dependence of the distribution function with
respect tog; t andv only, but we see that the concept is more general.

Finally, let us observe that the introduction of the distribution functidmposes
us to work in a space withC 3 dimensions. To the usual space-time we have added
three new dimensions: those of the @ty space, which is hidden from us in the
macroscopic world.

11.3.1.2 The Limits of this New Description

As we may observe, the knowledge of the distribution function gives more details on
the state of a gas. In fact, we have now the possibility to determine the behaviour of
a gas beyond the local thermodynamic equilin. But its use requires that the gas
particles are numerous enough so that the statistical distribution of some parameters
makes sense and the brst moments of the distribution are computable (for instance
a stress comes from a second order moment as we shall see below).

To better appreciate this limit we consider a real situation like that of helium
in the normal conditions (P = 2(Pa, T=300 K). Then the mean free path i©
132nm and the number of helium atoms in a cube of volifis

nD P 3=TD 5:61¢

which is large enough to make statistics, but we see that it wonOt be possible to
consider much smaller scales. This is hoamesufbcient for describing a gas within

a shock wave whose thickness is of order of a few mean free paths. The continuous
medium approximation represents the shock wave by a mere discontinuity.

11.3.2 An Equation Governing the Distribution Function
11.3.2.1 Backto Liouville Equation

In order to understand the origin of the equation that governs the distribution
functionf , it is useful to consider shortly an even more fundamental description
of gas dynamics.

The ultimate description of a gas Row is of course that of the motion of each of
its atoms or molecules. If this gas contains N such particles, then the knowledge
of the 2N vectors ¢ iDLN and p' iDLN that are respectively their positions
and momentum, allows us to predict (mathematically) the evolution of the system.
Hence, considering a 6N-dimensionpase, the famous phase space introduced by
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Maxwell, the dynamical state of our N particles resumes to one point. Following a
wording of statistical Physics, we shall call this poingarative point underlining
thus that it is just a mathematical representation of our system (Cadi@iit)

Now, just imagine that we prepare this system of N particleN istates olN
initial conditions. Each state is represemtoy a bPgurative point which moves in
the phase space according to the motiérthe N particles. Hence, a Ocloud of
pointsO evolves in the phase space, each pepresenting a possible trajectory
of the system.

The trajectory of the Pbgurative points in the phase space is not random: it
is governed by the laws of Mechasithat control the motion of each of its
components. But the bgurative points do not interact: they are just a representation
of the dynamical state of the set of the N particles. Thus, we can bll the phase space
with as many bgurative points as we need. However, if we Mikeuch points at
t D 0, there are stilN such points at any later time: their number is conserved.
Thus, if we call their numerical density we may say that this function

0 40y 03 Pxi s Pyi Py iy Py Py it/

obeys the law of local conservation

@tCr .Vv/DO (11.15)

@

by analogy with mass conservation in a Buid Bow. Hag& p"/ represents the
position and momentum of the n-th particle. Of course the velacitig a velocity

in the phase space and the divergence is taken with respect to the 6N coordinates of
this space. Explicitly

o @@c@(%c@@c@@c@@c@@

r .v/D . - - .
,.@1 @y @y @ @ @

where we noticed that the velocity in the phase space is simply
Ve DL @@ @B/

where the dot is for the time derivative. If we now assume that the system is
hamiltonian, then the time derivatives of the positions and momenta can be explicitly
expressed with Hamilton equations, namely

@H
e

@H

5 D D — 8i2-1;N: k2 x;y;z
2 @ @b y

whereH is the hamiltonian of the system, which is the sum of the kinetic and
potential energies expressed with the varialplendq. Using of this property we
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seethat v- D 0. In other words, the RBuid of bgurative points is incompressible.
This is Liouville’s theorem With (11.159, we deduce this other expression of the
theorem:

~Cv r D=—DO (11.16)

in other words the material derivative ofis vanishing.
LiouvilleOs theorem has another interesting consequence: if we consider a volume
of the phase space that is moving with the Bow of bgurative points, it implies that
Z

i dvDO

dt vy

since the number of points is conserved [one may also use the eqali®)j(Thus
z z

dvD dVo 8t
V.t/ V .to/

but this is true for any volume, thus
[dVD dVo
But at a point comoving with the Bow D ,, which implies
dv D dVy

or that the inPnitesimal volume of phase space does not vary while following the
evolution of the system. This result may also be obtained using the Lagrangian
formulation of Fluid Mechaits. Indeed, the displacemeof a bgurative point from

its initial positionqg (a 6N-dimensional vector) obeys

xDqgqC .qg;t/

Lagrangian kinematics says thatg;t/ is a mapping of space frory to t, the
jacobian of which measures the contraction/dilation (635). If we apply this
reasoning to the incompressible Bow of bPgurative points, hence with a unit jacobian,
we have

d3q1d3p1 dgqugpN tDO/D d3q1d3p1 dgqugpN t/ (11.17)

which also expresses the constancy of the inPnitesimal volume of the phase space
along a trajectory.
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11.3.2.2 The Boltzmann Equation for Non-Interacting Particles

Let us now consider a phase space for one particle. Such a space is six-dimensional
with co-ordinatesx; y; z px; Py; P2/ for a point. Let us Pl this space witk non-
interacting particles. These particles may be consideréd esal particles that do
not OseeO each other oNasepresentations of a unique particle, each with different
initial conditions, or likeN bgurative points. From LiouvilleOs theorem the density
of these points veribes LiouvilleOs equatith 6. But, up to the mass of particles,

is just identical to the distribution functidn. Hence we may write that for non-
interacting particle§ obeys

ng- rf DO

@t
with

vi D .RRER: &,/

and thus

P - - - S -
Cy—CP—-CR— »— DO
""" %a “ P ar “Pap < ™ap

if the particles are in a force bPeld, then using NewtonQOs Ig®D F and the
debnition of time derivativeD v, we bnally get

@

@t
wherer x andr , represent the gradients respectively taken with respect to space
coordinates and velocity coordinates.

Equation (1.18 gives a brst version of the equation that governs the distribution
functionf in the simple case of a gas made of non-interacting particles.

F
Cvryf C— ryf DO (11.18)

11.4 Boltzmann Equation

Equation (1.18 is certainly too simple to describe the distribution function of a
real gas where particles interact. This interaction is represented by a potential like
the one shown in Fid.1.4where we see the one between two helium atoms.

A rigorous account of this interaction is very difbcult but fortunately not
necessary in the usual conditions of gas dynamics. Indeed, the distance between gas
particles is large compared to the range of the interaction, which is usually of the
order of a few radii of the atoms. Hencegtimteraction between two particles can be
described by a collision: a small part of the trajectory during which the interaction
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Fig. 11.4 The potential of 40 [T T T T T T T T T ]
interaction between to helium [ ]
atoms according to Aziz et al.
(1979
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Fig. 11.5 Collisions and
interactions: the interaction
between two patrticles is
effective during a small
fraction of the trajectory: the
collision designate this small
fraction of the trajectory
when the motion is not
uniform

potential is non-vanishing as schematically represented by Elg.A collision is
therefore an approximate view of the irdetion between particles: each particle
comes from inPnity, interact and goead to inPnity. This is approximate because
inPnity means the preceding or following collision. But the approximation remains
very good when the potential is of short range. To make this approximation more
concrete, let us consider helium in normal conditionB(F01 325 Pa, D 300 K).
The number of atoms per unit volumensD 2:4 10%° m 3, meaning a mean
distance of 3:4nm between atoms, which is 5(r\, is the van der Waals radius).
Since in this case the interaction range is of the order of 0.5 nm (cf1Eig),
we see that the use of collision is perfectly justiped. However, in dense gases or
in liquids this concept is meaningless. For instance, in liquid water the number of
molecules per unit volume isD 3:3 10 (for a density of 1,000 kg/fand mole
mass of 18 g) which is equivalent to an intermolecular distance of 0.3 nm while the
size of the water molecule is 0.3 nm. The notion of collision in this case makes no
sense because water molecules are ydvirsteracting \ith their neighbours.
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The concept of collision is therefore useful in dilute gases. When the gas is
sufbciently dilute, collisions are essentidiyary collisions We shall only consider
this case. Since this means that the average distance between gas particles is large
compared to the interaction range, it may be summarized by the inequality

nrs, 1 (11.19)

which we assume for the rest of the chapter.

Taking care of this constraint, the equation of the distribution function for
non-interacting particlesan be completed to take into account the collisions. We
transform (1.18§ into

Df
—DZC
Dt

whereC is acollision integral We shall now derive the expression of this integral
in the case of binary collisions.

11.4.1 The Collision Integral

To derive and expression f@ we have to count the collisions that add or remove
gas particles from the small volume of velocity spaée aroundv. For this, we set

Cd3xd®vD .c¢ C /d3xd®v

Here, we introduced the number of collisions that replen@h)or deplete C ),
the volume of phase spadéxdqv around.x; v/.

Let us consider the collision of two gas particles of velowigndw respectively.
Following the wording of Vincenti and Krugefi 965, we shall call these particles
of classv andw respectively, to emphasize thae are not dealing with a specibc
particle. Conservation laws during collision impose

vCwD VvoCw

L2C 2D L2C Ine (11.20)
We may Prst note that the 6 components of the pair of vectdrs/Y cannot be
computed from the four previous equations. Two other constraints are necessary
to derive the post-collision parametecsinservation of angular momentum, which
determines the plane of the trajectories, and the impact pararbetemich
determines the relative positions of the trajectories (seelli). When these
quantities are given therf andw® can be expressed as functions/aindw.
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Fig. 11.6 The trajectory of two colliding particles with a potential of interactiod#r. Note that
even in this case of a long range potential, the part of the trajectory whieinisdtis smallb is
the impact parameter

To derive an expression f@ ¢ andC , we need to evaluate the number of
collisions. For that, we shall start with the depleting collisions and consider a particle
of classw. It is facing a beam of particles of clag®f intensity

| Dnkv wk:
We recall that the intensity is the number of particles crossing a unit surface per
unit of time. Heren, is the density of class-particles. When the beam hits the
particle of classv, it is scattered and a fraction of the incident particles are deviated
within the solid anglel  around the direction. Their number is
| . n/d
where . n/ is the differential cross sectiorA classw particle therefore scatters

nkv wk . n/d

classv particles in the solid angld . These particles thus leave classSince
there aren,d 3x classw particles in the volume 3x, the number of particles Pnally
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scattered per unit time is

nonwkv  wk . nid d 3x

Sincen, D f. v/d3v andn, D f. w/d3w, we bnd that the number of depleting
collisions is
Z Z

C d3vd3 D d3d3 dw f.v/f. wkv wk.v;wjv®wd (11.21)
4

In this expression we replaced the scattering directioby the quantities that
governs its value, namely the velocities before and after the collision.

We need now to evaluated tf@®, which is the number of collisions that
replenish the velocity range; v C d3v . For that we need to consider the inverse
collisions which start fromv®wY% and lead to.v;w/ for all the possiblew.
Following the foregoing reasoning, we consider a particle of cke&scattering
particles of class®with a beam of intensity

1°D npkv® wk :

This beam impacts the,ed 3x particles of classv® located ind3x. The number of
collisions which generate particles of clasandw is

nwkv®  wk . v wlv;w/d n ed3x

where . v%wYv; w/ is the cross section of this type of collisions. Noting thatD
f. v9d 3vPandnue D f. w9d 3w®, we derive the following expression 6f€ :

z z
CCd3d3x D d3v%3x  d3w®  kv® wk . v®wiv;wif. vIf. w9d
4
There we just integrated over®. We may have thought that the valuewfis not
Pxed either since the constraint is to produce a pair of particles of olaes.
But from the relations between velocities in a collisidd 20, we see that if/ is
bxed andw free, then onlyw® or wl s free the other being bxed (up to collisions
parameters likd that are taken into account in the cross section).
We shall now rewriteC® taking into account the invariants of binary elastic
collisions. We brst note that the symmettey t of these collisions implies

Vewiv;w/ DL ov;wipve wY
in other words that the collision and the inverse collision have the same cross
section. We can also show thafl(2Q implies that the norm of the relative velocities

is unchanged by a collision:

kv wk Dkv® wk
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Lastly, from (L1.17 applied to a phase space with two particles, the voldrval 3w
is unchanged for a hamiltonian system. Hence

d3vd3w D d3v%3w°

We are now in a position to giv€ ¢ the following new expression:

Z Z

cD d3w kv wk.v;wjv®wIf. vIf. w9d
4

Gathering the parts of the collision integral we now wriBeltzmann equatign
which controls the evolution of the distribution function:

Df Z Z
—D d3w kv wk f.vIf. w9 fowvif.owlL v wjve w9d

Dt 4
(11.22)

As may be observed this equation is a nonlinear integro-differential equation.

This equation is not universally valid and can be used when the following

conditions are met:

1.

The gas is dilute: binary collisions are dominant and the only ones taken into
account. This is correct when the volume occupied by the particles is small
compared to that occupied by the gas. In the framework of the van der Waals
model, the co-volumé must be negligible. To bx ideas, let us consider air in
normal conditions at 300 K and 1®a. The mean radius of a molecule of &

O, is around 0.24 nm while the numerical density of particles is 2:4 10?°

m 3. The parameter measuring the dilution is therefoxg 3 10 #which is

very small indeed.

. The effective interaction between peles is of short range so that the concept

of collision is relevant.

. There is no correlation betweenandw: the distribution of particles of class

v andw are independent so that the number of collisions is proportional to
f. vif. w/. In other words, there is no memory of collisions in the statistics.

. The distribution functioh does not vary on a scale shorter than the mean free

path nor on a time less than the collision time.

11.4.2 Thermodynamic Equilibrium

Before pursuing our route to the equations of Buid dynamics, we shall brie8y stop
on the question of how Boltzmann equatidescribes thermodynamic equilibrium.
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In this case the distribution function is independent of space and time variables.
We may also consider the gas being free of any force Peld. In such conditions

@ _ Df
@ OrfDoFDO B D0 H CDO
z z

d®w kv wk f.VI. WY fovifow/ L v;wipvewid DO
4

The result is that the collision integral is vanishing. One may then show, see the
appendix at the end of the chapter, that the solution of this integral equation is unique
and is the famous MaxwellDBoltzmann distribution:
3=2
2 KT

m?2
fo.v/D n e v (11.23)

as we would have expected.

11.4.3 The Mean Free Path

Taking advantage of our knowledge of the collision integral we may havesarclo
look at the mean free path of atoms or molecules in a gas at equilibrium.

The concept of mean free path does really make sense if the concept of collision
is relevant for the description of the interaction between the gas particles. In this
case we may just focus on the model of rigid elastic spheres. There is no unique
debnition of the mean free path (cf. Chapman and Cowliagd. Generally, the
following debpnition is adopted. Ifi; is the number of collisions per unit volume
and unit time, them.=nis the number of collisions faced by a partiaten, is the
mean fraction of the time unit between two collisions for a gas particieidfthe
mean velocity of the particles then we may debne the mean fre€ path

"D — (11.24)

wheret is given by (L1.3. The expression dfi; is given by the summation &
(or C€ since it is identical taC  at equilibrium) over all the possible values\of
Hence, we get

z z z

neD di d3w fovifowkv wk. v;wjv®w9d (11.25)
4
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where f ¢ is the equilibrium distribution, namely that of MaxwellBBoltzmann.
Integration oved s straightforward because thatégrant is independent of the
angle betweer andw. The integral gives the cross section of rigid spheres that is
z
viwjvbwdd D d 2

4
whered is the diameter of the spheres (let us recall that the centres of the spheres
cannot be closer than a diameter of the sphere, seé ER.

Using MaxwellbBoltzmann distribution we get
z
2, M 3 3,43 I \2Cw?
neD d~“n° —— d°vdwkv wke =T
2 kT

However, because of the terkv  wk, we have to change variables in order to
derive the expression of the integral. We set

vCw

gDv w and GD >

where we introducet the velocity of the centre of mass of the colliding particles.
One may verify that

g g
DGC = d DG =
v > an w >

The jacobian of this change of variables is unity. Indeed, changing variables
dwdwy D jdet-J jdg, dGy

where the jacobian matrix is

T HEE
D S & D %7
@ @y 2

from which we bnddet-Jj D 1. Consequentlyl®vd3w D d3gd3G since this is
the same for each component. In addition we have:

2
VZCWZDZGZC%

Hence we get
SZ 1 z 1

m m mG2
neD d?®n® —— 4g3e4Tg$dg 4G 2% "WdG
2 KT 0 0
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Using the expressions of integrals of the products of a polynome and a Gaussian
(cf. section OGaussian IntegralsO in appendix of GBapve obtain the number of
collisions within a gas during a unit of time:

KT
ne D 4n?d? — (11.26)

The expression of the mean free path follows from the use of the mean veloc-
ity (11.3. Hence,

1
"D p—— 11.27
2d 2n ( )

11.5 Equations of Fluid Flow as Mean-Field Equations

Thanks to the foregoing section we have now the appropriate tools to investigate the
expressions of microscopic transport like viscosity or heat diffusivity. However, the
path is not short and a few steps are still in order before retrieving NavierbStokes
equation.

11.5.1 Mean Quantities

The distribution function that we introduced allows us to know the statistical
distribution of velocities of gas particles inside a Ruid element of volafe
Macroscopic quantities are then averages over the velocities. Thus

Z
.x;t/ D mf.x;t;vid3v

wherem is the mass of the gas particles. Indeed, the integral
z

f.x;t;vid3v  n.x;t/

is just the numerical density of particles?

5In some tgxtbooks like Vincenti and Krugek969, a normalized distribution function is used; it
is such that f. x;t;v/d3v D 1which is more practical in some cases.
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The Ruid velocity is the mean velocity of gas particles namely

R
d3
VD hip VY (11.28)

fdBv

or
Z
nx;t/V.x;t/ D f. x;t;v/ivd3v

equivalent to the expression of momentum per unit volume:
z
VD mvfdv

We shall also need the expression of internal heat. In the frame of the dilute gas
model, internal heat is just the kinetic energy of particles in the local frame moving
with the Ruid. Hence

z

n.x;tle.x;t/ D %.v V.x; t2%f. x;t;vid 3v (11.29)

11.5.2 Equation for a Quantity Conserved by Collisions

Quantities conserved during collisions are highly interesting. These are mass,
momentum and kinetic energy also caltadlisional invariants The Prst moments
of Boltzmann equation gives the evolution of their mean values, which is precisely
what we are looking for. In addition, the conservation of mass, momentum and
kinetic energy implies that the brst moments (of order 0, 1 and 2) of the collision
integral are zero, namely

z

vC.x;t;v/id3v D 0

and obviously

Z Z 1
mC.x; t;v/id 3v D Evzc.x;t;v/d SvDO

We shall not prove these mathematical equalities, which we consider as physically
obvious (but see Vincenti and Krugg®65 for a demonstration).

6The debnition of the order moment of a statistical distribution is given in Ch8g9.3).
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11.5.2.1 Mass Conservation

Mass conservation follows from the zero-order moment, with respect to velocity, of
Boltzmann equation:
Y4 Y4
Df
.vloadsv D .v/°Cd3v

where obviouslyv/° D 1. From the properties of the collision integral, we therefore

have

z
Df
—d%vDO

Dto Y

Making explicit the operatdd=Dt we obtain:
z Z z

F
@ fdvC v r,fd®vC - r fd®vD 0

@t

We note thav r ,f D r  .f v/ because andv are independent variables. If we
assume that the force bdfdfelt by the particles is independentwthen
Z Z Z
F ryd®D r, fF/M3%D fF dS; DO
S/

because the disbution function is such that ligg,.  f. v/ D 0. Finally, we get:

@n
@tc r .nvV/DO (11.30)

If we multiply this equation by the mass of the gas particles, we retrieve the usual
equation of mass conservation:

@

@tCr .VIDO

11.5.3 Equation for Momentum

The next moment with respect to velocity of Boltzmann equation gives the
equation of the mean momentum of particles and therefore leads to the equation
of momentum for Ruid particles. For tiheth component of the velocity we have

Z
Df
vi—d3D 0
Dt

@Z Z Z E
—= wfd®vC v r,fd®vC vi— r fd®vDO
@t m
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Observing that; is an independent variable, just likandx, we bnd that the brst
term may be written as

Z
@ @ .
@t VideV D @![’1 hvii D @.nVi/
while the next term also reads
Z

viv @d®vD @.n vy /

As before we assume that the force beld bathing the gas particles does not depend
on their velocity. We can then rewrite the last term as:

lZ
- %, VfF/ fF ryddv

Here too the integral of the divergencanishes because the dibution function

decreases fast enough at inPnity. The remaining term may be worked out as follows:
z z
1 @ 1 . 1 .
— f Fj Ejvi dSVD E f Fj Sji dSVD Eann

The mean Peld of the force applied to the particles appears. The equation of mean
momentum Pnally reads:

@nVi/C @n viv; / D nhFiji=m (11.32)
We observe that HFji is just the force per unit volume that we calleoh Chapl
(1.22.

In order to retrieve the equation of momentum of Fluid Mechanics we have
to introduce the Ruid velocity, that is the mean velocity of the gas particles. We
therefore set

vDhWiCuDVCu

whereu is the velocity of the particles in the frame associated with the RBuid particle.
We deduce that

vivi D ViV, C uy
which allows us to transforml(.37) into

@.Vi/C@.ViVj/D @ Ui U /Cfi
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or, using mass conservation,

DV;
Ftl D@ Cfi (11.32)

We give to this equation the same form as thatlo?$ which allows us to bnd the
expression of the stress tensor:

ij D Ui U; (11.33)

The equation of momentum generates a new quantity; , which is the one-

point correlation of the particle velocity. WeOll have to express this quantity as
a function of other macroscopic quantities, namely derive the rheological law of
the gas. However, unlike with the pure macroscopic approach of Chee. shall

be able to express the microscopic transport (here viscosity) as a function of the
parameters of the model. Before that we need to write down the equation associated
with kinetic energy.

11.5.4 Kinetic Energy

Just likem andv, the second moment of Boltzmann equation has no contribution
from the collision term, thus

z

1 @f F
EVZ @th rxfcmrvf dvD O
which can be written as
@n n 1Z f V2F fF
—. —hAi/Cr —hAvi C = r — r M d%DO
@t2 2 2 Y m m

and simplibed into

@ n, .. n . nF
@tzh/zl Cry zh/zw WVDO

or else
©@ i ocr, -hAi DV (11.34)
@t 2 2

We may give a more familiar shape to this equation by introducing the vector

1 .
F D 5 h,lzuil
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and by remembering that specibtamal energy reads (see alkb.29
1
eD Zhi#i:
2
We brst observe that
;i D V2V C 2huy iV Chu?iV; Chutuii
and that
1 hAv i 1.,
z vii D EV Ce V;j ijVj C Fi

Using mass conservation we can transfoirh.84 into

D 1
ot §v2<:e D r FC@ jVj/Cf v

which is identical to {.23. Thus doing we derive the formal expression of the heat
Rux of microscopical origin, namely

1
FD > u?u (11.35)
It arises as a triple correlation of the particle velocities or as the microscopioff3ux
kinetic energy.

11.6 Continuous Media, Perfect Fluids and Ideal Gases

At this stage, we may contemplate how the continuous medium arose: it is an
average over the velocity space of some moments of the distribution function.
Hence, although the continuous mediunuiseiling now through mean quantities,

the real mathematical step was accomplished when we admitted the existence of
the distribution function. In fact we admitted that the local statistical properties of
the particles making the Buid vary continuously and thus debne a continuum that is
supposed to reproduce all the properties of the RBuid.

Before proceeding, we shall brst exime the case of thermodynamic equilib-
rium. Thus, we Prst consider the case where the distribution funétiaa the
maxwellian ond o as given by {1.23.

In this case the heat Bux is exactly zero becaués D 0 as a consequence
of (12.36. Besides, and for the same reason, all the off-diagonal components of
uiu; are zero. We may also check thiefi D huZi D huZi, meaning that the three
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directions of space are equivalent, betraying the isotropy of the Buid. This property
implies

1 h
i D higi DAEID STrhuy i D ?'

Finally, at equilibrium

hu?i
FDO and i D Téij
Identifying the terms of this expression with the macroscopic form of the stress at
equilibrium, namely ; D  pS;;, we deduce the expression of pressure

hu?i

D
P 3

(11.36)
If we use the MaxwellBBoltzmann distribution function, which characterizes ther-
modynamic equilibrium, from1(1.4) we get

kT
D —
P m
which is just the equation of state of ideal gases.
As may be expected, strict thermodynarequilibrium implies no microscopic
transport. To bnd viscosity or heat conductivity, we thus need to go further and
consider non-equilibrium situations.

11.7 Gas Dynamics in a Newtonian Regime

11.7.1 Towards Navier—Stokes

While using a macroscopic description of matter (see Chapve learnt that
transport coefbcients measure the way the system is modibped when external
circumstances bring it out of equilibrium. To derive these coefbcients we therefor
only need to determine how the distribution function is modibed when a small
perturbation arises. We therefore write

f DfoC#¥

wheref o is the Maxwellian distribution. As an example, let us consider the heat
Bux. We have
1 z 1 z
Fi D > u?u; fdv D > u?u; fd3v (11.37)
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since the contribution dofg is zero. We therefore need to evaluate the deviation of
f with respect to equilibrium.

11.7.2 The BGK54 Model and the Theory of Chapman—Enskog

In order to get acquainted with the way of deriving the equation of the continuous
medium from that veribed by the distribution function we need not deal with the
full Boltzmann equation, which is very complicated as we already underlined. For a
brst pedagogical approach we propose to consider a simplibed version of Boltzmann
equation, namely the equation of Bhatnagar etl#l5¢), where the collision integral

is abruptly replaced by a damping term:

©f F
@th rf CE ro D

Here is the relaxation time, which is a adel parameter. This modeling of the
collision integral respects the vanishing moments of the integral due to collisional
invariants (n, v andv?). This model gives the same equations for the Ruid but of
course transport coefbcients will be differént.

If we leave aside the force bdld, which is useless for the derivation of diffusion
coefbcients, and if we note that the distribution function varies on macroscopic
scaled_, we can write {1.39 like

" QfCQrQ D f Cfog (11.39)

@

f fo

(11.38)

with

. \Y
D L
whereV is a typical RBuid velocity. Tilded quantities are dimensionless. If the
gas is weakly out of equilibrium, the relaxation time is that of the equilibrium
conbguration, namely of the order of a few collision time which is very short
compared to the macroscopic advection tilmd/ so that' 1. One may expand
the solution of £1.39 in powers of this small parameter, i.e.

f DfoC'f,C"%,C

"The BGK model was proposed by Bhatnagar et B5¢) to explore in a simplibed way Rows
where the continuum approximation is no longer relevant, for instance in the case of very diluted
gases where the Knudsen number {cf) is no longer small compared to unity.



11.7 Gas Dynamics in a Newtonian Regime 437

The expansion is usually referred to as Glegapman—Enskog expansiafter the
pioneering work of Sydney Chapman (1888D01970) and David Enskog (1884D1947)
who derived independently (in 1916 and 1917 respectively) and for the brst time the
correct expressions of the transport coefbcients from Boltzmann equation.

We observe that the brst terfn describing the brst order perturbation to
equilibrium reads

@b @b
flo@cwﬁoo@cqy@ro (11.40)
If we go back to dimensional quantities, we note that to brst order of pettans
we simply have

¥ D @ Vi@ o (11.41)

‘@t
wheref ¢ is the local maxwellian distribution given by:

3=2 . 2

m m.v V.x;t//

fo.x;v;t/ D nx;t/ ———m— _
0-X: Vs n-x exp 2KT. x; t/

2 kT.x;t/ (11.42)

In this expression, we explicitly wrote the dependendeyafith respect to time and
space coordinates. We observe that this dependence comes from that of the density,
temperature and mean velocity of the Ruid.

With (11.4]) and (L1.42, we can evaluate the correlations appearindlih §7)
and (L1.33. For instance, the brst term is

@ , @ @n_ @ @T_ G @V
@t @n@t @T@t @V @t

with
@ 5 fo
@n n
m# 3
% Q32U and ngulem_ E
@b MU
@y X kT
Repeating this calculation with the other terms, we bnd
@b @nn ., @T
—Cv rfgDf Cw@InnC u/ — Cvw@T
ot oD fo —a% k@ Qs=2 ot k@
C m_u @/C Vk@\/I

kT @t
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We again separate mean valued &uctuations for the velocity, D V; C u;, and
get

@b DIn DInT
6tCVI'f0Df0 CQ32 Dt

Cu@In C Q3z-0.U%/uc@r C

C_@ ik

mu Uk

@V|

where we used the equation of mean momentlim32. Now, observing thaty D
pSik because viscous terms are of higher ordérimndthatip D In CInT C
Cst, we obtain

@4 D In DInT
t

myu
@tCV rfoDfg CQg:z.UZ/ u K

U @InT C @V

whereQs-> D Q3-2 1. Using the energy equation at zeroth order (without heat
diffusion) and mass conservation, we may still simplify the foregoing expression
into

2

m
¥ D fo Qualu@nTC 2 Ul %gk @V, (11.43)

We have now the expression for the disturbance of the distribution function at
hands. We can now focus on the calculation of the various moments that lead to
viscosity and heat diffusion coefbcients. Let us start with the heat Bux.

11.7.3 Expression of the Heat Flux and of Thermal
Conductivity

When evaluatingu®u;i, we observe that only terms with odd powers ii.43
contribute to this average so that only the brst ternidf43 need to be considered.
We get

z @T

m
Fi D > U?Q =2 U/ U uf od3u K

The thermal conductivity tensor thus reads

z

m
ik D E UZQ 5=2. U2/ u; ucf od 3U



11.7 Gas Dynamics in a Newtonian Regime 439

However, only diagonal terms are non-zero. In addition they are all the same. We
can therefore write:
1 m z
. kk 4 2 3
kD §; and D-Tr- D—D — uQs=Ufed°u
ik ik 3 3 6T Qs=2 0

Using formulae on Gauss integrald2(33 and following), we Pnally get the
expression of thermal conductivity:

5n k2T
= 11.44
> ( )
or, dividing by c, the expression of thermal diffusivity:
kT
D — (11.45)
m

As expected, thermal conductivity@."/ in the ChapmanbEnskog expansion.

11.7.4 \Viscosity

To derive the expression of viscosity we start frogn

4
iD uy D m uy.foC¥/d3u

We leave aside the zero order term which, as shown before, gives the pressure, and
focus on the next order term. Here, the second term 43 is the only one that
contributes and we can write:
z
2
i m 1.,
/D T Uy W §u25k| f od3u @Vi

or else
i D Liw @k

where we introduced the fourth order tensor
4
2

1,
I—ijkl D W Uil U §U25k| fodSU
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which already appeared in Chdpwhen we were looking for rheological laws
(seel.36. Now we have its explicit expression! From the shape of this tensor we
note that

Li D O (11.46)

by contraction on the last two indices.eV¢asily check that thgeneral form is
indeed that given in Chaf.by (1.38, namely

Liw D .8 i«Si C S8/ C S Su

because non-zero terms must have a pair of identical indegsy; F1122 for
example are non-zero whikg 11, 0r F123;1 are zero because at least one index cannot
be paired.

Considering the componeht; withi & j , we Pnd

z 2
m? 5 e 3 m? KT

DLijij DW Uiujfod UDWH H

from which we derive the dynamiand kinematic viscosities:

D nkT and D ﬂ
m

We may also note that the second viscosity zero. Indeed,1(1.46 implies that
Lik D285 C38;DO0
setting for instance D j D 1 we deduce that
2 C3 DO

since D C2=3,weconcludethat D 0. Thisresultis general for a gas that has
only translational degrees of freedom. Second viscosity originates in the relaxation
time needed to transfer energy betweesnsiational and rotational degrees of
freedom in diatomic gases (see Chapman and Covil@®f) for instance).

Lastly, we note that with this model the Prandtl number of the gas is unity:

pp_p XM py
m kT
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11.7.4.1 Conclusions

The foregoing results may look rather deceptive: all our efforts have lead to a Prandtl
number which is unity and to diffusion efPcient that are parametrized by an
unknown quantity! However, as we mentioned it before the BGK model was not
designed to give accurate values of diffusion coefbcients but to study in a simpler
manner than with the Boltzmann equation, the Bows that cannot be investigated with
the NavierbStokes equation.

But the foregoing calculations are still interesting as they show us the way
of deriving the viscosity or the thermal conductivity of gases. Let us consider
Boltzmann equation and use the previous ChapmanbEnskog expansion. We write
it in the following way

f Df.1C& C [/

This new form of the disturbanc® of the distribution function is a solution of

Z Z
dw  F.VICE. WY & v & w
4

Df
fo.vif o.w/kv  wk . viwjv®w9%d D Fto

to brst order. This equation replacdd (41): & is now the solution of an integral
equation where the right-hand side is already known and giveh'hy3 (up to the
sign).

Solving the integral equation would need another few pages of analysis. The
usual way is to expand the solution on the basis of the so-called Sonine polynomials.
The interested reader may consult the textbooks given in reference at the end of the
chapter. Here we shall be satisbed witke tiesult given by Vincenti and Kruger
(1969:

| O J—
5 kT 15k
1D R and 1D —— 1  (11.47)

The index 1 appearing in the expression of the diffusion coefpcients indicates
that these expressions have been derived taking into account the brst term of the
polynomial expansion. The second term only gives a very small contribution. We
set

z

D .1 sirt.2/d
4

is the differential cross section of binary interactions. For rigid elastic spheres
./ Dd?cos and D 2d 2=3(see exercises).
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Fig. 11.7 FunctionA,./ sampled over the intervad C1 -after Chapman and Cowlind970

For a monatomic gas, D 5k=2mso that the Prandtl number is:

C
PD 2D

wIi N

which is now very close to the observed values. If we specify the interaction
potential between gas particles, we may give a more specibc expression of the
dynamic viscosity at this level of approximation, namely:

5 mkT
1D I (11.48)
for elastic rigid spheres of diametdr and
P—u0 -
5 mkT=.2kT=a/ ¥
. m a (11.49)

8A2. /.4 2=/

for particles interacting through a power law potential:
a
V.r/ D .

X/ isthe gamma function arih is a tabulated function that is plotted in FidL.7.

11.7.5 Comparison with Experiments

To fully appreciate the foregoing results, it is useful to go back to experiments.
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First we may be pleased that theory gives a value of the Prandtl number that is
close to the observed values (see Tdllel). The theoretical approach also says that
kinetic energy is slightly more efbciently transported than momentum. As shown
by Tablell.1this effect is rather independent of the nature of the gas and related to
statistics.

Expression 11.48 now gives a precise formula (the neglected terms in the
expansion contribute only to a few percents) for the viscosity of a gas represented
by elastic rigid spheres. Comparing this expression to the approximaté br€)(
we have

|
5 mkT _ 5 2 P——

D~ —p>X _Z_
1™ 1642 32 32

We deduce that the coefbcient of the qualitative model reads:
5
D —"' 0491
32

Besides, the elastic rigid sphere model predictg A law with respect to
temperature. In Fidl1.8 we plotted the measured variations of the dynamic
viscosity of helium between 15 K and1,000 K. We note that these variations are
rather wellde_presented by a power law TSwiths' 0:647 Viscosity increases
faster than T when temperature increases. Using the rigid sphere model, we may
interpret this result by saying that it slie a decrease of the effective radii of helium
atoms with increasing temperature. This is not surprising: at higher temperatures
collisions are harder and the minimum distance between atoms is lower, implying a

1074

Fig. 11.8 Variations of
helium viscosity with
temperaturedolid lineand
CC O). thalashed lineshows
the power lawT %47, The
discrepancy between this
power law and experimental
data is less than 3% (data are 10-8 L i
from Chapman and Cowling 10 100 1000

1970 T in K
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smaller effective radius for a rigid gphere. The dependence of viscositylwith
leads to a faster growth (compared t@ ) with T .
Let us now use a more realistic potential of interaction such as the following one:

V.l D ri

wherea is positive (repulsive potential). Equatiobl(49 shows that this type of
potential implies a power law dependence of viscosity with an exponent related to
that of the potential by

12
sD -C —
2

If we use the experimental value sfor helium, we get ' 13:6. Back to (L1.49,
we can also deduce the valueabf the potential.

Even if the foregoing results do not predict a value of viscosity without adjustable
parameters, they are still very interesting: we see that a power law potential
of interaction may represent to a few percents the variations of viscosity with
temperature and as a result gives us a brst approximation of the effective potential of
interaction between two colliding helium atoms. Deriving such a potential from brst
principles, namely from quantum mechanics, is difbcult. We also see that through
the temperature variations of the diffusion coefbcients we may glimpse at some
parameters of the microscopic world.

11.8 Conclusions

In this chapter we have seen how the diffusion coefbcients such as viscosity or
thermal conductivity emerge from the microscopic characteristics of a gas and
especially from the interactiobetween its atoms or molecules.

We discovered how the combination of experimental results on temperature
variations of viscosity with those of the theory can be used to derive some
information on the potential of interaction between gas particles. Thus, looking for
the statistical foundations of Fluid Mechanics, we immediately face the complexity
of the microscopic world: as soon as we look at the temperature variations of
viscosity, the rigid elastic spheres model appears too simple.

However, the foregoing approach of Buid dynamics using distribution functions
is not restricted to Ruids in a state slityhoff the thermodynamic equilibrium. As
the reader may have guessed when we introduced the BGK model, the knowledge
of the distribution function permits the exploration of Bows where Ruid particles are
far away from the equilibrium. One such regime is that of Knudsen where the mean
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free path is not small compared to the proper scales of the®Rdve dynamics

of rarebed gases is the source of numerous problems: as we noticed, Boltzmann
equation has its own limiteon, boundary conditions that are met by such 3ows are
not obvious, etc. These questions still motivate many investigations, both on the
experimental/observational and theoretical sides.

11.9 Exercises

1. If 1 is the intensity of a particle beam (number of particles crossing a unit surface
per unit time),l . /d is the number of particles scattered in the solid angle
d byatargetof differential cross sectian’ . Ifthe targetis a ball of diameter
d hit by balls of the same diameter, show that the cross section of @Qballzis

2. Give the cross section associated with momentum transfeD A
sirf.2 /d  where is debnedin Figl1.2

3. Eucken relation Assuming that viscosity and thermal conductivity are of the
following form:

1 . 5 .
Dév and chvv

a) Show that the relation between andc, is

D >c, (11.50)

NI gl

b) Express the Prandtl number as a function of the adiabatic indxc, =a,.
c) We now separate the heat capacity due to translational degrees of freedom
from those due to other degrees of freedom, namely

cy D C\t/ransc C\i,m

8A classical example of such Rows is the one surrounding a spacecraft entering the atmosphere.
At a height of 120 km the mean free path of air molecules is of the order of a metre. The Row
around a space stile (wing span of 24 m) is no longer computable with solutions of Navierb
Stokes equation. Other examples of such Bows includes those of epitaxy by molecular jets that is
used to make thin metallic layeirs micro-electronic components.
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We assume that the thermal conductivity can be written in the same way and
that the part associatedtvtranslation veribesl(l.50. Show that the Prandtl
number is now given by EuckenOs relation:

4
PD —— 11.51
9 & ( )

Compare this value for a diatdogas with that measured for &t D 0:714

Appendix: Maxwell-Boltzmann Distribution

When a gas relaxes towards equilibrium, its distribution function relaxes towards
the well-known MaxwellBBoltzmann distribution. One may derive its expression
from thermodynamic considerations, but it is interesting to show that it is also the
unique solution of the Boltzmann equation for a collisional gas at thermodynamic
equilibrium.

The most direct demonstration of this result leans on Boltzmann H-theorem
which says that the quantity

Z
Ht/ D f.r;t;v/Inf. r;t;vid3rd3 (11.52)

cannotincrease for an isolated system.

Boltzmann H-Theorem for an Isolate Gas in a Box

In order to demonstrate Boltzmann H-theorem in the case of a gas enclosed in a box,
it is handy to consider the quantity

Z
h.r;t/ D f.r;t;v/Inf. r;t;vid3v

whose temporal derivative is

z
@TD AClInf/ o

@ d3v (11.53)

‘@t
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%tis given by Boltzmann equatiod {.22. We thus have to compute three integrals:

Z
AD .ACInf/v rfdv (11.54)
z F
BD .1CInf/ el Jdiv (11.55)
z z z
CD .ACInf/d3 d3w kv wk f.vo. wY  fowvifow/ L v;wive w%d

4
(11.56)
The brst integral may be rewritten as
z z
AD @ 1CInflf v @f v/ d® D@ f InfydvDr Q

where we introduce the current
Z
QD vf Infdv

If we assume that the forde does not depend on the velocity the second integral
B is zero because it may be transformed into a surface intagrmbnite velocity
where the distribution function is vanishing (see the example of the derivation of
mass conservatiohl.30. Hence

BDO

The remaining integraC is associated with collisions. Let us rewrite it as follows:
z z

cD d3d®wiacCinf. v/ kv wk f.vIF. WY fovifow v wive wd
4

We note thatv andw are integration variables that can be exchanged. Hebce,
may also be written as
z z

cD dvd®w.iCInf.w/ kv wk f. V. w¥ f.ovf.wl v wive w%d
4

Adding the two expressions &, we get a third one where the rolesvoandw are
perfectly symmetric:
1 z
CD > d3vd®w.2 C In—f.v/f. w//

z

kv wk f.vIf. wY  fowvifow/ oL viwpvewdd  (11.57)
4
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Lastly, as we did when deriving the expressiorCdt for the collision integral, we
rewrite the foregoing expression inverting the direction of collisions. The &neg
integralC must remain unchanged because the integration is over all the possible
values ofv andw and thus of all possible values #f andw® Thus doing we
rewrite (L11.57 as:

Z
CD % d3vd3wl 2C In f. vIf. wY

z

kv® wk f.ovifow/ o fovIE w9 L ve wYv; wid
4

Now, we may use the collisional invariants
VEwWGv;w/D L v wive wY; kv wkDkv® wk; d3vd3w D d3v%3wP

which give toC the new following form:
1Z
CD > d3vd3w 2C In f. vIf. w9
Z

kv wk f.ovif.wl foVIE wY L v wive wid
4

This new form can be added tdX.57 and leads to a fully symmetric expression of
C:
z z

1
CD 3 divd®w d  Inf.vf.w/ In fVOF WY

4
fovf. WO fovif. wl kv wk. v wive wd (11.58)

This last expression shows th@tis always negative. Indeed, all the terms in the
integrant are positive except

fovof. w9y foviE. wl In—fovifowl I fLvOE wd
which may be rewritten
f.vof. w91 X/InX  with X D f. v/if. wi=—f.vIf. w9
However, forallX >0,.1 X/ InX isless than zero. Hence, we establish that

cC o (11.59)
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Back to (L1.53, we rewrite this equation as:

@h
@tD r QCcC

and integrate it over the volume occupied by the gas. With the boundary conditions
on the velocity, i.ev n D 0on the walls, the brst term disappears and we deduce
z
dH - dH
—D cd¥ z —
dt v dt

which is Boltzmann H-theorem.
We may remark that we can debne Boltzmann entropy fiowmith the following
formula

St/ D kH.t/ C Cst

From the H-theorem, entropy is an increasing function of time. We here demonstrate
the second principle of thermodynamics for this kind of systems (an isolated
assembly of colliding particles).

The Maxwell-Boltzmann Distribution

The H-theorem indicates that thermodynamic equilibrium

dH.t/
e DO

R
or Cd® D 0. From the previous expressions this integral is zero if and only if

£V WY fL v w/

In—f.vif. w/ Inf.v¥%.wy DO Z XD1
which means that
f.vif. w/ D f.vIf. w9
or that
Inf. v/ CInf.w/ D Inf.v¥ C Inf. w9 (11.60)

This equality shows that when the gas is at equilibriunh, o/ veribes a conserva-
tion law in collisions just as momentum or kinetic energy. Since it cannot be other
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collisional invariants independent of energy and momentum (that would constrain
in an impossible manner the collisions)flnv/ is necessarily a linear combination
of kinetic energy and momentufiThus we write

Inf. v/ D A¥ C By C Bavy C Bav, C C

whereA, B4, B,, B3, C are constants.
Without loss of generality we can rewrite this expression as follows:

Inf.v/D A.v vy/°CInK
or
f. v/ D Ke AV vo'*

whereA > 0 since the distribution function must be integrable.

We are now getting closer to the MaxwellBBoltzmann distribution and the loop
will be closed when the constants are identibed. For that, we note that numerical
density of gas particles is:

Z 3=2
nD f.vid3DK x

while vg can be identibed to the mean velocity. Indeed,
1Z K z Vv z
hvi D = vf. v/d3v D oo vole AV VoPg3yc 2 ke AV W3y D vy,

Let us now assume that this mean velocity is zero, then the mean kinetic energy is
given by
z z

1 K 3K 32
hv2i D = VAf. vid3v D - vZe A¥d3y D

2nAS=2

With the foregoing expression ofwe deduce:

3
h?iD —
2A

9The reader who prefers a mathematical demonstration of this result may bnd it in the book of
Kennard (938.
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But the expressioril(l.36 of pressure shows that

D_
PP oA

Since we should bnd here the equation of state of the ideal gas, we identify the
constanf to

m
AD —
2KT

We Pnd again the relation between absstemperature and the mean kinetic energy
of gas particles:

1 3
“mhiéiD =kT
VIR S

Further Reading

There is an abundant literature of the dynamics of rarebed gases since the brst
important results go back to the beginning of the twentieth century. The curious
reader may consult the monograph of Chapman and Cowli@gd which remains

a reference in the beld. The textbook of Vincenti and Kruded6§ gives a
pedagogical account of the sebj. A rapid presentatioof the subject may be found

in the theoretical Physics course of Landau and Lifchitz (Lifchitz and Pitaevskii
1981). More recently, two books of Carlo Cercignani (Cercignb®88 Cercignani

et al.1994 propose a more mathematical discussion of Boltzmann equation and of
its applications. For French readers the book of No'lle Pottier (Poi£)7) gives

a presentation of gas kinetics in thedsi context of nonequilibrium phenomena.
Lastly, the reader may read the introduction of the paper of Venkattraman and
Alexeenko 2012 to have a glimpse at nowadays investigations in the beld of
transport coefbcients in rarebed gases.
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Chapter 12
Complements of Mathematics

12.1 A Short Introduction to Tensors

The idea of tensors arose when physicists started dealing with forces inside elastic
solids (tensions lead to tensors). Mathematically speaking, tensors are multilinear
forms. For instance, the scalar produetween two vectors is a bilinear form:

x3
SWab/! a bD ai b
iD1
This is an application which associates a scalar with two vectors (hence bi-) and it
is linear with respect to each vector. The foregoing expression could be rewritten
using the components of the unit tensor, nandglylike:

X3
SWab/! S.ab/D a Sib;
iD1jD1

his is the same as above sirgeD 0wheni a j and$; D 1. Very often the

symbol is dropped, and Einstein notations are used: repeated indices meaning
summation. Using these notatidna; b/ D &5l . However,§jly D b; thus
S.a;b/ D aj bi .

To simplify the presentation of these notions, we stay in the metric péagth
an orthonormal basis. This means that the notion of variance, namely contravariant
and covariant tensors, is not useful at all. So the place of indices (up or down) is
not meaningful here. We just use the Einstein convention of implicit summation on
repeated indices. Thus,

x3
a; by means a; bj
iD1
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12.1.1 De nitions

A multilinear formf may be simply debned by

f. X4 X% X" D Finigrin Xy X5 11 X0,

where the summation runs from 1 to 3 in a three-dimensional space. The set
i, =1 D 1;2;3;iD 1;2;3;:::ik D 1;2; 3

is the set of the" components of the®horder tensorf . Very often, one calls,
With the fdfégoing debnition, we observe tlaateroth order tensor is a scalar
and a rst order tensor is a vector

12.1.1.1 Notations

The cartesian coordinates are often denoxagXy; x3). The vectors are denoted
and their components. Tensors of order greater or equal to 2 are denetednd
their componenta;;....

The gradient of a scalar functidnisr f and its components are:

@f

.rf/i @(

@]

12.1.1.2 Contraction

The contraction of two indices is the summation over these two indices. For
instance, the contraction of indéxandj of the second order tensaj; gives aj
which is thetrace of the tensora; DTr[a]. We may note that v D @v; is also

the trace of the velocity gradient tensor.

12.1.1.3 The Tensorial Product of Two Vectors
From vectors one can construct tensors of higher order. This operation is called the

tensorial productand usually denoted . For example, from the velocity vector
we can build the Reynolds stress tensar v whose components are; v, .
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12.1.2 ijk

To ease operations using the cross product, one uses the set of nupabengch
are debned as follows:

ik D1 if ijk is an even permutation 4223
kD 1 if ijk is an odd permutation df23
ik D O if two indices are identical

This is not a tensor but a pseudo-tensor often calleddingpletely antisymmetric
pseudo-tensoit may indeed also be debned from a determinant:
WwWR3 I R
.a;b;cl ¥ ijkaibjck D Det.a;b;c/
is a pseudo-tensor because the sign of therdgnant depends on the orientation
of the basis. This is also the reason why the determinant is often called a pseudo-

scalar, and the cross product a pseudo-vector.
In the following we give some useful relations for the manipulationef

ik 1mn D 5iSmSkn C SaSimSn C SiSkmSin+ SaSmSin+ SiSmSin S SkmSin

Si Si Sw

D Sim éjm Skm (12.1)
éin §jn ékn

ik kmD SiSm  SimSj (12.2)

ikl jk D 2§ (12.3)

ik ik D 6 (12.4)

Here are also the relation between some expressions using vectors and the same
expressions using tensorial notation:

a bD ab;
.a bli D jka by
deta;b;c/ D jjkay b
If [A] is a symmetric tensor, theA; D A; and

ikAk D O (12.5)
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because terms cancel two by two. A mordailed and more formal presentation
may be found in textbooks of Hladik 993, Bass 1978 or Lebedev et al.7010.

12.2 The Divergence Theorem

12.2.1 Statement and Demonstration

If Ti,i, i, is a tensorial beld of ordem, smooth enough so that derivatives are
debned, then

Z Z
Tisio i ndS, D @Tisi, iy i,dV (12.6)
.S/ v/

where the Prst integration is taken over the surf&surrounding the volume
V. This relation is true in a space of dimension 1, but we shall give its
demonstration only in the two-dimensidrepace (a plane). Its generalization to
a higher dimension is straightforward (Fig.1).

We brst write the volume integral under the form:

Z
Ymax
@A C @A,/dxdyD Axxel  Axx lldy
Vi

Ymin

Xmax
C Ayycel Ayy [ldx

Xmin

'
'
min_«

Fig. 12.1 The various quantities needed in the demonstration of the divergenaertiheo
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wherex .y/ andy .x/ are the curves debning the boundary of the OvolumeO. Let
us concentrate on one of the terms, for instafigg/ ¢ /dx This term also reads

Ay.yc/e, ndl
wheren is the outward normal unit vector andlis the OsurfaceO element. Thus,
Ay.ycldxD .Ay.ycl/e/ dS

butyc debnes the upper part of the surface whilex/ debnes the lower part.
Together, whel runs fromxmin t0 Xmax, ¥ @andyc describe the whole surface. We
may therefore write

Z Z

Ayycl Ayy /ldxD  Ayg/ dS
S/

Xmax
Xmin

where we noted thatAy.y /dxD .Ay.y /e . n/dID .Aye/ dS
r Then, we follow the same reasoning for the other half of the integral Pnally get
5,/AidS. QED

12.2.2 Corollary

Similarly we may show the following relation:
z Z

. jikm Tigiz iy in0Sn D y i em@Tigiy iy i, 0V (12.7)

12.2.3 A Few Consequences

The general resultlR.6) has some interesting specibc cases. In the usual three-
dimensional space, we bnd again some classical formulae if we set the-t&ntor
a scalar, a vector or a second order tensor, namely:

z z
fdSD rf dv (12.8)
.S/ N/
z z
A dSD r AdV
.S/ VI
z z

—-adsSD Div—a dV
S/ VI
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The corollary (2.7) allows us to write:
Z Z

AN dSD r Adv (12.9)
.S/ V/

In a two-dimensional space, volumes are surfaces and surfaces are contours, hence:

| Z
fdinD rf ds
c/ S/
| Z
A ndlD r AdS
.c/ S/
| Z
A nd D r AdS
.c/ S/

wheren is the unit outward normal vector to the contd@ir

12.3 Radius of Curvature

12.3.1 For a Plane Curve

The radius of curvature of a plane curve debned parametrically by the functidons
andy.t/ is the radius of the osculating circle at the given point. It may be computed
as follows.

LetM be a point of the curve and C dM another point inPnitely close td
and on the same curve. If these two poirtoadelong to the same osculating circle,
then their distance iRd whered is the angle between the vectors that are tangent
to the curve ilrM andM C dM. Thus we have:

p—
Rd D ¥ C dt (12.10)
where the dot means the derivative with respect ta addition

T .TCdAdT/l &
KTk kKT C dTk

d ' sind D

T dT/ g
kTk?

N«

d 1
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whereT is the tangent vector. Noting that

P Rt BR R
T " ; dT d dD dt
P wit " B C
(12.10 leads to the result:
1 RP P
—D —/——=— 12.11
R~ . C /32 ( )
For a curve debned by the equatio® y.x/, then
1 R
rRP TIc ¥2/3=2 (12.12)

12.3.2 For a Curve in Space

Now, if the curve is debPned in a three-dimensional space by its parametric equation
—x.sl;y.sl; zsl , then we debne the tangent vector as:

rs/

1
Dﬁ: s/
& BEBCYCR )E,?Ds/

The curvature radiuR is debned as:

%SD % (12.13)

wheren is a unit normal vector to the curve. The radRiss a positive number.
Finally, one then introduce tHg@normal vectore,, which debnes, witle; andn,
the Frenet frame. It is debPned as

The lengthT is called thetorsion
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12.4 The Boundary Layer Theory Viewed from Differential
Equation Theory

We introduced in Chap the idea of boundary layers, basing our approach on
physical considerations to Pnd out the various possible balances of forces. We
stressed the physical existence of thisslawhen we presented its destabilization
that induces rapid variation of the drag coefbciént However, the notion of
boundary layer has deep roots in the theory of differential equations. Here, we shall
brielRy sketch out these ideas, but we strongly encourage the reader to have a look to
the book of Bender and Orszag where many aspects of this technique are detailed.
One of the various ways of solving differential equations is to use the theory of
singular perturbations. To illustrate ttitseory we readily take an example, namely
the differential equation:

Y Y
dx2C'1C/dnyD0 (12.14)

where" is a small parameter. If we consider the terms factotiag a perturbation
of an original equation wheré D 0, then this perturbation is said to be singular
because the order of the diffetél equation is not the same whé 0and" & 0.
This is said to be singular because thergi@of order leads to the appearance of a
singularity wher!' tends to zero.

Let us now study in more detail the example givenb¥.(4, which we complete
by boundary conditions so as to fully determine the solution. We choose

y.0/ D O and y.1/D1 (12.15)

(12.19 is a second order differential equation with constant coefbcients. Its
solutions are (in the general case) a linear combination of exponentials. Thus, we
Pnd:

eX eX
yx/ D ———=
el el

(12.16)
This solution is already quite interesting as it reveals the singularity whisksa
when" goes to zero. The solution is disddruous at the origin. In addition, when
" 1, the solution varies very rapidly near this point (see E&2). We see the
presence of a boundary layer!

We shall now retrieve the solutiorl2.1§ through a perturbative approach
similar to the one we used for the boundary layer analysis. We need four steps:

1. First step: we determine tloaiter solution(outside the boundary layer). We set
" D 0and we solve. However, we face a brst difbculty: We have two boundary
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Fig. 12.2 Aplot of the functiony.x/ D .e * e *'/=.e 1 e ¥/ for" D 0:02 Thevertical
dotted lineshows the separation between the inner and outer regions

conditions for a brst order differential equation. We have to dismiss one of the

boundary conditions. In this case, the choice is quite simple since one of the
boundary conditions is in the boundary layer. Thus we take the other one, namely
y.1/ D 1. Of course, this choice is not always so simple, and some trial and error

is sometimes required.

We thus solve:

y°CyDO with y.1/D1
The solution isye.x/ D e* *. Let us point out that this is the solution we would
have obtained if we had I8t!  0in the solution {2.16 forx & O.

2. The second step is to determine the solution in the boundary layer. For this, we
use the stretched coordinateD x=" (the boundary layer coordinate) and we
rewrite the differential equation using

y®% 1cycy DO
Again, we let' ! 0and bnd:
yOOC yOD 0

This new differential equation is of second order and needs two boundary
conditions. One of them is obvious: &t D 0,y D 0. We do not specify
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the second one at the moment and leave the constant undetermined. Thus, the
boundary layer solution is

yuDC1 e / (12.17)

whereC is an arbitrary constant. We note that this solution can be derived from
the exact solution12.1§ by making the change of variable! and letting
"0

3. The third step is the asymptotic matching between the two previous solutions.
We need to bnd an interval where both solutions are valid. In the present case,
this is where:

x 1 (12.18)
In this interval, the two functionge andyy, must tend to the same limit. Hence
I!|1m Yo D )!|!m0ye De

This bxes the constatt D e.

4. The last step is to gather all the foreggiOpiecesO and construct the function that
solves the problem in the whole interval. This function is identicatdavhen
x " andequalyy whenx ".Itis obtained by the combination:

X

Yunit DYeCyn eDet* ¢ (12.19)

The solutionynit.x/ is said to be th@niform approximation at order if, in the
given interval,

Yunit-X!  y.x/ D O™ when "! 0

We may observe that in our examghgne.x/  y.x/j is O.e ¥/ which is
less than any power ¢f. Our approximation is therefore valid at OinbniteO order,
however it always differs from the exact solution by an undetermi@eal =’/
quantity. This last point underlines the fact ttiz¢ boundary layer theory is a theory
of singular perturbations and not of regular perturbations.

12.5 The Sturm-Liouville Problem

The SturmbLiouville problem is usiliaenounced in the following way:

Let three functiong.x/; q.x/ andw.x/, continuous and debned on the interval
—-a;b  R,suchthap.x/>0,qg.x/ 0Oandw.x/ >0 inthe whole interval. The
SturmbLiouville problem is the flowing boundary value problem:

.pyY° qyC wyDO (12.20)
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where the solutioy.x/ veribes the boundary conditions:
ya/ DO or yla/ DO; y.b/ DO or y°b/ DO (12.21)

It may be shown that the solutions of this problem form a denumerable suite of
eigenfunctiony, associated with real eigenvalues
Two eigenfunctions associated with two distinct eigenvalues are orthogonal with
respect to the scalar product:
Zy
H jgi D f.x/g.x/ w.x/ dx

a

Indeed, lely, andy,, be two solutions associated respectively withand ,, then
PY/® Ay C mWy, D O

P¥/° ay, C wy, DO

Multiplying the brst equation by, and the second by, integrating and
subtracting the two equations, one bnds:

cm /YYD YmeWR ymwyl 2D O

where we used the boundary conditionsa@ndb. Since & p, hymjyni D O.
This property of the SturmbLiouville problem is at the origispéctral methods
for solving numerically differential equations. The unknown solutions are expanded
on the basis formed by a set of functions solution of a SturmbLiouville problem.
When one deals with a problem of stability, the sign of the real part of the
eigenvalues is important. In a SturmbLiouville problem, it can be determined quite
easily. Multiplying (12.20 by y and integrating overa; b, one gets:

R
b ;.px @ C gqydx
A

a

y2wdx

showing that all the eigenvalues are positive. A slightly more general result can be
obtained if we note that.x/ < 0 in the whole interval, then all the eigenvalues are
negative. A more complicated case is whrenhanges sign in the interval. It can be
shown then that the eigenvalue spectrum spans ftomto C1 .

A complete study of the Sturm#fativille problem may be found in the book of
Ince (1956.
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12.6 Second Order Patrtial Differential Equations

12.6.1 The Different Types

Second order partial differential equations are classibed in four categories: they
are either ofhyperbolic, parabolic, elliptic or mixedype. They are categorized
according to a property of the coefpcientste second order derivatives. The most
general form of this kind of equation is:

@f @f @f
AXx;y/ — CB.x;y/ ——C C.x;y/ — C
Y Y y Y @y

@% @x@
where the dots are for the brst and zeroth order terms. The furidtiary/ D
B2 4AC determines the type of the equation. If in the whole domain whei
debPned,

DO

¥ D.x;y/ >0 ,the equation is hyperbolic
¥ D.x;y/ D 0Othe equation is parabolic
¥ D.x;y/ <0 the equation is elliptic

If D.x;y/ changes sign in the domain, the equation is said to be of mixed type.

To be more familiar with the basic properties of these types of equations, we shall
focus on three very classical examples: the wave equation, the heat equation and the
Laplace equation. All these equations are met in Fluid Mechanics.

As a brst step, we need to introduce the notion of characteristics.

12.6.2 An Introduction to Characteristics

Letf.x;y/ beafunctiondebned on aplane (orinadomain of a plane) and verifying

o @ ., @f
Ax;yl @XC B.x;y/ @yD 0 (12.22)

The characteristic curves are the curves wieis constant, namely where:

@f @f
d D —dxC —dy D 0 12.23
@Xx @yy ( )

Using (12.22 and (12.23, we derive the equation of characteristics:

dy B
=D =
dx A



12.6 Second Order Partial Differential Equations 465

The solution of this equation togetheitiwthe boundary conditions permits, in some
cases, a complete determinatiori ofLet us take an example of this favourable case.
We assume thdtx;0/ D cosx, A.x;y/ D y andB D 1. The characteristics are
such that:
d P—8

yd—z(/Dl H yD ' 2xCK: x K K2R
This is a family of parabola witlDx as their axis. Any point of the plane belongs
to a unigue characteristics and the valué othere just depends on the constint
debning the characteristics:

2

fx;y/ Df %y X

The boundary conditiohx; 0/ D cosx determines the function and we obtain the
searched solution:

2

1
f.x;y/ D cos éy X

We may observe that the boundary condition onxhexis,f.x;0/ D cosx, has
been propagated in the whole plane. If theoordinate is replaced by the time, then
we have a true propagation. This property is veribed by all the equations having
characteristics.

12.6.3 A Hyperbolic Equation: The Wave Equation

The equation of a wave propagating at the velocity given by:

e 16
@z ¢z @t
The general solution of this equation is well-known:

fx;t/ D x c/ C x Cct/

where and aretwo arbitrary functions to be tdgmined by the initial conditions.
This solution is easily obtained after the change of variablB: x ct andv D
x C ct.
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The solution is fully detemined if we take into account the initial conditions. For
instance, we may demand:

DO

f.x;0/ D cosx and @f
@t

which leads to

fx;t/ D %Jaosx ct/ C cosx C ct/

Initial conditions are necessary to determirgaanpletely the solution. With these
conditions the problem is well posed. To emphasize the importance of these
conditions, let us try the exercise where, instead of imposing the value of the
function and its time-derivative at an initial time, we impose the value of the function
at two different times. For instance:

f.x;0/ D I.x/ and fx;T/ D F.x/

wherel.x/ andF.x/ are given data. Such a problem is mathematically ill-posed.
These conditions, which look like boundacgnditions are not sufpbcient to fully
determine the solution. It is easy to show that veribes:

Xl D x C2T/Clx/I F.xCcT/

It means that is undetermined in the interval0; 2T . This kind of problem is
faced when one tries to solve PoincarZ equa®d in general Ruid domains.

12.6.4 A Parabolic Equation: The Diffusion Equation

The diffusion equation has the following general form:

@cC

ot
where C is the concentration of a cheaal element, for instance, andis its
diffusion coefbcient in the Ruid.

To make things as simple as possible, we reduce this problem to one space
dimensionC .x;t/ is therefore determined by

ac, @&
@t @%

D C

(12.24)
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Since this equation is of brst order in time we just need one initial condition, namely
C.x;0/ D Co.x/.
The general method to solve this kind of equation is to use the Laplace transform:
z 1
®x;p/ D C.x;tle Pidt
0

The diffusion equationl(2.24 changes into:
@L@ B@D Co.x/
@3

We shall solve this equation in the very simple case witg/ D Cycoskx The
general solution is then

p

Co coskx Ty

P
WCAE X C Be

®x;p/ D

If the solution is Pnite atl  thenA D B D 0. We thus obtain the solutid@.x; t/
by the MellinBFourier formula:
Z

cCil
To cosk
Cx;t/ D 0 X ot

c il kazedp

which leads to:
C.x:;t/ D Cycoskxe Kt

This solution shows us that the initial state describe€hy/ , decreases exponen-
tially on a time scald=. k %/ or ?=4 ? if isthe wavelength associated wkh

This is the same result as the one we found when studying the diffusion of vorticity
with (4.5).

Let us now consider the case where the initial conditions do not contain any
specibc length scale (contrary to the foregoing example). In this case, one looks for
a self-similar solution. IfC.x;t/ is a solution of {2.24, we look for a condition
such thatCy.x;t/ D C.Lx; Tt/ is also a solution. ReportinG; into (12.24 and
using the fact tha€ is a solution leads to:

Q¢ D T__@Cl

@t L2 @%
SinceL andT are arbitrary, we may chopse D P T. 95 is also a solution for
anyT. ChoosingT D 1=t, we PndC;.x=" t;1/ c.x= t/. The solution only
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depends on a single variableD x:p t called the self-similarity variableéc. / is
a solution of the differential equation:

c®/ D ¢%/=2

whose general solution is
c./ DAerf Ep—_ CB

whereA etB are constants and erf is the error functfobet us take the example
wherec.x; t/ is such that:

x>0 ¢cx;0/ DO and c.0;t/ D ¢

We Pnd that
cx;t/ Decg 1 erf EpX_T (12.25)

This example corresponds to the one-dimensional diffusion of a contaminant from
a source with a unit concentration (see Fig.3. This solution can of course be
determined by the standard method using the Laplace transform. We may note that
the iso-concentration lines, wheeex;t/ DCst, move toward€1 proportionally

to the square root of timeThis law is typical of diffusion phenomena.

12.6.5 An Elliptic Equation: The Laplace Equation
12.6.5.1 Some General Properties

Laplace equation is the equation of potentials, which we Pnd in electrostatics,
magnetostatics, irrotational Ruids, classic gravitation, etc. We met it several times
either in perfect Buids (irrotational Rows) or in very viscous ones (creeping [3ows).
Thus, it is useful to know some of its basic properties.

1This kind of solution is used to solve the Prandtl equation describing boundary layer Rows (see
Sect4.3.9.

2erf is the error function debned by
Z X

1
erfx/ D p—= e Ydu
0

that is to say as the integral of a Gaussian {erf€1).
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This equation reads:
f DO (12.26)

It is a linear equationand its solutions are thigarmonic functionsThis equation
contains no scale: if. r/ is a solution therf. r=L/ is also a solution. Scales only
appear through the boundary conditigtie size of the domain) (Fig2.3.

If f andg are two harmonic functions, then

r frg/Drf rg

Integrating this equation over a volurWie bounded by a surfac® characterized by
the outward normal vectar, we have
z z

frg dSD rf rgdv (12.27)
K, A

Let us now assume th&torn r f are vanishing on the bounding surface and let
us use {2.27), namely
z Z

frf dSD .rf/2%dv (12.28)
.S/ Vi

c(x,t)

Fig. 12.3 Time evolution of
the concentration according
to (12.29. The various curves
represent the solution at
increasing time, the time
difference being the same
between one curve to the
next. Note how they get

cloger with time because of o 1 > B " 5
the t-law X
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From the boundary conditions met by, the foregoing equation implies:
rf DO

everywhere iV, so thaff is a constant in the volumé.
This result leads to the unicity of the solutions of Laplace equation. Indeed, let
f 1 andf , be two solutions of this equation ¥&ting the same boundary conditions,
theng D f; f,is also a solution of Laplace equation and meets the boundary
conditong D Oorn r g D 0. g is therefore a constant and if on a given point
of the surface D 0, this constant is zero. Thuk; etf , are different at most by a
constant. If is a potential of a vector beld, like the electric PEI®D r f , we see
that the value of the constant has no importance and that the beld is unique.
Laplace equation can be solved in several geometries. Here, we shall detail only
two cases: the spherical geometry and its two-dimensional counterpart, the plane
polar geometry.

12.6.5.2 The Method for Solving Laplace Equation

One classical way to solve Laplace equation is to try to separate the variatdes: If
andy are the coordinates in a plane, one looks for solutions of the form:

V.x;yl D f.x/g.y/
We thus form d_aplace productUsing this type of solutions leads to

V DO H 16 169,

f @  g@y

The two parts of the equation depends on two different variables. Their sum can be
zero if and only if they are both constants. lfebe this constant, hence:

d2f d?g
—5 D Af and —- DA
e a =9
If A>0 then
p— p—
V.x;y/ DBcos AxC / sh. Ay C /
The four constant8; B; ;  are arbitrary. Thus we have at our disposal an inpnite

number of solutions that can be lineadgmbined. The boundary conditions are
then used to bx the values of the constants and determine the unique bnal solution.
To illustrate this method, we study two examples that are metin Fluids Dynamics.
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12.6.5.3 Solutions in Polar Coordinates
In these coordinates the Laplacian reads:

1@ @V 1@V
VDPrae e “rrer

We thus write Laplace products ¥sD F.r/G./ and bnd:

r @ @F 1d°G
Far r@r DC and EFD C

We may readily restrict the possible values of the constafty demanding the
periodicity of the solutions with respect tq namelyG./ D G. C 2/.We
therefore se€ D n?, n being an integer. Hence,

G./ De" and F.r/ Dr"

Thus, in the present case, we may write the solution of Laplace equation, in the
following form:

nI;(:l )
v.r; /| D Apre'" (12.29)
nD1

Here the constarfz, are determined byhe boundary conditions.

We may note that"e'" is justZ’ if zD x C iy. In other words, the foregoing
solution is also the expansion in Laurent series of a function of a complex \ariabl
with an essential singularity at the origin. The solutid?.9 may also be
expressed as

npel
v,/ V.Z D AnZ'
nD 1

In fact V.Z/ is analytic, i.e.dV=dz exists, except at the origin and any analytic
function is a solution of Laplace equation.

We demanded that the solution be periodic irbut if V.r; / is a potential
this condition can be relaxed and replaced by the periodicity of the b¥d
The solution can include the solutions which follow whénD 0. In this case,
F.or/ DPInrCQandG./ D R CS fromwhich we derive the following linear
combinationv D a InrCb Cclinr Cd.Ifr V is periodic then we need to set
a D 0. With complex number, we may rearrange this expression under the form:
AInzC B Inz wherez isthe complex conjugate af
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12.6.5.4 Solutions in Spherical Geometry

In spherical geometry the solution of Laplace equation are obtained in the same way
but now the Laplace products dfer/G. /H.'/ . The developments are a bit more
complicated, but lead to the construction of #erical harmonicsvhich replace

the e in the previous solution. The spherical harmon¢®. ;'/ are also the
eigenfunctions of the horizontal (reduced to ) Laplacian operator. If we assume

that the potential can be expanded on the basis of spherical harmonics (which indeed
form a complete basis for all functions debned on the sphere), we can write:

R mRC
V., 'l D Vo 1Y M50
‘DO mD °
then, from (2.45 we get:
1@ Y
and
1 d? N o T A
r_ZW'rV / = V DO (12.30)
since
Y™D CCocuym (12.31)

The solutions of 12.30 are powers of, namelyr" withn D ~orn D =~ 1
Finally

R mRC . .
v 'l D A-ptr CBy=r Chym
‘DO mD °

These kind of solutions are used when the problem is close to sphericity.

12.7 Exercises

1. From (2.1) show the relationsl.2, (12.3 and (L2.4).
2. Show the equivalence between the symmetry of a second order tensor and the
relation (L2.5).
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3. Show that the harmonic oscillator equation

d?y

dx

with boundary conditiong.0/ D Oandy.1/ D 0, is a SturmbLiouville problem.
Determine the eigenvalue spectrum.

CyDO

Appendix: Formulae

Gaussian Integrals

We set
Z,
./ D x"e *’dx (12.32)
0
where >0 etnga 0.
We thus bnd
P— 1
lo./ D 5 = l../ D > (12.33)
With the following equality
dl
lnco.! D d—” (12.34)
we get:
/ i ; / 1
I D4 = I 3. Dﬁ
p_
3 1
|4/D85=2' ls./ D —
p_
15 3
le. / D16 == 7./ D —
or else
Z 4 r
1 3 5 2 1/
I ons0 D e YduD N

o onC1 2nC1 (12'35)
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The symmetry of the gaussian function with respect to the origin implies that
Z C1

x2Cle **gxD 0; 8p 2N (12.36)
1

Some Formula of Vectorial Analysis

The following formulae may be demonstrated using tensorial notations:

aDrr a r r a (12.37)

r faDarf Cfr a (12.38)

r faDrf aCfr a (12.39)

r .a b/Dbr a ar b (12.40)

r .a b/Dar b br aC.br/a .ar/b (12.42)
r.ab/Da r bCb r aC.ar/bC.br/a (12.42)
r.vviD2v r vC2v rlv (12.43)

The Operators in Various Coordinate Systems

Cylindrical Coordinates .s;"; Z/

@f

ot 1@, @ Vs 2@

@s s @' @ Vs ) g@

1ot [CNC V2@
rf D s@ r vD 6 @ vD ?Cg%

o 1@s 1@

@ s @s s@ Vz

g@ss@s §@ @; v s @s s@ @
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.a r/bg Norlvg —
.ar/bbD a bs N TIND o Y
s
.a r /by RV QyAYA
1@ @f f @ 1@sf
Remark S@s @S 2 @s s @s (12.44)
Spherical Coordinates.r; ;'/
@ —@ .sin v/ 1 Q
@r rsin @ rsin @
rf D }Qf r vD L@ 1@r/
r@ rsin @ r @r
1 o 1@v 16
rsin @ r @r r@
2 1 @sin v/ 1 @
' T2 G @ C sin @' Cu
1 @ v 2cos @
v vC—= 2— — ———
r2 @ sir? sit. @'
v C 1 2 @ _ 2cos @ \%
r2 sin @ si @' sir?
where the Laplacian of a scalar beld reads
1@t 1 @ . @f 1 @f
and
@ 1 @&in v 1 @
r- vD 5 — - —_ =
2@ r sin @ rsin @'
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bCab
.ar /b, ab~ab

ar/bD arlb Cabr a b cot

ab Cab cot
r

.arf/b C

The Stress-Tensor of a Newtonian Fluid

Cylindrical Coordinates

@
«sD PC2 685(:' 2=3/r v
1 3
b pc2 1@ c¥% ¢ 2m3r v
s @ [
@
D PC2 Efc. 2=3/r v
1@s @ \
. D =Sc = L
s S@  @s s
@; . @s
D 2Zc-=
sz @S @
@ 1@,
D = Cc=-=
‘ @ s@

Spherical Coordinates.r; ;'/

@,
«D PC2 @rrc. 2=3/r v
b pc2 1@V oc. 231 v
r @ r
D PC2 1 @ cvigvoot o a3y v

r sin @ r
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1@ @ v
r D F@Cr@rT
1 @r @ Vi
r D r sin @Cr@rT
1 @ @ v
D r sin @Csm @ r sin

Further Reading

An introduction to tensors may be found in Lebedev et 201Q). The theory of
singular perturbations, which is very useful to the study of boundary layers, may
be found in various books, for instance in Bender and Orst8gg or OOMalley
(1991). As far as partial differential equations are concerned, there are also a wealth
of textbooks, from the classical Courant and Hilbek®%3 or, more recently,
Dautray and Lions¥984D198por Zwillinger (1992. This last book also deals with

all types of ordinary differential equations.
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Chapter 13
The Solutions of Exercises

Chapter 1

[

. The solution i ; the velocity beld of a solid rotation has a uniform vorticity.
. One bnds that all the components of [s] are zero. The solid body rotation does not

introduce any deformation. f D r thens D syD s,,D andsy D s, D

sy, D 0. A solid body rotation can be the velocity Peld of an incompressible
Buid becausd@r.—s / D 0, but the second velocity Peld cannot because it is not
divergence-free.

3. We just need using the debnition of the divergence. For the reciprocal, we observe
that
z z
. @ . @y . @y @
r vDO Z —C—DO0 Zz vx D —dxD — wdx
@x @y " @y @
showing that the stream function exists and we just need to choose
z
D vy dx
In polar coordinates, we easily bnd that
1@ @
Vi D ——; vD —
"Tre @r
while for an axisymmetric Row in cylindrical coordinates
1@ 1@
Vi D ——; v,D ——
Tr @ 71 @r
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4. The mass of a volume moving with the Buid is constant. The integral of
%tc r . v/ is therefore always zero what ever the volume, hence we bnd the
continuity equation again.

5. We have six equations

@vx D @vwy D @,DO0
@Qw C@vwD @v;C@wD@xC@v,DO0 (13.2)
The prst three show that
Ve Wy Zhoow w7z v VX yl
The last three lead to

@w D @ DO

with similar expressions for, andv,. We derive that

8

< Vy D a;y2C byy C ¢;zC dy

. Vy D ayxzC b3zC cx C dp (13.2)
" v, D agxyC bix C czy C ds3

We use again relationd 8.1 to show thata; D a; D az D Oandc; D by,
;D bp,c3D b3 Itimplies that

vi D di ijkbj Xk or vDd b r

which shows that the velocity beld is composed of a translation and a solid body
rotation.

6. We start from the equation of kinetic enerdly.Z8 to which we add%v2 times
the continuity equation. We bnd

@ v 1
@t Cr E V2V/DVi@ i
We integrate this equation over the volumeThe integration of the second term

in the left-hand side gives zero sineedS D 0, while the integral of the brst
term is the time derivative of the kinetic energy. The third integral needs to be
transformed in the following way:

Z Z z
Vi @ ij dv D @.Vi ij/dV ij @Vi dv
\Y \Y \Y
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Here, the brst integral may be transformed into an integral over the bounding
surface, and therefore vanisheschuse of boundary conditions. The second
integral is just the viscous dissipation within the volume. Thus
Z
d
dE D Ddv
dt v

If the Buid is incompressible, using.@8 gives the expected result.

7. We noticed that a biaxial extension can be derived from a uniaxial extension by
just changing the sign of the shear.
So we consider a biaxial extension characterized by a Oshear time scaleO equal
to T. The associated velocity Peldvg D x=T;w D y=T;v, D 2z=T.
Using the debnition of the biaxial viscosity, we bnd

o 2D g TI=T: (13.3)

However, in order to use the debnition of the uniaxial viscodity9, we have

to exchangethe axis ! y,y ! 2z z! x. The velocity beld is nowy D

2x=T;wy D y=T;v;D z=T.From@.79weget xx D 2 .T=2/=T.

Taking into account the exchange of the axisiB.Q) we also get yx vy D
geg- T1/=T. The result follows.

Chapter 2

1. About buoyancy

(a) LetMy be the mass of the ice and, the volume below the water level.
We also introduce the initial volume of wat¥g , and the Pnal volume of
waterVg , when the ice is melted. Since the container is the same initially and
Pnally, comparing the level of water is equivalent to comparing the volumes
Vg C Vim andVg, . From Archimedes theorem, the equilibrium of the ice cube
means that

Mgg VmgD 0O H Mg D eVim

where . is the density of water. When the ice melts, it transforms into water
so that

Mg D e.Vef Vei/ D e\/im

We therefore derive thaty C Vim D Vg , showing that the level of water
remains identical when the ice melts.
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(b) The reasoning is the same as before, but introducing a piece of metal of mass
M, we now have:

MgCMp/g  &VimgD O

After the ice meltingVg D Vg C M= 1, whereVe is the bnal volume of
water plus that of the metal, which has to be compared to the initial volume

from the brst equation. By D <.V  Vg/ is still true because the
melting ice gives water. Thus

because the density of meta) is larger than the density of wateg. Hence,
the water level decreases.

(c) When the ice is melted, the cork is Roating. M} be its volume under the
water in the Pnal state. Before the ice melts, the level of water in the glass is
given by the volumé&/ D Vy C.M4C M,/= , following the same reasoning
as aboveM; is the mass of the cork. Since the cork Roats, its equilibrium
implies that\/i,?] D M= .. Itis then easy to check that

ViD Vg C.MgCMj/=¢D Ve D Vg CV2

sinceMg D .V Vg/. The level thus remains the same.

(d) This is because the air density decreases with altitude while that of water
remains approximately constant.

(e) The balloon moves towards the front of the car. Indeed, when the car starts,
the effective gravity has a small component towards the back of the car. The
buoyancy force therefore has a small component in the opposite direction,
namely towards the front. Do the experiment!

2.(a) The denser goes under the lighter (oil).

(b) P.Z curveis made of two line segments of slope.g in the waterand g
in the oil.

(c) The ball being denser than oil but less dense than water will stay at the
interface of the two liquids. Although part of the ball is in the water and the
other part in the oil, Archimedes glorem can be used because the pressure
Peld is continuous everywhere over the ball. Thus

woodVbaII D oiIVOiI C waterVwater
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Of courseVpai D Voii C Viyater. It follows that

Vwater wood oil
D

Vball water oil

NumericallyViyater=Vbat D 3=4
3. Let Hy, be the height of the oil free surfadd,e be the height of the oilbwater
interface andH ¢ the height of the free surface of water in the other branch of the
tube. We havéd, Hpe D 2cmandP.Hy/ D P.He/ D Pam From Pascal
Theorem 2.5),

P.H h/C o||Hh Hhe/g D PH e/C Water.He Hhe/g

which allows us to expres#i. as a function ofHpe, namely He D
2¢cm 6i= water C Hhe- Now we need another equation. It is given by the fact
that the liquids are incompressible, therefore if the level movesarh in one
arm of the tube it moves of the same quantity in the other arm. FHRU3 HC x
andHpe D Hg X. Thisleads tax D 4= water D 0:6cm and all the other
heights, usingdo D 10cm.

4.(a) The wood sphere being in equilibrium, the resultant of forces is vaishin

thus
4

My Pwaed SCRD 0
S/

whereMy, is the mass of the ball arif is the reaction of the reservoir Roor.

We therefore need to correctly evaludite resultant of pressure forces. We
note that we cannot use the Archimedes theorem because pressure is not
continuous over the whole sphere swg. The integral needs to be computed
explicitly. We may note that the contribution of the air pressure is vanishing
since it is the same everywhere. We may note in addition that the resultant ha
just one component alorgg so that the evaluation of the integral may be done

as follows:

Z 4

0
€ PdS D P./2R sin cos Rd
.S/ 0

. . pP_——
where ¢ is such that sing D r=R and cosy D 1 r2=R?; note the
cos factor due to the projection o&. The expression d?. / comes from
PascalOs formul&@: / D 0 waterHC R.cos ¢ cos/ . Itturns out that
z 1 R
ez PwaterdSD g Waterz R 2 E.H CR COS 0/ Sln2 OC E.COS’3 0 1/
s/
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The force exerted by the sphere on the Roor of the basin is therefore

3 H . 1
RD Mpg 1C 22 3 ECcoso sin? ,C é.co§ o U

(b) Numerically;jRj =170 N
(c) The sphere rises up before emerginhtha surface. Indeed, this is determined
by the vanishing of the resulting force, namely when

ZR 1 CO§ 0] 2 = water
3 SII’]2 0

ButwithH; R.1 cos/.
5.(a) The balloon takes off if its buoyancy is larger than its weight. We thus bnd
that.M b C My /:Vb < o

(b) The cruising altitude of the balloon is reached when its buoyancy compensates
its weight or, in other words, when its mean density equals that of the air
around, namely , D .M, C My /=Vy. We thus Pndzgignw D 7.1

b= 0/. 1/=

6.(a) The hydrogen pressure is identical to that of the outside air.

(b) Air and hydrogen being assumed ideal gases, the equality of pressures and
temperatures implies thafy D many = 5 whereny is the mole number of
hydrogenm, is the mass of an air mole andg is the air density. Since,
decreases with altitude,increases with altitude.

(c) We just write that the buoyancy is larger than the weightso thgy M,C
My . Using the expression of the hydrogen volume and ihgt D ny my,
we get the conditiomy  Mp=.m; my/.

(d) The foregoing condition does not depend explicitly on the altitude so if
the amount of hydrogen does not vary, the balloon rises. It will not rise
indebnitely because, as we saw before, the volume of hydrogen increases with
the altitude. When it exceed4 D myny = 5, the balloon loses hydrogen.
The altitude of the balloon stabilizes at a value such thaD many = 5
andngy D Mpy=.m, my/. One then Pnds that the cruising altitude is
zD 2 1 —-p=0=1 my=my/ - Y= | which is quite close to the value
of the preceding problem.

7. We just need to compute the surface gravity, to which we withdraw the centrifu-
gal acceleration. We brglD GM=R? D 24:8m/$ and °R =2.25m/$. The
effective gravity is thereforge D 22:5m/s. The molecular mass of the gas is
M D 0:85 2C0;15 4D 2:3g/mole;c, =3.35R . Finally, the gradient of
temperature is g=g, D 1:9K/km.

8.(a) The axial symmetry of the system implies that ghe resultant of pressure forces

has just one component aloeg namelyF, D o,PdS e,. We note that

dS D2 tan? .H ZdzFinally,F,D gh*.H h=3/tan? .

(b) If hD H thenF, D 2M,q. We derive that if the mass of the funnel is smaller
than twice the liquid mass, the liquid can move the funnel up and Row away.

H H. D Rcos ¢
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9. A polytropic model of the Sun
(&) We note that

dm
—D4r?
dr

The equation of state together with the equation of mechanical equilibrium
give

1C1=nk =019 p GMI/
dr r2

After multiplication byr? and taking the derivative, we introduceand get:

,d 4G ¢ "

1
dr .n C 1/K

n
= DO

d

drr
Making the change of variabteD ro we obtain Emden equation.

(b) We just need to insert the expression @&fs a function of in the equation of
state.

(c) First insert the expression @ and in the equation of mechanical
equilibrium, then use this equation at the stellar surface. Central pressure is
eliminated thanks to the expressionrgf

(d) Use the expression of.

(e) We bnd thaty D 8:0 10 m. D 1:61 18 kg/m?®, p. D 3:2 106 Pa.

(f) Heliumions, protons and electrons all contribute to the pressure. But electrons
do not contribute to the molecular mass of the gas.Xzebe the fractional
number of protonsxue that of helium ions and. that of electrons. The
molecular mass of the gas is

M D xpMp C XpeMpe
because the mass of electrons is negligible. Electrical neutrality imposes:
Xe D Xp C 2Xne
but we also have
Xp C XeC Xpe D 1
so that we can deduce
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If Y is the mass fraction of helium and that of protonsthely D 1 X and

XHeM pe
M

XpMp

YD and X D

Using this relation and the previous one we get

M D g=mole

8 5Y

If Y D 0:28 we obtainM D 0:61g/mole. This value is smaller than that of
protons, in spite of the presence of helium ions. It shows the importance of
electrons in a fully ionized plasma. We deduce

T.D 1:43 10'K

The values of the thermodynamic conditions at the SunQOs centre are therefore
in the right order of magnitude compared to more elaborate models. Poly-
tropic models can thus be used to study some properties of stars without
having to deal with the complexity of a realistic equation of state or other
specibcities (like thermal conductivity).

Chapter 3

1. If the Bow is irrotationalv D r , hencev is perpendicular to surfaces
D Cst. Since streamlines are paralleMthey are also perpendicular to the
equipotentials of .

2. We brst project the equation of momentum al@yg sincev has no component
alonge, webndgp D g H PaD PamC ghy andPg D PanC ghg.
Focussing on the streamline going through A and B, BernoulliOs theorem shows
thatV2 C Pa= D VZC Pg=, henceha hg D .VZ V2/=2g. We have
VASA D VB SB.

3.(a) One may checkthat v D Oorthat D a ? isa solution for a velocity

potential.
(b) In the outer domain the Bow is irrotational god C %vz DCstH pD
P1 2a%=.2r?/. In the inner domain, we need Euler equation to derive

the pressure beld, which turns out too® 5  r2C P, 2a2.

(c) This quantity is constant in the outer domain, but depends iorthe inner
domain. There it is constant, ordyongthe streamlines. The constant changes
from one streamline to the other. On the contrary, in the irrotational region,
the constant is the same for all the streamlines.

(d) The vortex central depression is givenBy p.0/ D V2, because the
velocity is maximum at D a. If v=50m/s therP;  p.0/ ' 3250Pa.
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(e) If the vortex is in the water, the shape of the airbwater interface is given
by p (surf)=pam. The Bow being purely horizontal, the vertical variations are
given by the hydrostatic balance nam@p=@D ¢ . Therefore, the water
pressure is given by the previous expressions to whichzis added. Using
p (surf)=pam, We get the equation of the surfazgs D 2r? 2a%/=.2g/
for the inner domain: this is an axisymmetric paraboloid. For the outer region
ZutD  2a*=.2gr/, which is the equation of an axisymmetric hyperboloid.

4.a) i.

The RBow is irrotational becausetab 0v D 0, which is irrotational, and
because driving forces derive from a potential.

ii. The Bowis steady and irrotationz%lvzc p= Cgzis constanteverywherein

the Ruid. Using this expression and its constancy at the reservoirOs surface
and in the outRBow, we bnd

S
dh sP— S 2hy
a D § Zgh H) tpurgeD E ?

where we noticed that the Ruid pressure is the same in the two places, and
that the reservoir surface velocity isih=dt.

iii. We need to show that the ter@ =@tis very small compared to the others.

() i.

The velocity in the reservoir is identical to that of the free surfaicedt.
Sincev, D @ =@ we determine and@ =@®D .s=SPgz gz The
acceleration term is, as the kineticezgy, very small compared with the
potential energy and pressure terms.

The equation for the potentia8.2) written between A and B gives

@ s AlC.V3 V2/=2C.pg pal= Cg.zz z/DO:

We should note that g A D HAB v dl  vgl Because the Ruid velocity

is much larger in the tube than in the reservoir, so the part of theABth
which is in the tube dominates the integral. With the assumptions of the
text, we bnd that

d
|d—‘t’cV2=2Dv§=2

This differential equation is easily solved if we note thatx?> 1/ is the
derivative ofargth.x/ . Finally,v D v; th.vy t=.21//.

The transient last2l=v; . We should note that this transient corresponds
to the starting motion of the waten the tube, because of its inertia, which
grows with the tube length. Numerically we bnd 0.58s.

5.(a) Imposing a jolt to the tube is similar to imposing the Ruid an inertial force
f D at/, whereat/ is the tubeOs acceleration. The tube is assumed to be
solid, a is independent ok and the force is a potential force. We may use
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Lagrange theorem. We may observe that the velocity is almost uniform since
the Ruid is incompressible and the tube radi|:||s small compared to its length.
(b) The foregoing remark implies thaty g D E’:v dl D VL.
(c) We write .22 at the two free surfaces of the Ruid (at A and B). We bnd
that @ A s/ Cg.za zz/ D 0. LetSh be the level variation at A, then
V D dSh=dtandzy, zs D 25h. We bnd that the surface of the Buid oscillates
at a frequency
1" 79
g
f D 2 3
6.(a) Here too we pay verify that v D 0, butitis more efpcient to note that the
function D w.r;t/ dris a potential for this velocity beld.
(b) Inthe water v D 0, consequently D C=r?. Noting that ar D R.t/,
v.r;t/ D R thenv.r;t/ D BR2=r2.
(c) For an isentropic ideal g&V D Cst, thusPR® =Cst.
(d) The velocity potential is.r;t/ D FR2?=r. Equation 8.22 used ar D R

gives
RRC3®*=2D .p po/= Dpo= .Re=RP 1

(e) Ifthe radius of the bubble slightly aflates around its equilibrium value then,
settingR.t/ D Ro.1 C ".t// with" 1, we bnd after linearization, that

follows the harmonic oscillator equation with a frequency:

s

1 3po
2R

f D

Numerically, f(1 mm) = 3262 Hz and f(5mm) = 652 Hz. These frequencies
corresponds to sound waves that are readily audible and which give birth to

the songs of springs.
7. For a barotropic Ruid the equation of vorticity reads

D!
—D. r/v lr v
Dt

We divide this equation by and subtract the continuity equation times 2.
You should have noted that the continuity equation divided bynay also be

written:

D.1=/ r v
C—DO
Dt
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Chapter 4

1. The momentum Rux is the same at the inlet and the outlet of the pipe. The
resulting force therefore comes from the pressure beld at entfarie e, and
outlet ( R 2pye,) of the pipe; the sum of it gives R Gy L e,.

2. From @.27) and @.28), we get

3r 3 o C1llinr

Fe D 32r 2 rClinr °

wherer D h;=h, D 1 C ". With a brst order expansion fnwe bnd

F h
FiD' 7D 3—?Fp
The needed force is therefdde8 10 “ times the weight, so a force similar to that
necessary to lift up a weight of 3309 !
3.(a) On the free surface of the Buid the pressure is constantz-thmponent of
NavierbStokes equation shows that the pressure does not varyCatonbe
x-component of the NavierbStokes equation thus gives

@v .
———Cgsin DO
@

The boundary conditions axeD OatzD 0 and@=@D 0atz D h, namely
no-slip at the bottom and stress-free at the surface. The solution is easy to
derive:

gsin

V.Z D .h Zz

(b) The volume Rux through a cross section is

Z h .
QD V.Zds=hp 3" p2g
. 12

4.(a) The RBow is axisymmetric (no dependance with respect)tand invariant
with respect to translation alor@@z We project the NavierbStokes equation
alonge and verify that the nonlinear terms disappear. The form of the vector
Laplacian in cylindrical coordinates leads to the equatiotr/  v.r/=r 2D
0. Using (12.49, we get

@ 1@v.r

@rr @r D0
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which is easily integrated, givingr/ D Ar C B=r. The constanté& andB
are calculated using the boundary conditions. We bnd

R? R2 . /R 2R2
AD 1 22 and BD 212
R1 RZ RZ Rl
_ R
(b) The torque is dePned i§yD 4,r - dS, thus
co 2r.L. 2 oDpaL BRZ%
T bR,
. /R?2
cp4L r 2™

RS Ri

whereL is the length of the cylinder.

(c) This is possible if one of the cylinders rotates at a given rate and if we
measure the torque exerted on the other cylinder (this is the way viscosities
are measured with the Couette viscometer).

5.(a) The pressure gradient outside the boundary layer is just®.

(b) Mass conservation yields

Uxmbox/ . UOx/b.x/

0
g-/ D V .x/ ' V .x/

f./ (13.4)

while momentum conservation implies
f 9/ D bx/V.x/gf’Cbh?x/U °x/f 2 1/ bx/b°x/U.x/ % (13.5)

If self-similar solutions exist, then each coefbcient dependingcas a
constant. This leads to the requested solutions.

(c) Adding the Prst and second solutions, we observeldbaD .c; C c,/x C a,
wherea is a new constant. Eliminatirigf from the second relation, we obtain
a differential equation fo whose solution is:

1=2

Cl C C2 X01:2.C]_C col/

U.x/ D Axz=accl and b.x/ D

(d) The three constants; c;; c; give the length and velocity scales. One of them
is therefore arbitrary and we may require thgt2C c, D 1 without loss of
generality. With this relation13.4) gives:

cgDcf=2 F
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Inserting this in 3.5, we obtain FalknerbSkan equation:
f °CFF® c.f 2 1/DO

Then, it turns out tham D c,=.2 c,/, so thatu.x/ D AX" andb.x/ /
X'l m/=2

(e) From the form ob.x/, the thickness of the layer is constantifD O or if
c; D 1andm D 1. Blasius equation is found again when the velocity outside
the boundary layer is uniform, namely whenD 0. FalknerbSkan equation
then readd= °°C FF°D 0. It differs from Blasius equation by a factor 2
becausé.x/ also misses a factor 2.

Chapter 5

1. The Bow associated with the eigenmode of the air column is purely radial,
thus depending only on the distance to the centre of the OsphereO. The pressure
disturbancep veribes the wave equatioB.(7). Denoting the mode frequency
I ,wehave C!2=c2/5p D Obut3p 3p.r/, sothat

1d2 12
whose solution isp / %’“ with k D !=c . At the end of the instrument, at
r D L, Sp D 0so that the fundamental mode is such tkiaD . Let beits
frequency ( D '=2 ), thenL D cs=2 . The bassoon length should therefore
beL D 347=2 58:27D 298cm, which is quite close to the real length. One
may observe that the dispersion relation of the modes is exactly that of the RBute.

2. The mode frequency is proportional to the sound velocity, which is itself
proportional to the square root of the temperature. When the temperature
'kpcreases from 10 to 3@ (50 to 86 F), the frequency is increased by a factor

303=283D 1:035 which a quarter of tone (half a tone between two notes is
212D 1:06). Thus the temperature variation induces a quarter of tone variation
for all the notes of the instrument.

3. The dispersion relatioh D ' gk implies that D gT?=2 , where is the
wavelength and” the wave period. Numerically, we PndD 351m andv D
23m/s. In 57 h, these waves cross 4,800 km.

4. These are shallow water waves. Their velocity ighD 221m/s. They need 6 h
to cross the Atlantic ocean, thus aftamt crossing they are back, in phase with
the tidal potential. There is a resonance. This is the reason why the tides on the
Atlantic shores have an important amplitude.
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5. We need to use expressios37) and 6.42 with a bnite depth. It follows that

2p e algkC k3

th.kH/
e C ath.kH/

In the shallow water conditiondH 1, so that
2 — H 4
12D .1 .= J/gHKRC —K
e

6. From the equation of state of an ideal gas:

T, P2 2 . 1/mC2
——D—=-—=D 1C ——.m 1/ _—
T P12 c1 . C1l/m

where we sein D Mlz. T,=T; >1 is equivalent to
2 2
cica2.m 1// 1CE >, C1l/

This inequality may also be written:
/. mCl1l 1=m/>0

which is true whemm > 1.
7.(a) Starting from the second jump conditidh§8, we eliminates,, thanks to the
prst condition $.67). We thus derive the expressionwafthen that ofv,.
(b) Using the debnition of kr (5.67) and 6.69 we can derive the requested
expression. Then

q —
F,S1Z 2FA°S 1C8FF 1

Raising this expression to the cubic power, after simplibcation, we bnd

q —
1C8FES1C2FZ 1SFr3

which is the requested result.
8. We have

Z ¢y
dxD @de 3@ 1@

d . . @ ., 2@ 6@

Since the function and its second derivative are vanishing in, we note that
the prst integral is independent of time. It re3ects mass conservation: the integral
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indeed measures the area below the cumxk. This area is, in two-dimension,
the volume and therefore also the mass sin€eCst.
Proceeding in the same way for the second integral, it turns out that

" #
d Z - @° c1 1 @ c1 Cl @ ,7Cl .

The conserved quantity is here related to the mechanical energy of the system.

Chapter 6

1. The instability can develop only if Jeans length is smaller that the diameter of the
sphere. Since the density is constan)) 3M=4 R 3. Writing ; < 2R we get

3GM
R<R:D —=

22
whereG is the gravitation constant ard is the sound velocity. If we observe
thatGM=R is nothing but the order of magnitude of the escape velocity squared
at the surface of the sphere, then the foregoing inequality just means ¢hat th
molecular velocity (which is similar to the sound velocity), need to be smaller
than the escape velocity. The system is gravitationally bound: one may check
that the internal energy of the gas is indeed less than the absolute value of the
gravitational energy of the sphere. Numerically, we bndfhad 1:2light-year.

An interstellar cloud with diameter of one light-year is stable, while a bigger one
with diameter of 10 light-years is unfle (according to this model of course).

2.(a) The specibc angular momentsf.s/ needs to be a growing function sf

(see Sech6.2.]).
(b) We write EulerOs equation in cylindrical coordinates. The disturbances of the
Bows .s/ verify:

8

<. Cim/u 2 uD %‘;

. Cim/ suC us@@sszl D imp (13.6)
' @@Ssusl Cimu DO

where the third equation is just u D 0. We observe that in the brst and third
domain@s?/ D O, while in the secong@,s? / D 2As
(c) The radial component of the velocity and the pressure need to be continuous.
(d) Using the three previoud 8.6, we eliminate the pressure and. Then, we
observe that in the equation othe original Row intervene througg;gL @és ,
which is zero in the three domains.
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(e) The solutions are :

domain | u.s/ D A;s™ *?
domain Il uy.s/ D Ays™ 1 C B,=g"¢?
domain Il uy.s/ D B3=g"C?!

(f) Using the last two equations 018.6), we get the pressure perturbation:

@

m?p D im2asu . Cim/s —.Ssu/
With the continuity of pressure ang we derive the interface conditions:
Cim/ 2/ Dim2A w./ . Cim/ 2./
cim/ 1u,.1/ D im2Aw.1/ . Cim/ ju}.1/
u./ Du./ and uy.1/ D uy .1/

(g) These four conditions lead to the requested relation. After eliminatidn of
andBg3, we verify thatA, andB, are solutions of

Cim /.A2 B, 2m/ D .2iIAC I.A >, C B> 2my (13 7)
(hIfmD 1webndthat Ci (=2 D 2=4 namely that D 0 or
D i ¢.Inthe two cases the perturbation is neutral, hence the stability. If
mD 2,we bnd againthatD i .
3. Fjgrtoft theorem Taking the real part of§.21) we get:
Z b . .
L o kj j2u% | Cku/
JD j?CKk? j*cC ] | !

. fcuwup - 92P0

where | is the imaginary part of . We consider the case where the instability
develops so thatg @ 0. In this case, because of Rayleigh conditiér2Q), we
know that

z b UO? j2

. ckupzb o

The | -term therefore disappears. Hence, we can repladgy any constant we
wish. We choose to replace by kA, which leads to§.82. We conclude that

Zy

Zb . -
k3 jPuy A/ o .
dzD JD j2CKk? j%dz<0
. j cikup @0 AP rhR s
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which is possible ir-a; b only if there exists some interval where the quantity
u®u A

is negative. The constaAtis not bxed so we may choose the value of the velocity
at the inRexion point. Sindd®andU A change sign at this point, we see that
all the probles wher&d®andU A are of the same sign can be considered as
stable. This stability criterion can be expressed in simpler way: If there exists a
constan® such thatJ°%U A/ >0 inthe whole intervala;bthen D Oand

the solution is stable.

Chapter 7

1. Writing dh D TdsC dP= D c,dT, we get a relation on the gradients. Noting
thatr P D gwe get:
g

rT —DTrs=g
Co

Since.r T/ D %, we derive the requested relation.

Using (7.8) we deriver Tyot D %r sand thus7.9).

2. In the standard model of the stratosphere the temperature gradient is positive
or zero. This is certainly larger than the adiabatic, which is negative. The
stratosphere is therefore a stable layer as its name ref3ects.

3. Let A, be amplitude of the dimensionless veloaityFrom the chosen scales we
get:

vd A
ReD — D —-A,D FV

From the debnition of the stream function, we have
wWDjD j?°Ck? j°D3 %=3 j°D AZ:

The amplitude for is given by {.71) and thus

S

ReD & Prpg PR3 R&
P Ra,P2
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4. We linearize the Lorenz equations around zero. The perturbaddnsy; $Z

verify

8 ..
49X b psy &/
dt
<
dsy
B brex sy (13.8)
at
952 5 s
dt

We look for a solution proportional te' , and get by setting the determinant
of the system to zero. Hence,

p
2C.PC1/ CP.1 r/DOH 2 D .PC1 .PC1l2C4P.r 1/

Whenr > 1 one of the root has a positive real part showing that the system is
unstable.

Chapter 8

1. The demonstration is carried out in three steps:

¥ We break the velocity beld into two parts: the relative velogitand the
background velocity  r

vD v, C r
The acceleration reads
Dv @
aDﬁrtC.vrr/vrC. rl rv, C v, C . rl
where we used
Ve r/ rD Vy and - rlr rD . r/

¥ In the second step, we observe thashould be expressed with the vectors
attached to the rotating frame, whieahe time-dependent. In other words, we
are not interested i, but inv®which is suchthat, D — V% — represents
the rotation which transform the new coordinates into the old ones. We now
assumethat D e, We have
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rD— % rD-—r% v rDVWr® and - D C(_)St sin t
sint cost
Itis easily veribed that:
0 0
@D— QC_PVOD_ QC N
@t @t @t

Applying the rotation to all the vectors of the equation, we bnd the equation
veribed byw?® namely

D\°
o c2 \°c. r/ rv°C . rY D °

¥ In the last step, we observe that the new coordinates depend on the old ones
and on time. Hence

@° . @ @°r;t! 4,
@t.r,t/D@t.r,t/C at r
but
0,
°D- Y¥D- r H @.@;tt/D rO

which removestheterm  r/ r vPand yields the expected result.

2. When viscosity is taken into account the following term

z

E u udv
2]

is important. Introducing- ¥ as the viscous stress tensor, the foregoing integral
may also be written
Z z z
u @ i‘j’dVD u i‘j’ds (@b i}’dV
A .S/ v/

Because of boundary conditions, the surface integral is always zero (either for
no-slip or stress-free conditions). The wole integral is real. Observing that
i}’D E.Qui C @u; /, we get
z Z

E
@u {dvD = j@u C @y j2dv
v/ 2

This integral is truly real, therefore the bounds of the eigenspectrum are not
modibed.
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3. The easiest way is to start from the expressions;ofnd v, given by .29
and 8.30, which we combine to eliminate the pressure beld. We get

1 12@s ., @,
o @DI!@S

butvs D %%,vz D iQ
Making the substitution, we obtain the equation for
@ 1@ 112 @

@ sas 17 @ °

which is similar to the PoincarZ equation. The only change is the si@r%gf
The equation is however still of hyperbotigpe with the same characteristics.

Chapter 9

1.(a) From the debnitions
z 3 Z

iy d
0 .k/I®.kY D vi.x/e'kxﬁ vj .xle

ikOx d3X
213

where we noted that is real. Here we transform this expression into a double
integral:
ZZ

3 3,0
0 ik 'kOOdX dX
D vi.xly . xT etx e ———

2/3.2/3

settingx°D x C r and splitting the integrals overandr, we get

Z Z
) d3r ) d3x
; K0 kO K/

D Q.J.r/e‘I r'2/3 e' ‘ X.2/3
E T f & T f

ij.kO/ §kO K/

hence the result.
(b) We have
Zp 3
Z,D 10 057 e ikr 0T
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or
z D 0 E i d3r
. . KT
D iim jnp @/%.X/@Vg.X/ e ﬁ
But
Z Z

@L.x/ D ke *d%; @f.xD @~ D  ikige KXd%K°

Using the result of the previous exercise, we have

D E Z _
@ X@V3.x7 D kikn mp-kle'*"d%k

Using this expression in that af; we get the requested expression. The
Pnal formula .28 is derived after an expansion ofm jnp (given in the

complements of mathematics) and after the use of the incompressibility
relation 0.23.
(c) We note that

z

1 )
ikl D —=—  Qu.rfe "% r?drsin d d'

R
Using , e kreos sin d D 2sinkr=kr and ©.33 we derive the requested
result.

2. We start from the debnitior®(46) and modify it into
z 1

D .0 ‘? x/ dr
0

where .r/ D Qj.r/ D 6R.r/ , being the Laplacian. It is sufbcient
to use 0.35 and the expression of the Laplacian in spherical coordinates (see
12.45, to get the desired expression. To show the similarity betwgemd™ 2,
we may consider the Kolmogorov spectrum whieye k. Its energy density is
negligible beyondk, . Then it is easy to show thag 5.
3.(a) A shortintegration by part yields the result.
(b) A Taylor expansion of the functions at the origin yielgsmkr  kr coskr/=
.kr/®  1=3 The result follows.
(c) FromE.k/ D CcH'i%=% 57 if we setx D kr then
z 1
Sz D CK H'i 2:3\’ 2=3 C]X/ dx
0

One should check that the integral convergeésand Cx are proportional
sinceC, D Ck 01 g.x/x 5%dx.
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(d) If S,/ r?=X™ thenE.k/ / k 57 M In the case of the lawd(76), m D

4 2 223D 0:02027f D 2=3
4. From the Debnitiond.49 and after splitting over the various domains
Zy Z i zZ,
i.k/ dkC k 53cC d.k/ dk
N2 D = 0 _IKJ 4<D
T L ko L ko L q
kZi.k/ dkC k¥=3dkC k2d.k/ dk
0 ko ko

Taking an upper bound of the numerator and a lower bound of the denominator,
and then doing the opposite, we can construct a lower and upper bouid for
namely:

2=3|’6 2=3 " ko 2:3C 2:3K) 2=3 kD 2:3/ C kD 2=3
k04=3c 3:4%423(: 5KD4:3 T 3:4-KD4:3 k3=3/

The result follows sincé, ko.
5. We note that

D E
hPi D eplnx D ep.Inthnxi/ epani
settingy D .Inx Hhnxi/, we have

&t pn Wni

n_

he™i D

nDO

howevery is a random variable with a normal distribution, thy8i D Oif nis
odd. It follows that

& p2m y2m .

DO .2m/—

he™i D

For a normal law of probability even order moments just depend on the
variance of the random variable, namejy™ D .2m  1/—22 (which can
be demonstrated by induction) where

2m 1/———=2m-2 "=m—:
It follows that
2 2 m
evip = P D eb? =2
mbDo 2

hence the result.
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Chapter 10

1. The electric current generated by free charges of dengityomes from the
matter motion and readsv. From Gauss equation E D =" and the
induction equatior@ D r E, we bnd the following order of magnitude
relations:

v "oEVEL V2=EZB= oL/ VZ=d

Thusj ¢V andjj Bj ¢VB  ¢E.The Laplace force is always larger
than the Coulomb force comirfgom the local electric beld.
2. The mean magnetic beld veribes:

@Dr . B/IC uw B

@t
TakingB D Bgexpi.!lt Ck r/, we get

i'! BD ik B wpk?B

Taking the cross product of this expression wikhand reporting the new
expression in the brst, we derive the dispersion relation:

.|! C turbkzlz D 2k2

which shows that all the waves whose wavenumber is smallerjthany, are
amplibed.

Complements of Mathematics

1. To derive one expression from the preceding one we just need to contract two
indices and note tha; D 3.
2. If[A]is symmetric thenA; D Aj;, thus
ikAk D kA D kA D kA
The reciprocal is also true: ifxAx D Othen

mi ikAkD0Z 35k SkS/AxD0Z Am AmDO

thus [A] is symmetric.
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3. Thisis indeed a SturmbLiouville problem. Identifying the terms, wegerd D
1,q.x/ D Oandw.x/ D 1. The general solution is:

y.x/ D Aé*C Be

with a D P . The boundary conditiong.0/ D y.1/ D O imply that
ACBDOand staD 0. Thusa D in withn 2 N. The eigenvalue spectrum

is therefore the seftn? ?jn 2 Ng It is discrete and has a lower bound as
expected.
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